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ABSTRACT 


This  report  presents  the  work  performed  under  ONR  contract  number 
N00014-85— K-0733  during  the  period  1985—1990.  The  main  objective  of  the  project  was 
to  develop  a  computational  facility  for  inelastic  analysis  of  fibrous  composite  materials 
based  on  micromechanics.  The  theoretical  work  focused  on  development  of 
micromechanical  models  for  thermoplastic  and  thermoviscoplastic  fibrous  composites  based 
on  experimental  observations  of  certain  phenomena  found  in  unreinforced  and  fiber 
reinforced  metals.  Implementation  of  the  material  models  in  computational  procedures  for 
analysis  of  composite  materials  and  structures  was  an  important  part  of  the  research. 
Accomplishments  in  these  areas  and  in  development  of  a  layer— wise  composite  shell 
element,  also  performed  under  this  contract,  are  described. 
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1. 


INTRODUCTION 


The  main  goal  of  this  research  is  the  development  of  a  computational  facility  for 
thermoplastic  and  thermoviscoplastic  analysis  of  fibrous  composite  materials,  and  for 
design  of  composite  structures  for  spacecraft  applications.  To  achieve  this  goal,  the 
research  included  formulation  of  a  continuum  plasticity  theory  based  on  micromechanics 
for  unidirectionally  reinforced  fibrous  composites  subjected  to  coupled  thermal  and 
mechanical  loads  which  simulate  service  conditions.  A  unified  thermoviscoplasticity  theory 
based  on  over  stress  was  also  developed,  in  part  under  this  project,  for  homogeneous 
materials  to  represent  the  matrix  and  fiber  phases.  This  theory  can  be  applied  to  the 
phases  of  any  micromechanical  model  to  obtain  the  local  stresses  and  overall  response  of 
unidirectionally  reinforced  composites.  Subsequently,  our  research  focused  on 
implementation  of  the  material  models  in  nonlinear  finite  element  procedures  which 
permits  analysis  of  more  complex  geometries  of  composite  structures  such  as  laminated 
plates  and  shells.  Throughout  the  development  of  our  numerical  analysis  procedures,  the 
ABAQUS  finite  element  code  has  represented  the  basic  analysis  engine  into  which  our 
numerical  formulations  has  been  added.  Standard  elements  available  in  ABAQUS  have 
been  used  in  conjunction  of  our  material  models  to  examine  certain  phenomena  in  fibrous 
composites  such  as  dimensional  stability  under  thermal  and  mechanical  loads.  In  parallel, 
our  efforts  concentrated  on  development  of  new  elements  suitable  for  particular  fibrous 
composite  structures  such  as  laminated  shells. 

The  following  accomplishments  were  achieved: 

-  Development  of  constitutive  equations  and  numerical  procedures  for  the  Periodic 
Hexagonal  Array  (PHA)  model. 

-  Development  of  constitutive  equations  and  numerical  procedures  for  the  bimodal 
plasticity  theory. 
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Development  of  a  thennoviscoplastidty  theory  with  time  recovery  effects  for 
homogeneous  materials. 

Implementation  of  the  PHA  model,  the  bimodal  theory,  and  the  viscoplastidty 
constitutive  equations  into  the  ABAQUS  finite  element  code. 

Devdopment  of  a  layer— wise  composite  shell  dement. 

Details  of  these  developments  are  described  in  the  sequd. 
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2. 


THERMOPLASTICITY  OF  FIBROUS  COMPOSITE  MATERIALS 


Evaluation  of  the  overall  properties  and  local  fields  in  fibrous  composites  with 
elastic— plastic  phases  under  thermomechanical  loads  was  achieved  with  appropriate 
micromechanical  models  which  can  incorporate  the  inelastic  constitutive  relations  that 
describe  phase  behavior,  and  which  reflect  the  dominant  deformation  mechanisms  in  the 
microstructure.  The  selection  of  models  which  satisfy  these  requirements  was  motivated  by 
our  past  experience  with  modeling  of  experimentally  observed  elastic— plastic  behavior  of 
fibrous  B/Al  composite  systems  (Dvorak  et  al.,  1988,  1990).  In  particular,  the  periodic 
hexagonal  array  (PHA)  model  (Dvorak  and  Teply,  1985;  Teply  and  Dvorak,  1988),  and  the 
bimodal  plasticity  theory  (Dvorak  and  Bahei— El— Din,  1987)  were  chosen  and  adapted  for 
this  purpose. 

In  the  PHA  model,  the  centers  of  the  aligned  fibers  are  assumed  to  be  arranged  in  a 
periodic  hexagonal  array  in  the  transverse  plane.  The  circular  cross  sections  of  the  fibers 
are  approximated  by  (6  »  n)  polygonal  aoss  sections,  which  tend  to  converge  rapidly  when 
the  integer  n  >  1  increases.  The  hexagonal  array  is  divided  into  identical  unit  cells. 
Appropriate  periodic  boundary  conditions  are  prescribed  for  these  cells  such  that  the 
solution  for  a  single  cell  can  be  used  to  generate  the  deformation  field  in  a  fibrous 
composite  subjected  to  uniform  overall  strains  or  stresses,  and  to  a  uniform  thermal 
change.  Typically,  the  solution  is  found  with  the  finite  element  method  for  a  selected 
subdivision  of  the  unit  cell. 

The  bimodal  plasticity  theory  was  originally  deduced,  in  part,  from  experimental 
observations  of  elastic-plastic  behavior  of  unidirectional  B/Al  systems.  More  recently,  it 
was  applied  to  several  high^emperature  systems,  and  extended  to  accommodate 
viscoplastic  behavior  of  the  matrix  phase  (Hall  1990).  The  theory  recognizes  two  distinct 
deformation  modes,  the  fiber-dominated  (FDM)  and  the  matrix— dominated  (MDM)  mode. 
In  the  fiber  mode,  the  local  fields  in  the  composite  are  assumed  to  be  approximately 
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uniform,  and  the  overall  response  is  evaluated  from  an  averaging  model.  In  the  matrix 
mode,  the  dominant  mode  of  deformation  is  approximated  by  smooth  shearing  on  planes 
parallel  to  the  fiber  axis.  Each  of  the  two  modes  has  a  separate  branch  of  the  overall  yield 
surface,  and  is  activated  according  to  the  current  position  of  the  loading  vector.  The  size 
and  shape  of  the  MDM  yield  surface  does  not  depend  on  fiber  properties  and  volume 
fraction,  but  these  parameters  do  affect  the  FDM  surface.  In  systems  reinforced  with  fibers 
of  high  longitudinal  shear  modulus,  such  as  boron,  silicon  carbide,  or  tungsten,  the  FDM 
surface  contains  a  large  part  of  the  MDM  surface  which  in  turn  controls  the  onset  of 
yielding,  and  subsequent  plastic  flow.  In  contrast,  systems  reinforced  with  carbon  fibers  of 
low  shear  modulus  may  have  a  FDM  surface  which  lies  entirely  within  the  MDM  branch. 
The  matrix  mode  is  not  present  in  such  systems,  but  the  FDM  model  assumptions  may  no 
longer  hold  and  the  PHA  model  is  again  indicated. 

The  material  models  described  above  were  further  developed  and  implemented  in 
the  ABAQUS  finite  element  program.  The  work  performed  in  this  part  of  the  contract 
developed  into  a  Ph.D.  dissertation  (Wu,  1991).  Implementation  of  material  models  into 
nonlinear  finite  element  procedures  and  description  of  both  the  PHA  model  and  the 
bimodal  plasticity  theory  together  with  the  procedures  for  their  implementation  in  the 
ABAQUS  program  are  contained  in  Chapters  2,  3  and  4  in  Wu  (1991)  which  appear  here  in 
Appendices  A,  B  and  C,  respectively. 
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3. 


THERMOVISCOPLASTICITY  OF  FIBROUS  COMPOSITE  MATERIALS 


This  part  of  the  program  is  concerned  with  modeling  of  the  rate-dependent 
behavior  of  fibrous  composites  under  thermomechanical  loads.  There  are  two  major  tasks, 
modeling  of  constituent  viscoplastic  behavior  of  the  phases,  and  prediction  of  the  resulting 
overall  response. 

Sel  '‘tion  of  the  constitutive  theory  for  modeling  of  matrix  and  fiber  response  was 
motivated  by  several  requirements  which  were  found  useful  in  predictions  of  inviscid 
response  of  metal  matrix  composites.  These  include,  in  part,  a  definition  of  equilibrium 
yield  surface,  and  ::bility  to  accommodate  various  hardening  rules  which  may  be  indicated 
by  experiments.  Such  ingredients  are  found,  for  example,  in  the  viscoplastidty  theory 
developed  by  Eisenberg  and  Yen  (1981)  which  was  selected  for  our  work,  albeit  in  a 
substantially  modified  form  that  includes  rate  effects,  coupled  thermal  and  mechanical 
loads,  and  time  recovery.  Since  the  local  stress  or  strain  path  in  the  phases  is  generally 
nonproportional,  the  modifications  were  developed  in  the  context  of  the  two-surface 
plasticity  theory  motivated,  in  part,  by  the  work  of  Dafalias  and  Popov  (1976).  The 
resulting  phase  constitutive  equations  include  material  parameters  which  are  found  by 
matching  the  results  of  certain  experiments  at  room  temperature,  and  at  high  temperatures 
(Bahei— El— Din  et  al.  1991,  Shah  1991). 

Modeling  of  the  composite  response  was  based  again  on  existing  models  which  were 
developed  in  our  earlier  work.  In  particular,  we  implemented  the  new  viscoplastic 
constitutive  equations  into  the  ABAQUS  finite  element  program  and  made  comparisons 
with  experiments  using  the  Periodic  Hexagonal  Array  model.  The  theoretical 
developments  as  well  as  the  numerical  results  have  been  published  by  Bahei— El— Din,  Shah 
and  Dvorak  (1991),  which  appear  here  in  Appendix  D,  and  by  Shah  (1991). 
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4. 


ANALYSIS  OF  LAYERED  COMPOSITE  SHELLS 


Since  most  composite  structures  have  one  dimension  which  is  substantially  smaller 
than  the  other  two,  it  is  desirable  to  employ  a  spatial  discretization  assumption  which 
reduces  the  amount  of  computation  needed  in  the  small  dimension.  This  dimensional 
reduction  process  is  particularly  complex  in  the  case  of  laminated  structures  constructed 
form  thin  orthotropic  layers.  This  process  is  further  complicated  when  lamina  level 
nonlinear  material  behavior  must  be  considered.  One  way  to  derive  formulations  for  the 
behavior  of  shells  is  to  apply  specific  kinematic  constraints  to  the  full  three-dimensional 
elasticity  equations.  This  ‘degeneration’  of  the  three-dimensional  elasticity  equations  is 
the  basis  for  many  shell  formulations.  A  common  kinematic  assumption  on  the  behavior  of 
shells  is  that  the  in— plane  displacement  components  vary  linearly  in  the  thickness 
direction.  In  particular,  if  we  assume  a  linear  variation  through  the  thickness  of  the 
in-plane  displacement  quantities  in  each  layer  (equivalently,  constant  transverse  shear 
strains  in  each  layer)  we  arrive  at  a  first-order  discrete  layer  theory.  In  this  formulation, 
if  we  neglect  the  generally  small  direct  strain  in  the  thickness  direction,  there  are  2N+3 
displacement  parameters  through  the  thickness,  where  N  is  the  number  of  layers,  which  can 
be  a  significant  reduction  compared  to  3— D  modeling. 

A  discrete  layer  theory  element,  called  LCSLFC,  was  devdoped  by  K,  Dorninger 
(1991)  as  part  of  this  project.  It  employs  linear  segments  for  the  through  the  thickness 
deformation  of  each  layer.  The  LCSLFC  element  is  based  on  the  degeneration  principle. 
The  element  is  a  16— noded  shell  using  cubic  shape  functions  for  the  in-^lane  displacement 
quantities.  Full  account  for  large  deformations  were  included  in  the  formulation.  The 
implementation  of  the  LCSLFC  element  allows  considerable  flexibility  in  modeling 
composite  laminates.  The  shell  thickness  may  be  varied  through  each  element.  Each  layer 
may  have  a  different  orientation,  thickness  and  material.  A  user  defined  material  is 
incorporated  into  the  element  to  allow  the  use  of  various  nonlinear  material  modes. 
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specific  studies  (Shephard  and  Beall,  1992)  have  been  performed  using  this  element 
formulation  with  the  bimodal  plasticity  model  in  the  analysis  of  simple  composite 
structures.  Details  of  relevant  studies  performed  in  this  part  of  the  project  appear  in 
Appendices  G,  H,  and  I. 
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5. 


APPLICATIONS 


To  demonstrate  the  capabilities  of  the  methods  developed  for  inelastic  analysis  of 
fibrous  composites,  we  present  here  two  applications.  In  the  first  application,  the 
dimensional  stability  of  metal  matrix  composite  laminates  under  thermal  fluctuations  and 
thermomechanical  load  cycles  is  examined.  The  system  considered  as  a  model  material  is  a 
Gr/Al  (±y>)8  laminate.  The  analysis  is  performed  by  the  finite-element  method  while  the 
underlying  constitutive  equations  of  unidirectional  composites  are  provided  by  the  Periodic 
Hexagonal  Array  (PHA)  micromechanical  model.  A  computationally  more  efficient  and 
equally  accurate  method  based  on  fiber-dominated  analysis  of  unidirectional  composite  by 
the  self-consistent  method  is  also  presented.  The  results  show  that  laminates  of  the  model 
system  with  tp  =  12*  are  dimensionally  stable  in  the  elastic  range  when  subjected  to  pure 
temperature  changes.  Plastic  deformation  of  the  matrix  causes  permanent  dimensional 
changes,  which  can  be  reduced  by  heat  treatment  of  the  composite.  Under 
thermomechanical  loads,  laminates  are  not  in  general  dimensionally  stable. 
Dimensional  stability  of  the  laminate  was  enhanced  by  plastic  deformation  of  the  matrix 
for  in-phase  thermal  and  mechanical  load  cycles  and  reduced  for  out-of-^hase  cycles.  The 
results  of  this  study  are  found  in  Bahei— El— Din  et  al.  (1992)  and  appear  here  in  Appendix 
E. 

The  second  application  considers  the  effect  of  thermomechanical  loads  on  local  fields 
in  fibrous  composites.  Here,  the  local  stresses  caused  by  mechanical  and  thermal  loads  in 
high  temperature  intermetallic  matrix  composites  are  evaluated  using  a  finite  element 
solution  for  a  periodic  hexagonal  array  microstructure.  Both  uncoated  and  coated  elastic 
fibers  are  considered.  The  matrix  is  assumed  to  be  elastic-elastic  and  insensitive  to 
loading  rates.  Mechanical  properties  of  the  phases  are  function  of  temperature.  It  was 
found  that  a  CVD  deposited  carbon  coating  can  be  quite  effective  in  reducing  thermal 
stresses  at  the  matrix/coating  interface.  Certain  mechanical  stress  concentration  factors. 
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however,  may  be  aggravated  by  the  compliant  coating.  In  composite  systems  with  a 
ductile  matrix,  plastic  deformations  reduce  stress  concentration  and  lead  to  stress 
redistribution.  In  such  systems,  thermomechanical  loading  regimes  can  be  designed  to 
reduce  adverse  local  stresses  introduced  during  fabrications,  for  example,  by  hot  isostatic 
pressing.  Details  of  this  study  have  been  published  by  Bahei— El— Din  and  Dvorak  (1991) 
and  appear  here  in  Appendix  F. 
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Presentations  bv  Dr.  Dvorak 

University  of  California,  Los  Angeles  Short  Course  on  "Metal  and  Ceramic  Composites  - 
Basic  Science  and  Industrial  Applications,"  (coordinator  and  lecturer),  Los  Angeles, 
California,  February  3—7, 1986. 

NASA— Langley  Research  Center  Seminar,  February  18, 1986. 

Upstate  New  York  Regional  Student  Conference,  ASCE,  lecture,  March  1, 1986. 

SDIO— 1ST  Program  Review,  Washington,  DC,  March  7, 1986. 

Midwestern  Mechanics  Seminar: 

University  of  Michigan,  April  9, 1986 
University  of  Wisconsin,  April  10,  1986 
University  of  Minnesota,  April  11,  1986 
Michigan  State  University,  April  29, 1986 

Colloquium,  Northwestern  University,  May  2,  1986. 

ONR  Workshop  on  Failure  Mechanics,  University  of  Maryland,  May  12—13,  1986. 

"Analysis  of  Fatigue  Cracking  of  Fibrous  Metal  Matrix  Laminates,"  General  Electric 
Company,  Seminar,  May  14, 1986. 

DARPA  Site  Visit  Presentation,  May  27,  1986. 

SDIO/ONR  Composite  Consortium  Program  Review,  Woods  Hole,  Massachusetts, 
June  2-3, 1986. 

Tenth  United  States  National  Congress  of  Applied  Mechanics,  ASME,  Austin,  Texas, 
June  16-20, 1986. 

Short  Course  on  "Metal  Matrix  Composites,"  (program  director  and  lecturer),  Columbia, 
Maryland,  June  23—27,  1986. 
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France,  September  1-6, 1986. 
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Colloquium,  Rice  University,  November  12, 1986. 
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NASA  Site  Visit  Presentation,  December  16-19,  1986. 

DARPA  Workshop,  Santa  Barbara,  California,  January  5-0,  1987. 

Applied  Mechanics  Seminar,  Yale  University,  January  21, 1987. 
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June  23,  24,  1987. 

DARPA  Materials  Research  Council  Meeting  on  High  Temperature  Composites,  La  Jolla, 
California,  July  13—15,  1987. 
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Aeritalia  Visit,  "The  Mechanics  of  Metal  Matrix  Composites,"  December  10,  1987. 
Rensselaer  Polytechnic  Institute,  Troy,  New  York. 

ASME  Winter  Annual  MEeting,  Boston,  Massachusetts,  2  lectures,  December  14-15,  1987. 

Gordon  Research  Conference,  "Plasticity  Effects  in  Metal  Matrix  Composites,"  (DARPA) 
Ventura,  California,  January  11—15,  1988. 
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Evandale  Aircraft  Plant  Site  Visit,  (DARPA)  Evandale,  Ohio,  February  19, 1988. 

Short  Course  on  Metal  Matrix  Composites,  Los  Angeles,  California,  February  22-26, 1988. 

Rensselaer  Composites  Center  Overview  ’88,  "Plasticity  and  Fracture  of  Composite 
Materials,"  March  2,  1988. 

NASA  Site  Visit,  Center  for  Advanced  Engineering  Materials  and  Structures  for  Space 
Applications,  March  30, 1988. 

ASTM  Symposium  on  Metal  Matrix  Compo^tes:  Testing,  Analysis  and  Failure  Modes, 
"Plasticity  Theory  of  Fibrous  Composite  Materials,"  (presentation  made  by 
Y.A.  Bahei— El— Din),  Reno,  Nevada,  April  1988. 

ABAQUS  User’s  Conference,  "Composite  Material  Models  in  ABAQUS,"  (presentation 
made  by  M.  Shephard),  Newport,  Rhode  Island,  June  1988. 

IST/SDIO/ONR  Woods  Hole  Review,  "Dimensional  Stability  of  Metal  Matrix  Laminates," 
Woods  Hole,  Massachusetts,  June  13-14, 1988. 

Symposium  on  Mechanics  of  Composite  Materials  1988.  First  Joint  Summer  Meeting  of  the 
AppUed  Mechanics  Division  of  ASME  and  Society  of  Engineering  Science,  "Fracture  of 
Fibrous  Metal  Matrix  Composites,"  University  of  California,  Berkeley,  June  20—22, 1988. 

Fourth  Japan-United  States  Conference  on  Composite  Materials,  "Plastic  Deformation 
Behavior  of  Fibrous  Composite  Materials,"  (presented  by  Y.A.  Bahei— El-Din), 
Washington,  DC,  June  1988. 

XVn  International  Congress  of  Theoretical  and  Applied  Mechanics,  "Plasticity  of 
Composite  Materials:  Theory  and  Experiment,"  Invited  Sectional  Lecturer,  Grenoble, 
France,  August  1988. 

France-U.S.  Research  Workshop,  Strain— Localization  and  Size  Effect  Due  to  Cracking  and 
Damage,  "Fatigue  Damage  Melanies  of  Metal  Matrix  Composite  Laminates,"  (with 
E.C.J.  Wung),  Cachan,  France,  September  1988. 

Third  Technical  Conference,  American  Society  for  Composites,  "Plasticity  of  Composite 
Materials,"  Seattle,  WA,  September  1988. 

Boeing  Military  Corporation,  "Overview  of  Mechanics  of  Composites  Research  at  RPI," 
Seattle,  WA,  September  1988. 

NASA/AFOSR  Composites  Grant  presentation,  "Progress  and  Plans  for  Composite 
Research,"  NASA  Heaidquarters,  October  1988. 

Center  of  Composite  Materials  and  Structures,  RPI  presentation  to  Lord  Corporation, 
"Micromechanics  of  Metal  Matrix  Composites,"  October  1988. 

Colloquium,  Rutgers  University,  "Thermal  Expansion  and  Plasticity  of  Composite 
Materials,"  Octoba  1988. 

Invited  lecture,  ASME  Winter  Annual  Meeting,  "Thermal  Stresses  in  Coated  Fiber 
Composites,"  Chicago,  IL,  November  1988. 
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ONR/DARPA  HiTASC  program  site  visit,  RPI,  ''Thermo-mechanical  Compatibility," 
March  1989. 

Invited  lecture  in  meeting  on  new  materials,  synthesis,  characterization  and  properties, 
International  Center  for  Applied  Sciences,  "Damage  Mechanics  of  Metal  Matrix  Composite 
Laminates,"  Gradisca  dTsonzo,  Italy,  March  1989. 

Overview  of  Mechanics  of  Composite  Research,  RPI,  lecture  Centro  Sviluppo  Material! 
S.p.A.,  (CSM),  Rome,  Italy,  March  14,  1989. 

4  invited  lectures  at  Politechnico  di  Milano,  Italy,  "Mechanics  of  Composite  Materials, 
A.  Introduction,  B.  Elasticity,  C.  Plasticity,  D.  Damage  and  Fracture,"  March  16—17, 
1989. 

Invited  lecture.  Department  of  Solids  and  Structures,  Tel— Aviv  University,  Israel,  "Fatigue 
Damage  Mechanics  of  Composite  Laminates,  March,  1989. 

ONR  Mechanics  of  Composites  Review,  "Thermo-Clastic  Constitutive  Behavior  of  Metal 
Matrix  Composites,  Leesburg,  VA,  April  1989. 

ONR  Core  Research  Program  in  Comp<^tes  Review,  "Fracture  of  Metal  Matrix 
Composites,"  Leesburg,  VA,  April  1989. 

Invited  lecture,  "Physical  and  Computational  Experiments  in  Plasticity  of  Composite 
Materials,"  Department  of  Applied  Mechanics  and  Engineering  Sciences,  University  of 
California,  San  Diego,  May  1989. 

Short  Course  on  Metal  Matrix,  Ceramic  Matrix,  and  Carbon  Carbon  Composites,  Los 
Angeles,  California,  May  1989. 

Alcoa  Laboratories,  Alcoa  Center,  PA,  "Thermal  Stresses  in  Fibrous  Ceramic  Matrix 
Laminates,"  May  1989. 

Army  Symposium  on  Solid  Mechanics,  Newport,  Rhode  Island,  "Fracture  of  Fibrous  Metal 
Matrix  Composites,"  May  16—18, 1989. 

IST-SDIO/ONR  Woods  Hole  Review,  "Overall  Response  and  Local  Fields  of  High 
Temperature  Composite  Laminates,"  June  5-6, 1989. 

Second  International  Symposium  of  Plasticity  and  its  Current  Applications,  "New  Results 
in  Bimodal  Plasticity  of  Fibrous  Composites,"  Mie  University,  Tsu  Japan,  July  30  - 
August  4, 1989. 

AFOSR  14th  Annual  Mechanics  of  Composites  Review,  "Fracture  in  Fibrous  Metal  Matrix 
Composites,"  Dayton,  Ohio,  November  1, 1989. 

ASM^WAM,  "On  a  Correspondence  Between  Mechanical  and  Thermal  Effects  in 
Two-Phase  Composites,"  San  ^andsco,  CA,  December  10-15, 1989. 

DARPA-HiTASC  Program  site  visit,  RPI,  March,  1990. 

Invited  lecture.  Department  of  Apjdied  Mechanics  and  Engineering  Sdences,  University  of 
California,  San  Diego,  March  5, 1990. 
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Short  Course  on  "Metal  Matrix  Composites,"  (program  co-director  and  lecturer),  UCLA, 
March  6-8, 1990. 

Montedisnial  visit  at  RPI,  April  9, 1990. 

Invited  Lecture,  University  of  Dlinois-Chicago,  April  25, 1990. 

Invited  Lecture  Northwestern  University,  April  26,  1990. 

"Some  Experimental  Results  in  Plasticity  of  Fibrous  Composites,"  lUTAM  Symposium  on 
Inelastic  Deformation  of  Composites  Materials,  RPI,  May  29  —  June  1,  1990;  Chairman  of 
Symposium. 

"Local  Stresses  in  High  Temperature  Compc^ites  and  Laminates,"  IST--SDIO/ONR  Woods 
Hole  IV  Research  Review,  Woods  Hole,  Massachusetts,  June  4, 1990. 

Invited  Lectures,  Politecnico  di  Milan,  Milan,  Italy,  June  11—12,  1990. 

Invited  Lecture,  EniChem,  Milan,  Italy,  June  13,  1990. 

Invited  Lecture,  Institute  of  Theoretical  and  Applied  Mechanics,  Czechoslovak  Academy  of 
Sciences,  Prague,  Czechoslovakia,  June  25,  1990. 

Short  Course,  "Advanced  Composite  Materials  and  Structures,"  RPI,  July  24, 1990 
KAPL  corporate  visit,  RPI,  August  3, 1990. 

Grumman  Aircraft  visit,  RPI,  August  8,  1990. 

"On  Uniform  Fields  in  Heterogeneous  Media,"  ASME/WAM,  Dallas,  Texas,  11/27/90. 

"Fatigue  Damage  of  Metal  Matrix  Composites:  Optimization  and  Shakedown  Analysis," 
ASME/WAM,  Dallas,  Texas,  11/27/90. 

"Deformation  and  Damage  Mechanisms  in  High  Temperature  Composites  with  Ductile 
Matrices,"  AFOSR,  Bolling  AFB,  D.C.,  March  15, 1991. 

"Static  and  Fatigue  Damage  in  High  Temperature  Composites,"  AFOSR,  Bolling  AFB, 
D.C.,  March  15, 1991. 

"Thermomechanical  Compatibility  in  High  Temperature  Composites,"  DARPA  HiTASC 
Program  Review,  March  27, 1991. 

"A  New  Approach  in  Nonlinear  Micromechanical  Analysis  of  Heterogeneous  Media,"  (with 
Y.A.  Bahei-El-Din  and  A.M.  Wafa),  at  First  U.S.  National  Congress  on  Computational 
Mechanics,  Chicago,  Hlinois,  July  1991. 

"On  Thermal  Hardening  and  Uniform  fields  in  Two-^ihase  Composite  Materials," 
Plasticity  *91:  Invited  L^ture  at  The  Third  International  Symposium  of  Plasticity  and  its 
Current  Applications,  Grenoble,  France,  August  12-16, 1991. 

"Endneering  Education  in  the  United  States,"  Invited  lecture  in  the  Klokner  Institute  of 
the  Czech  Technical  University  in  Prague,  Czechoslovakia,  August  29,  1991. 
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"Fatigue  Damage  and  Shakedown  in  Metal  Matrix  Composite  Laminates,"  Invited  lecture 
at  conference  on  "New  Trends  in  Structural  Mechanics,"  Institute  of  Theoretical  and 
Applied  Mechanics,  Czechoslovak  Academy  of  Science,  Prague,  September  2, 1991. 

"Experimental  Evaluation  of  Yield  Surfaces  and  Plastic  Strains  in  a  Metal  Matrix 
Composite,"  American  Society  of  Composites  Meeting,  Albany,  NY,  October  6-9, 1991. 

"Fatigue  and  Shakedown  in  Metal  Matrix  Composites,"  28th  Annual  Technical  Meeting  of 
the  Society  of  Engineering  Science,  Gainesville,  Florida,  November  6-8, 1991. 

"On  Some  Exact  Results  in  Thermoplasticity  of  Composite  Materials,"  Invited  lecture 
ASME/WAM,  Atlanta,  GA,  December  4, 1991. 

"Thermal  Stresses  in  Elastic— Plastic  Composites  with  Coated  Fibers,"  Invited  lecture 
ASME/WAM,  Atlanta,  GA,  December  6,  1991. 


Presentations  bv  Dr.  Shephard 

"Nonlinear  Finite  Element  Modeling  of  Composites,"  ONR  review  of  SDI  related 
Composites  Research,  University  of  Maryland,  College  Park,  Maryland,  March  31, 1987. 

"Nonlinear  Finite  Element  Modeling  of  Composites,"  ONR  Contractor’s  Review,  Santa 
Barbara,  CA,  Sept.  30, 1987. 

"Composite  Material  Models  in  ABAQUS,"  ABAQUS  User’s  Conference,  Newport,  Rl, 
June  2, 1988. 

"Mechanical  Behavior  of  Polymer  Composites,"  S.S.  Stemstein  and  M.S.  Shephard,  IBM 
Watson  Research  Center,  Hopewell,  NY,  June  17,  1988. 

"idealized  Models  in  Engineering  Analysis,"  ASCE  Structures  Congress,  San  Francisco, 
CA,  May  2, 1989. 

"A  Bimodal  Plasticity  Model  for  Fibrous  Composites  Implemented  in  ABAQUS  —  I.  Fiber 
Dominated  Mode,"  ABAQUS  User’s  Cord.,  Newport,  Rl,  May  30, 1990. 

"Advanced  Finite  Element  Formulations  for  Composite  Shells,"  6th  Tech.  Conf.  on 
Composite  Materials,  Oct.  1991. 

"Lamina  Level  Nonlinear  Mixing  Models  in  Finite  Element  Computations,  ASME,  Atlanta, 
GA,  December  6, 1991. 
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Dr.  G.J.  Dvorak  —  Co— Principal  Investigator 

Dr.  M.S.  Shephard  —  Co-Principal  Investigator 

Dr.  Y.A.  Bahei— El-Din  —  Research  Associate  Professor 

Dr.  Y.  Benveniste  —  Visiting  Professor 

Dr.  H.  Scarton  —  Associate  Professor 

Dr.  L.  Bank  —  Assistant  Professor 

Dr.  N.Fares  —  Research  Assistant  Professor 

S.  Han  —  Post  Doctor 

T.  Chen  —  Graduate  Student 

C.  Creevy  —  Graduate  Student 
R.  Hall  -  Graduate  Student 
B.  Jenson  -  Graduate  Student 

A.  Kaveh— Ahanger  —  Graduate  Student 
Kuruppu  —  Graduate  Student 

D.  Mackay  -  Graduate  Student 

E.  Martine  -  Graduate  Student 
N  .Tutunco  —  Graduate  Student 
J.F.  Wu  —  Graduate  Student 

J.  Zarzour  —  Graduate  Student 
W.  Mielke  —  Instrumentation  Engineer 
J.  Grega  —  Secretary 

D.  Rogers  —  Secretary 

E.  Ruaano  —  Secretary 
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APPENDIX  A 

Implementation  of  Material  Models  into  Nonlinear  Finite  Element  Procedures 


CHAPTER  2 

IMPLEMENTATION  OF  MATERIAL  MODEI-S  INTO 
NONLINEAR  FINITE  ELEMENT  PROCEDURE 


Application  of  the  finite  element  method  is  widely  accepted.  Its  application  to 
nonlinear  problems  caused  either  by  mateilal  nonlinearity  or  geometric  nonlineanty  is 
more  complex  and  encounters  heavy  computational  efifon.  More  powerful  computers  and 
more  accurate  and  efficient  solution  algohthms  are  required  in  nonlinear  finite  element 
applications.  Nowadays,  high-speed  digital  computers  are  available  and  mote  complex 
numeiical  operatimis  with  affordable  costs  can  be  perfonned.  Also,  the  development  of 
improved  elemem  characteristics  and  more  efficient  nonlinear  solution  algonthms  has 
been  demonstrated,  (see  for  example  Owen  &  Hinton  [1980],  Hu^es  [1987]).  These 
achievements  make  it  possible  to  incoxporate  the  complicated  material  models  available 
for  composite  materials  into  finite  element  procedures  for  the  design  of  advanced 
composite  structures. 

2.1  Introduction 

From  die  viewpoint  of  finite  element  modeling,  the  goal  of  this  srody  is  to  develop 
analysis  procedures  based  on  specialized  cooqiosite  material  models  which  are  not 
available  in  general  purpose  programs. 

In  general,  two  types  of  nonlinearities  should  be  considered  in  finite  element 
procedures  for  sonctural  mechanics: 

1.  Nonlinear  strain-diqplacemem  relations,  which  is  known  as  geometric 
nonlinearity. 

2.  Nonlinear  stress-soain  relations,  which  is  known  as  material  nonlinearity. 
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The  objective  of  this  study  is  to  develop  the  procedure  for  implemeotation  of  moral 
manix  composite  mateiial  models  into  the  ABAQUS  finite  element  program.  Although 
the  strains  developed  in  fibrous  composites  are  small  due  to  the  constraints  imposed 
by  the  stiff  fibers,  geometncal  nonlineanties  may  be  accounted  for,  if  necessary,  by 
the  finite  strain  capability  available  in  ABAQUS.  Therefore,  our  work  focus  is  on  the 
material  nonlineaxity  caused  by  inelastic  deformation  of  fibrous  composites. 

2,2  Nonlinear  finite  element  procedure 

Regarding  the  solution  scheme  to  general  nonlinear  finite  element  system  of 
equations,  two  generalized  solution  algorithms,  namely  the  Newton-Raphson  and  initial 
sdffiiess  (modified  Newton-Raphstm)  ru^mods  are  the  best  known  methods  in  the 
literature.  In  the  Newton-iuiphson  method,  the  instantaneous  stififiiess  of  the  finite 
elemem  system  of  eqmuimis  is  u.^  for  global  iterations  whereas  in  die  modified  Newton* 
Ra|dison  method,  the  constant  stiffiiess  (elastic  stififiiess)  of  the  system  of  equations  is 
used  throughout  the  global  iterations.  The  instantaneous  (or  constant)  stififiiess  of  the 
finite  elemem  system  is  calculated  from  the  instantaneous  stififiiess  (or  elastic  stififiiess) 
matrix  of  each  material  poim  and  is  assembled  through  the  elemem  routines.  Any 
material  model  capable  of  updating  the  material  instantaneous  stififiiess  matrix  and 
stress  vectora  under  a  given  strain  path  may  be  implemented  into  die  mmlinear  finite 
elemem  procedure.  Considering  metal  matrix  composite  matenal  models,  the  matetial 
nonlineanty  is  usually  caused  by  inelastic  deformation  of  die  matrix  material.  Bgure 
2.1  shows  a  block  diagram  illustrating  the  sequence  of  events  when  composite  material 
model  is  used  in  a  finite  elemem  procedure.  The  standard  nonlinear  finite  elemem 
procedure  can  be  found  in  most  of  nmilinear  finite  elemem  textbooks  (see  for  example 
Zienltiewicz,  [1977]). 
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23  Fonnnlatioiis  of  material  models 

In  the  nonlinear  finite  element  procedures  the  strain  vector  and  its  increment  are 
the  independent  variables.  Most  elastic*plastic  composite  material  models,  however, 
are  formulated  in  stress— space  which  defines  the  material  stifhiess  in  terms  of  stresses 
and  treats  the  stress  and  stress  increment  as  independent  variables.  This  causes  some 
difficulty  in  the  implementation  of  such  mateiial  models  into  nonlinear  finite  element 
procedures. 

The  constitutive  equations  can  be  also  fonnulated  in  the  strain-space  in  which  the 
strain  and  strain  increment  are  the  independent  vaiiables  and  the  material  stiffiiess  is 
defined  in  terms  of  die  strains.  This  fonnuladon  avoids  the  difficulties  encountered  in 
implementations  of  models  based  on  the  stress-space  formulation.  Although  Diucker 
commented  <m  die  usage  of  strain-space  ftumulation  as  eady  as  1950  [Dtucker,  1950],  the 
first  detailed  study  was  done  by  Na^idi  &  Trapp  in  1975  [Na^bdi  &  Trapp,  1975].  They 
proposed  a  strain-space  formulation  which  was  found  to  be  firee  of  the  shortcomings 
of  the  stress-space  plasticity.  For  example,  unlike  the  stress-space  formulation,  the 
loading  cxiteha  for  the  perfectly  plastic  material  in  strain-qiace  is  exactly  the  same 
as  that  for  wotk-hardening  materials.  In  1981,  Yoder  and  Iwan  [Yoder  &  Iwan,  1981] 
proposed  and  formulated  a  strain-space  plasticity  dieory  and  demtmstrated  its  advantages 
in  applications  involving  extensive  numerical  techniques. 

The  stndn-^pace  fonnuladon  was  applied  to  fibrous  composite  materials  by  Wung 
and  Dvorak  [1985].  They  derived  strain-^pace  consdtndve  equation  based  on  the 
vanishing  fiber  diameter  (VFD)  model.  The  VFD  model  was  originally  developed 
by  Dv(»ak  &  Bahei-B-Din  [Dvorak  &  Bahei-B-Din,  1978,  1982,  and  Bahei-B-Din, 
1979]  in  a  stress-ipace.  Wu  [1987]  showed  that  die  results  found  with  the  secess-^ace 
fotmuladcm  and  the  strain-space  formuladon  of  the  VFD  model  ate  in  agreement. 
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Although  composite  mateiial  models  based  oo  the  stress>space  fonnulation  may 
encounter  certain  difficulties  in  their  implementation  in  nonlinear  finite  element 
procedure,  we  will  consider  them  in  our  subsequent  work  for  the  following  reasons: 

1.  The  two  material  models,  the  PHA  model  and  the  BIMODAL  theory  are 
available  in  the  stress  space  formulation.  Substantial  theoretical  effort  is  required 
to  reformulate  these  models  in  the  strain-space. 

2.  Two  special  numerical  algorithms  which  make  the  stress-space  fonnulation 
of  material  models  useful  in  finite  element  tq^licadons  were  developed  to 
overcome  the  difficulties  encountered  in  the  stress-space  formulation  mateiial 
models  (see  (Zh^er  3  and  4).  The  numerical  smdy  of  these  two  methods 
has  shown  that  both  algonduns  give  accurate  results,  with  minimal  loss  of 
computation  efficiency. 

All  numerical  integration  schemes  (i.e.  solution  schemes  to  the  governing 
differential  equations)  which  are  based  on  Taylor's  series  expansion,  such  as  Euler’s 
method.  Modified  Euler’s  method,  Runge-Kuita  method,  etc.  are  suitable  for  this 
application.  When  a  Taylor’s  series  e;q)ansi(m  based  integration  scheme  is  employed 
in  the  consdnmve  calculations,  the  current  stress  incremem  is  divided  into  several 
subincremertts,  which  may  or  may  not  be  equal  in  size  depending  oa  the  meffiod 
used,  hi  each  snbiiiciement  the  stress-strain  relation  is  dien  assumed  to  be  linearly 
related  by  the  instantaneous  stiffiiess.  hi  this  way,  the  stress  subincrement  is  found 
by  muhqilying  the  instantaneous  stiffiiess  matrix  by  the  strain  subinciemenL  After  die 
stress  subinciement  has  been  found,  the  corresponding  instantaneous  stiffiiess  matrix 
can  then  be  updated.  The  procedure  is  repeated  for  all  subinciements  of  each  incremem 
until  the  end  of  loading  padi.  Numerical  efficiencies  of  the  strain-controlled  and  the 
stress-controlled  algorithms  are  cmnpared  in  Chapter  4. 
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In  anocfaer  qjpzoach,  which  makes  the  stress-coDtrolled,  soess-space  fonnulaaon 
useful  in  nonlinear  firtira  element  procedures,  the  constitutive  calculation  algorithm  is 
unaltered  while  manipulation  is  performed  between  constitutive  calculation  and  finite 
element  global  iterations.  Details  of  this  procedure  is  given  in  Chapiter  3  when  the 
implementation  of  PHA  is  considered. 

2.4  Connection  between  nonlinear  material  models  and  nonlinear 

finite  element  procedure 

In  a  typical  finite  element  procedure,  there  are  as  many  as  NlxN2xN3xm  sampling 
points  in  the  finite  element  domain,  where  Nl,  N2,  and  N3  are  the  number  of 
sampling  pninw  in  tile  three  directions  of  element  local  coordinate  system  and  m 
is  die  total  number  of  elements  in  the  finite  element  mesh.  This  means  that  there  are 
NlxN2xN3xm  nnniinaar  loading  pads,  which  are  generally  different  from  each  other, 
in  nach  T»<vi|in«»-ar  finite  element  analysis.  Hieiefore,  the  matenal  model  evaluation  is 
required  NlxN2xN3xm  times  in  each  finite  element  global  iteration. 

In  strain-controlled,  stress-space  constimtive  routines,  die  nonlinear  finite  element 
procedures  result  in  accurate  soluiitms  with  good  cmnputation  efficiency.  In 
stress-controlled,  stress-^ace  ctmsdtutive  routines,  however,  accurate  solutions  are 
accompanied  by  *Tocal  iterations’’  between  the  ccmstiintive  routine  and  die  finite  element 
global  procedure.  These  nocal  iterations”  are  necessitated  due  to  the  need  of  converting 
strain  ircrements  (firom  finite  element  global  iteration)  inm  stress  increments  for  stress- 
controlled  material  routine. 

As  shown  in  Qu^xer  3,  the  ’’local  iteration”  provides  a  useful  algoritiun  for  the 
implementation  of  a  nonlinear  stress-ctmcrolled  constimnve  routine  into  a  nonlinear  fimte 
procedure.  This  makes  it  possible  to  implement  any  (either  stress-controlled  or 
strain-controlled)  nonlinear  matenal  models  into  fimte  element  procedure. 
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In  the  nonlinear  finite  element  procedure,  it  is  impoitant  to  point  out  Hmt  foj 
stress-controlled  and  strain-controlled  material  loutines  one  should  always  retum 
stifBsess  matrix  to  finite  elemem  procedure  at  the  beginning  of  die  ^obal  iteration  for 
each  increment  This  treatment  will  guarantee  faster  ccmvergence  of  the  global  iteration 
especially  when  the  structure  is  unloaded  from  a  highly  nonlinear  stage  gnr-e  too  much 
compliant  stiffhess  may  produce  very  large  strain  increment  during  the  unloading. 

2J  General  purpose  nonlinear  finite  element  code-ABAQUS 

Although  the  solution  procedures  developed  can  be  incorporated  in  many  general 
purpose  finite  element  programs,  the  ABAQUS  nonlinear  general  purpose  finitg  element 
package  was  selected  to  carry  out  the  specific  finite  element  calculations  for  the  smdy. 
The  ABAQUS  program  features  relevant  to  dii-s  study  are  discussed  in  thig  ^^rtinn 

2,5,1  ABAQUS  overview 

ABAQUS  is  a  general  puipose  finite  element  analysis  code  developed  by  Hibbit, 
Karlson,  and  Sotrenson,  Iric.  (HKS)  specifically  for  applications  in  nonlinear  mechanics 
[User’s  Manual,  1988a,  Theory  Manual,  1987,  Example  Manual,  1988b,  and  System 
Manual,  1985].  It  possesses  a  large  number  of  standard  fisatnres  of  a  general  purpose 
finite  element  code  including  large  element  and  ttitwrjfii  libraries,  a  number  of  analysis 
classes  and  solution  procedures,  a  group  of  post-processing  (^mons  and  a  number 
of  features  that  ate  of  importance  to  the  type  of  analyses  needed  for  metal  matrix 
compoates. 

Several  attractive  features  exist  in  ABAQUS.  First,  it  uses  lecendy  developed 
nonlinear  solution  procedures  diat  ate  both  efficient  and  staUe.  Second,  it  imposes 
a  strong  sqiaration  of  element  formulations,  property  di»<wtirinnjy,  boundary 

conditioa  prescriptions  and  loading  history  specifications.  Third,  it  supports  a  large 
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number  of  user  defined  subtoudnes  including  element  fonnuladon,  material  consdmtive 
formulation,  boundary  condition  specification,  and  loading  definition.  In  addition,  the 
ABAQUS’s  elemem  library  contains  a  layered  shell  type  elemem  that  should  be  very 
useful  in  the  analysis  of  composite  structures  where  dififeiences  in  matetial  behavior 
must  be  enforced  at  the  laminate  level  These  features  make  ABAQUS  attractive 
in  employing  the  more  advanced  nonisottopic  and/or  nonlinear  material  models  with 
various  element  types.  Also,  die  ability  to  develop  specialized  material  subroutines 
within  ABAQUS  is  of  principal  importance  to  our  research  in  developmem  of  finite 
element  procedures  for  analysis  of  composite  materials. 

Tailoring  ABAQUS  to  deal  with  functions  not  directly  available  within  the  program 
is  achieved  through  the  available  user  definable  routines.  There  are  twenty  user  definable 
routines  in  the  program.  Each  user  defined  routine  allows  die  analyst  to  carry  out  a 
particular  type  of  toleration  that  alters  data  within  ABAQUS  *s  data  structures. 

The  method  used  to  provide  this  functionality  is  to  set  aside  a  particuiar  set  of 
subroutines  for  the  various  purposes.  Each  of  these  subroutines  has  a  fixed  name 
and  a  fixed  sequence  for  passing  data  in  and  out  of  ABAQUS.  The  particular  user 
/tefinwri  routines  diat  are  invoked  in  an  analysis  ate  specified  through  the  input  file  for  a 
particular  analysis  poblem.  For'example,  the  user  defined  material  routine  is  invoked 
by  itutirariny  diat  the  type  foT  a  particular  element  set  is  the  user  defined 

mgtimMi  This  keys  the  program  to  c*il  the  user  defined  matetial  routine  (UMAT)* 
whirh  win  use  the  mfownfion  psssed  to  it  ss  well  as  any  infranatioo  UMAT  maintains 
to  <*^lf«Tl***  the  material  wiffiia-u  terms  and  stress  increments  which  are  then  sent  back 
to  the  <*aiitng  rootine.  The  user  defined  subroutine  can  access  data  available  in 

the  ABAQUS’s  data  stracmres  for  other  purposes. 

The  other  thar  ggff  aian  of  importance  to  our  study  are  the  matetial 

models  supported  by  ABAQUS’s  material  library,  such  as  die  Idnematic  hardening 
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opQon,  the  isotropic  hardening  option  and  the  Hill’s  anisotropic  yield  cntena  with 
Idneinanc/isocropic  hardening  rule.  These  options  accompanied  widi  temperature 
dependent  features  make  it  possible  to  model  the  inelastic  behavior  of  metal  matnx 
composites  for  certain  idealized  domains. 

2J^  ABAQUS  input  data  file 

In  a  typical  ABAQUS  it^ut  data  file  there  are  two  major  groups  of  iiq>ut  data 
entiies  including  model  data  deck  and  history  data  deck.  These  it^ut  data  decks  are 
ctq)able  of  completely  modeling  die  problems  of  interest. 

The  model  data  deck  contains  die  definition  of  the  analysis  model  including  the 
output  heading,  the  data  echo  selections,  die  wavefront  minimization  opdon,  the  restart 
type  of  the  analysis  (optional),  the  node  coordinates,  the  node  set,  element  types,  element 
connecdvides,  element  set,  the  material  models,  the  boundary  conditions,  orientation  of 
the  element  coordinaie  system  (if  nonisotropic  material  is  used),  and  die  assignment  of 
specific  material  model  and/or  its  orientation  to  the  corresponding  element  set 

The  history  dau  deck  contains  die  definition  of  the  analysis  type  including  the 
submitting  of  subtide  for  the  analysis,  the  analysis  classes,  the  loading  history,  the 
tolerance  and  other  control  numben  for  nonlinear  analysis  case,  and  other  output 
control  oprions. 

2,5.3  User  definable  routine  —  UMAT 

Tins  section  limits  its  anenricm  to  the  ABAQUS  user  definable  material  routine 
-UMAX,  more  specifically,  the  UMAT  of  ABAQUS  vezsioD  4-7-25  wfaidi  is  the 
program  we  have  used  for  the  analyses  presented  in  this  study. 

2,53.1  Bask  interaction  of  ABAQUS  with  UMAT  routine 

When  UMAT  is  called  by  an  ABAQUS  element  toudne,  twenty  seven  variables 
(matrices,  vecton,  and  values)  are  passed  and/or  returned  daou^  the  UMAX  subroutine 
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argoment  list  including:  material  properties,  cunent  stress,  strain,  temperature,  dme, 
state  variables  (which  ate  needed  in  material  consniutive  calculanon),  increments  in 
strain,  temperature,  time,  and  updated  stress  vector  and  instantaneous  stifhess  matrix. 
Note  that  if  the  mamtial  stif&tess  matrix  is  symmetric  in  the  analysis,  ABAQUS  will 
store  the  diagonal  entries  as  well  as  the  lower  triangle  part  of  the  matrix,  therefore  users 
may  update  dieir  instantaneous  stifhiess  to  those  values  only.  This  has  the  advantage 
of  avoiding  the  unnecessary  operations  which  return  the  entries  on  the  upper  pan  of 
the  stifGness  matrix  to  ABAQUS  elemem  routine. 

Integration  of  material  models  into  UMAT 

In  its  plication  to  composite  materials,  the  UMAT  subroutine  worics  as 
the  mechanism  which  links  the  micromechanical  level  material  model  to  the 
macromechanical  level  behavior  of  a  composite  material.  The  essential  pan  of  the 
UMAT  procedure  is  the  matetiai  routine  which  calculates  die  constitutive  law  at  each 
sampling  point  Any  matetiai  model  which  satisfies  the  tequixements  stated  previously 
can  be  used  in  UMAT.  The  UMAT  subroutine  then  performs  six  fdnctitms: 

1.  Tnitiaiize  aU  sofattion  dqtcndent  variables  at  die  stan  of  loading  path. 

2.  Set  up  die  counters  for  indicating  the  material  poiis  number. 

3.  Che^  the  beguming  of  an  increment,  iqxlate  solution  dqiendent  variables  (from 
tempmaty  may)  and  letuin  elastic  stiflhess  to  ABAQUS  element  routine. 

4.  CalcnlaSB  the  stress  vector  and  die  instantaneous  stiffness  due  to  strain  increment 

5.  Stote  solution  dqiendent  vanables  in  the  temponty  array. 

6.  Return  updated  instantaneous  mattiz  and  stress  vector  to  ABAQUS. 

Some  operations  for  integration  of  a  matetiai  modd  into  UMAT  ate  dependent  on  the 
type  of  material  constitutive  formulatitm.  Details  of  these  cyetations  must  therefore  be 
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described  for  specific  material  models.  In  Qiapten  3  and  4,  we  describe  implementation 
of  the  PHA  model  and  the  BIMODAL  theoiy,  respectively,  imo  UMAT  subroutine. 

2.5.4  ABAQUS  post<processiiig  capabilities 

ABAQUS  also  suf^rts  a  group  of  post^>rocessing  opdmis  including: 

1.  Ou^t  requests  of  line  printer  ouq>uts,  model  plots  (mesh  plots  -  pan  or 
complete  domain),  result  plots  (ccmtour  plots  >  pan  or  complete  domain  or  even 
combination  of  several  plots,  deformed  shape  plots,  and  history  plots  •  for  the 
evolutions  of  specific  quantity),...etc.  for  various  of  ouq)ut  devices. 

2.  Restan  runs  from  previous  results. 

3.  File  transfer  from  local  computer  system  to  remote  computer  system  for 
subsequent  ABAQUS  runs  on  remote  computer  system.  The  binaty  format 
for  both  computer  systems  m^  be  differem  during  die  file  transfer  procedure. 

4.  User  definable  post«piocessmg  program  for  ^lecific  data  process  from  the 
ABAQUS  result  files. 

Detailed  key  features  of  ABAQUS  post-processing  capabilities  can  be  found  in 
Quqxers  10  and  11  of  ABAQUS  Users  Manual  [1988a].  A  procedure  for  running 
ABAQUS  on  VAX  system  at  RPI  is  shown  in  Appendix  A. 
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Figute  2.1  Placemea  of  Composite  Mtterisl  Modds  into  Rnite  Element  Procedure 
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Periodic  Hexagonal  Array  Model:  Description  and  Finite  Element  Implementation 


CHAPTER  3 

PERIODIC  HEXAGONAL  ARRAY  MODEL:  DESCRIPTION 
AND  FINITE  ELEMENT  IMPLEMENTATION 

The  development  of  composite  mateiial  models  for  the  application  in  the  elastic  range 
has  been  well  established  by  two  major  approaches,  namely,  the  Composite  Cylinder 
AssemUy  (CCA)  model  [Hashin  A.  Rosen,  1964]  which  provides  hg(»oas  bounds  on  the 
moduli,  and  the  Self-Consistent  Method  (SCM)  [Hill,  1965,  and  Budiansky,  1965]  and 
the  Mori-Tanaka  Method  [Mori  &  Tanaka,  1973,  Benveniste,  1987,  and  Dvorak,  1990a] 
which  both  provide  single  estimate  of  each  of  the  moduli.  However,  the  application  of 
these  models  for  prediction  of  elasdc-plasdc  responses  has  certain  limitations  (see  for 
example,  Dvorak  &  Rao  [1976a,b],  Dvorak  &  Wung  [1984]  and  Dvorak  &  Bahei-El-Din 
[1979]).  The  Periodic  Hexagonal  Array  (PHA)  model,  [Teply,1984,  Dvorak  &  Teply, 
1985,  and  Teply  dfc  Dvorak,  1988]  overcomes  the  shortcomings  of  the  above  models. 

3 J.  Overview  of  the  periodic  hexagooni  array  (PHA)  model 

The  analysis  of  die  PHA  model  begins  with  selection  of  an  appropriate  rqvesentative 
volume  element  (RVE)  and  die  identificatimi  of  an  appropriate  set  of  periodic  boundary 
conditioits  which  allows  an  analysis  of  the  RVE  that  will  yield  useful  infbnnatimi  on  the 
overall  behavior  of  the  composite.  One  of  die  assumptions  that  yidd  a  set  of  boundary 
rnnrfitifins  is  nrafaftn  far-field  Strains  on  the  micromechaiiical  volume  containing  die 
RVE.  Altboo^  there  are  gradients  in  the  solution  at  die  macromechanical  level,  die 
iinifrifTH  train  field  assumption  is  adequate  for  the  purpose  of  detetmining  the  material 
properties  The  second  asnmpcian  which  is  important  to  the  constmerion  of  a  convenient 
set  of  boundary  conditions  is  a  regular  packing  of  die  fibers.  In  die  PHA  die  packing 
is  to  be  hexagonal  widiin  an  individual  ^**"^"*  Since  the  metal  matrix 

composites  considered  here  are  typically  leinfbiced  by  large  cross-section  conrirmoos 
filaments  arranged  in  a  frilly  regnlar  array,  this  is  an  acceptaUe  assumption. 
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Usins  the  PHA  fonnulaiion,  Tepiy  [1984]  hss  developed  finite  element  based 
upper  and  lower  bound  solutions  for  the  RVE.  Since  our  study  is  «wtrj»riw^  with 
implementation  of  the  PHA  model  into  a  displacement  based  finite  element  analysis 
code,  only  the  di^lacement  based  qjper  bound  foimulaticm  is  considered  here. 

3J..1  Geometry  and  assumptions  of  PHA  model 


In  the  PHA  model,  the  fibers  are  assumed  to  be  periodically  distributed  throughout 
the  layers  of  the  matrix  material  in  a  topologically  periodic  hexagonal  configuration 
(Rg.3.1). 

Under  overall  uniform  stress  or  strain  applied  to  the  periodic  microstructure,  a 
representative  volume  element  (RVE)  may  be  selected  for  the  evaluation  of  overall 
properties  and  local  fields.  The  RVE  must  satisfy  the  following  properties: 

1.  When  repeated  it  covers  die  entire  macroscopic  volume  of  the  composite. 

2.  When  the  composite  is  loaded  by  unifotm  stresses  or  strains,  the  local  stresses 
and  strains  must  be  invanam  under  coordinate  transformations  which  repeat  the 
RVE  in  die  composite  domain. 


It  is  clear  that  die  composite  hexagons  shown  in  Hg.3.1  may  be  selected  as  RVR 


If  the  area  of  die  emnposite  hexagon  (Fig.3.1)  is  equal  to  unity,  the  dimensions 
shown  in  dip  figure  can  be  found  as  function  of  the  fiber  volume  fraction  Cf  as  (Teply, 
1984] 


_  I  -  y/^ 


(3.1) 


2x/cf 


(3.2) 


(3-3) 
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(3.4) 


As  indicated  by  Dvorak  <&  Teply  [198S  and  1988]  the  composite  hexagon  is  not 
a  pardculaziy  convenient  choice  due  to  the  difficulty  encountered  in  the  application  of 
periodic  boundary  conditions.  A  more  suitable  selection  of  RVE  is  a  triangle  defined  by 
connecting  the  centers  of  adjacent  fibers  (Ing.3.2).  In  this  way,  the  composite  domain 
is  divided  into  triangular  subdomains,  these  are  identified  by  either  the  shaded  or  die 
unshaded  triangles  shown  in  Fig.3.2.  It  can  be  shown  {Teply,  1984]  that  the  shaded 
triangles  can  be  converted  into  die  unshaded  triangles  by  a  transformation,  where  6  is 
the  Kronecker’s  symbol.  Either  the  shaded  or  the  unshaded  RVE  is  representative  of  the 
composite  domain.  Figure  3.3  shows  two  adjacent  triangles  widi  shaded  triangle  in  X- 
coordinate  system  and  unshaded  triangle  in  Xi  coordinate  system.  The  transformation 

X'  =  X  +  Co  (3.5) 

where  for  die  configuration  of  Rg.3.3,  Co  =  C  (\/3,  1,  0^,  converts  the  shaded 
triangles  into  die  unshaded  ones  dirougfiout  die  composite  domain.  Also,  it  is  shown 
[Teply,  1984,  Dvorak  &.  Teply,  1985,  and  Teply  &  Dvorak,  1988]  that  under  overall 
uniform  fields,  both  the  overall  and  local  stresses  and  strains  are  invariam  under  this 
transfotmation,  and  diat  the  surface  tractimis  and  displacements  in  the  two  coordinate 
systems  ate  identical,  Hgute  3.4  shows  a  3D  view  of  the  RVE  used  in  die  PHA  model, 
where  Cf  denotes  the  fiber  volume  fraction  of  die  composite. 

3.1,2  Paiodk  boundary  conditions,  overall  strain-  displacement  relatioa, 
and  overatt  str«ss4orcc  relatioa  of  die  RVE 

The  boondary  conffitions  for  the  PHA  model  are  imposed  in  die  RVE  to  lefiea 
the  perioricity  of  the  miaosoucture.  These  boondary  conditioos  are  derived  from 
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the  leqaiiement  that  the  local  fields  in  the  shaded  and  unshaded  tziangles  remain 
invaiiant  under  the  transfotmahon  (equation  (3.5)).  These  conditions  together  with  the 
requirement  of  displacement  continuity  across  the  RVE  boundaries  lead  to  expressions 
for  the  botindaiy  displacement  in  terms  of  inteinal  point  and  vertex  displacements. 
Fig.3.5  shows  detail  of  the  RVE  configuration.  The  displacement  Um  of  the  mid-point 
M  on  the  ViVa  boimdaiy  of  the  RVE  can  be  derived  from  the  e^qnession  of  identical 
strain  in  two  adjacent  RVE’s  and  equation  (3  J)  (Teply  &  Dvorak,  1988]: 

where  Uvi»  Uv,  are  the  displacement  at  vertices  Vi,  V3,  respectively. 

An  expression  for  the  displacement  Um  of  aihicraiy  point  on  the  Vx  V3  boundary 
is  derived  due  to  the  linear  displacement  fields  in  element  7  of  Fig.3.5.  From  equation 
(3.6)  and  the  linear  displacement  along  the  boundary  sm  of  elemem  7  and  the  boundary 
rm  of  adjacent  element  (i.e.  the  element  7  of  adjacent  RVE),  it  is  found  that  [Teply 
&  Dvorak,  1988,  and  Fig.3.5]: 

Um  =  i(Uv,  +  Uv,  -  Ur  +  U,)  (3.7) 

.Similar  equations  can  be  written  for  die  boundaries  VxV2  and  V2V3. 

The  requirement  of  generalized  plane  strain  of  the  fibrous  medium  in  the  fiber 
direction  is  imposed  by  the  following  boundary  condition  (Fig.3.4): 

Uk  -  Uj  =  Uv,  -  i(Uv,  +  Uv.)  (3^) 

m 

where  the  coordinate  of  the  point  k  is  (I,  X2.  Xs)  and  the  coordinate  of  the  point  j 
is  (0,  X2,  X3). 

A  set  of  siqiport  conditions  for  the  RVE  required  to  eliminate  rigid  body  motions 
are  shown  in  Fig.3.4.  In  this  figure,  the  vertex  V2  is  fixed  in  Xi  and  X2  directions, 
vertex  V3  is  fixed  in  all  three  directions  and  vertex  V4  is  fixed  in  X2  direcdon. 
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Ao  equivalent  homogeneous  volume  (EHV)  which  has  identical  support  conditions 
as  the  RVE  is  assumed  for  the  derivation  of  the  overall  strain-vertex  displacement 
relation  and  overall  sttess-venex  force  relation.  Let  7  and  ?  denote  the  overall  stress 
and  strain,  respectively,  where 

X 

<r22.  <r33.  <7'12.  ^13,  0’23]  (3.9) 


€  =  [?11.  «22.  ^33.  2?i2.  2£i3.  2?23]^  (3.10) 

u  denotes  the  displacements  of  the  vertices  Vi,  V2,  V3  and  V4,  shown  in  Rg.3J, 
and  F  denotes  the  nodal  forces  at  the  vertices,  where 

u  =  [uvi.  UV4.  vv,.  wvi.  wv„  wvj^  (3.11) 


and 

^  =  [Fv„  n.,  F^, ,  F^J ""  (3.12) 

Here,  u,  v,  w  are  the  vertex  displacements  in  x,  y,  z  direction  and  the  subscripts 
indicate  the  vertices. 

For  an  equivalent  homogeneous  element  with  td-linear  di^lacement  fimcdons,  the 
strain-displaiQ^^  and  is  given  by  [T<q)ly,  1984]: 

?  =  F  IT  (3.13) 

where  is  derived  from  the  mnlti|dication  of  the  differential  operatm  matrix  (which 
is  the  matrix  which  relates  die  strain  vector  widt  die  disidacement  vector)  and  the 
sh^  function  matrix  (which  is  die  matrix  relates  vertices  di^ilacement  vector  widi  die 
displacement  vector  in  the  domain).  For  the  vertices  Vi,  V2,  V3  and  V4  indicated  in 
Fig.3.4,  the  B  is  found  as: 
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■  0  1  0  0  0 

0  0  -r  0  0 

0  0  0  0  -| 

°  — r  0  0  0  0 

0  0  0  0-5 

.  0  0  0  -r 

where  r  =  and  s  = 

The  stress-forces  relation  of  the  equivalent  homogeneous  element  can  be  derived 
from  the  virtual  woik  equation  which  equilibrates  the  external  work  done  by  nodal 
forces  and  the  internal  work  done  by  stresses  in  the  element  This  leads  to  the  explicit 
expression  for  the  stress-nodal  force  relation  [Teply,  1984]; 

^  F  (3.15) 

3.1  J  The  overall  instantaneous  stiffness  matrix  (r)  of  the  RVE 

To  detetmine  the  overall  instantaneous  stifihess  matnx  of  die  RVE,  die  equivalent 
homogeneous  volume  of  unknown  mateiial  properties  is  again  considered.  It  is 
die  instantaneous  stifbess  parameters  of  the  EHV  that  are  needed  to  perform  the 
macromechanical  analysis.  The  overall  properties  of  the  EHV  are  found  by  equating 
the  total  strain  energy  computed  for  dm  EHV  and  the  RVE  when  diey  are  subjected 
to  identical  overall  fidds. 

It  is  shown  in  (T^lyt  1984]  that  the  energy  diange  in  die  EHV  and  die  RVE, 
namdy,  AIXerv  nd  AIIrve*  an  given  by: 

AHeev  =s  -  -  aF^  Au  (3.16) 

2 

AIIrve  —  — Au^If Air  —  AF'^Au 
2 


(3.14) 


(3.17) 
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where 

Au  is  a  commcm  set  of  nodal  displacement  at  Vi,  V3  and  V4  for  both 
the  EHV  and  RVE. 

B  is  the  strain-displacement  matrix  shown  in  equation  (3. IS). 

AF  is  the  nodal  forces  equivalem  to  suxi^ce  tractions  acting  on  the  EHV  and 
RVE. 

L  is  the  instantaneous  stifhiess  of  the  EHV. 

K  is  the  stifhiess  matdx  of  the  RVE  finite  element  mesh,  which  is  the  assembly 
of  fiber  and  matrix  subelement  stifibess  matrices,  L^,  and  as  a  result,  it  is  also 
a  function  of  fiber  and  matrix  subelement  material  matrices. 

The  composite  overall  instantaneous  stiffness  matrix  L  can  then  be  found  by 
equating  the  equations  (3.16)  and  (3.17).  This  yields  the  explicit  fonn  of  the  overall 
instantaneous  srifihess  matzix  in  terms  of  local  quantiiies: 

t=  (E^)'‘K(5)‘‘  (3.18) 


3A  Thermomechanical  hMuling 

Under  overall  tbennomechanical  loads,  the  PHA  boundary  conditimis,  and  stififiiess 
matrix  (equarioa  3.18)  remain  undianged.  Only  the  solution  of  the  RVE  must  be 
modified.  The  thermomechanical  conespondeoce  derived  by  Dvorak  [1986]  can  be  used 
to  convert  the  thermomechanical  loading  path  to  a  mechanical  path.  This  importam 
result  was  derived  from  the  following  decomposition  proceduxe. 

1.  In  the  first  step  of  the  procednre,  the  phases  are  separated  and  tractions  qjplied 
to  rite  sntfme  of  eadi  |rfiase  to  maintain  the  cntrent  local  phase  stresses  and 
strains.  A  unifonn  diexmal  change  dd  is  then  ^qiplied  to  both  phases.  Since 
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the  phases  have  different  coefficients  of  thermal  expansitm,  they  will  deform 
differently  under  d^.  Therefore,  auxiliary  uniform  stresses  must  be  applied 
to  both  phases  to  ensure  compatibility  of  the  phases  when  the  composite  is 
reassembled. 

2.  In  die  second  step,  the  auxiliary  stresses  are  computed  from  the  requirement 
that  the  phases  must  be  compatible.  The  tracdon  equilibrium  at  the  fiber/matrix 
interface  and  on  the  surface  of  the  composite  representaiive  volume  element  is 
automatically  satisfied  since  the  auxiliary  field  is  spatially  uniform. 

3.  In  the  third  step  of  die  procedure,  the  phases  are  reassembled  and  the  surface 
tractions  are  removed. 

It  was  shown  by  Dvorak  [1986]  that  if  the  phases  are  transversely  isotropic,  then 
the  overall  stress  equilibrating  the  phase  auxiliary  stresses  is  axisymmetric  (assuming 
that  the  fibers  are  aligned  in  the  Xi  ditection): 


where 


d<r  = 


do'll  ' 

[Sa] 

do'22 

St 

dcrsa 

St 

d<ri2 

0 

d<r23 

0 

.  d<ri3  . 

.  0  . 

Sa  =  (aabi  —  aib3)/(aib2  —  *2^1) 


(3.19) 


(3.20) 


St  =  (ajba  —  a*b2)/(aib2  —  ajbi)  (3.21) 

(3J2) 


ai  =  (nf  +  c„lr)/(kfE[)  -  2/(3K„) 
aa  =  — If/^CfkfEt) 


(3.23) 
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aa  =  -  a®) 


(3.24) 


=  lf/(kfE[)  +  l/(3Ka,)  +  Ca,/(cfE[) 


(3.25) 


b2  =  -l/(cfE[) 


(3.26) 


ba  =  -  (a.{  -  a“) 


(3.27) 


Km  is  the  matzix  bulk  modulus. 

a”*  is  the  matrix  coe£G.dent  of  diennal  expansLon. 

E£  is  the  fiber  longitudiiul  Young’s  modulus. 

a£  is  the  fiber  longitudinal  coefficient  of  thennal  expansion. 

is  the  fiber  transverse  coefficient  of  thennal  expansion, 
kf,  If,  nf  are  die  Hill’s  moduli  [1963]  of  the  fibers: 


2  " 

kf  =  -1/  l/G^.  -  4/E^.  +  4(i/£)  /El  (3.28) 

■  « 


If  =  2kfi/[ 


(3.29) 


nf  =  E{.  +  l|/kf 


(3J0) 


and 


is  the  fiber  transverse  shear  modulus. 
E?,  is  the  fiber  transverse  Young’s  modulus, 
is  the  fiber  longitudinal  Poismi’s  ratio. 
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When  the  composite  is  in  the  plastic  range  with  a  loading  increment  of  dcr  and  dd 
(or  dc  and  d^)  ,  the  coiresponding  equivalem  strain  (or  stress)  increment  are  found 
as  [Dvorak.  1986]: 

d«  =  hd«  +  M(d<r  -  Sadtf ) 


d<r  =  S«d^  +  L(d€  -  hd«) 


(3-31) 


where 


S«  =  [Sa.St.St.O,  0,  0]^ 


(3J2) 


h  =  [H,  H,  H,  0,  0,  0]^  (3J3) 

H  =  ^  +  a“  (3J4) 

and  M  and  L  are  the  instantaneous  com|diance  and  stiffiiess  matrices  of  the  composite, 
re^>ectively. 

Widi  the  help  of  equatioa  (3J1),  the  composite  theanal  stress  can  be  firand  by 
setting  the  strain  increment  equals  to  zero  (i.e.  no  mechanical  load  is  ^^ed): 

d<r****™^  =  (Sa  -  Lh)dtf  (3J5) 


In  this  way,  the  thennal  load  is  cmxverted  to  medianical  load.  The  usefulness 
of  equations  (3J1)  and  (3.35)  is  die  implementation  of  tins  piooednxe  into  material 
constitutive  models.  The  apftiication  of  the  decompoaitioo  ptoceduie  into  laminate 
constitutive  formulation  is  discussed  Chapter  5  (see  Bahei-El-Din,  [1990b]). 
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3J  Frognmuninf  algorithm  of  the  PHA  constitutiye  model 

The  oiiginal  PHA  upper  bound  constitutive  program  developed  by  Teply  [1984]  has 
been  substantially  modified.  The  program  was  first,  modified  by  Shah  [1986]  to  include 
thennomechanical  loading  using  the  decomposition  procedure,  and  later  modified  by 
the  author  to  improve  its  computatitm  efficiency.  For  a  set  of  given  matehal  properties 
and  loading  path,  the  programming  steps  of  the  modified  PHA  constitutive  program 
are  summarized  below; 

1.  Read  phase  material  constants. 

2.  Calculate  basic  material  quantities  such  as  Hill’s  moduli  [Hill,  1964]  and  Sa 
and  h  vectors  (defined  in  equations  (3.32)  and  (3.33)). 

3.  Calculate  the  RVE  strain-displacemem  matrix  B  in  equation  (3.15). 

4.  Calculate  dte  stiffiaess  contributions  of  the  fiber  subelements  to  the  sdffiiess  of 
the  RVE  (i.e.  I?  in  eqoatums  (3.17)  and  (3.18)). 

5.  Calculate  the  stifEness  contributions  of  the  matrix  subelement  to  the  stiffiiess 
of  the  RVE. 

6.  From  stq>s  3  to  5,  calculate  the  overall  composite  moduli  L  and  the  stress 
COTcentraiion  factor  of  die  phases. 

m 

7.  Read  the  loading  path.  The  program  stops  if  dss  is  the  end  of  the  loading  path. 
Otherwise  cfaedc  die  plasddty  condition  for  eadi  matrix  subelements  dnou^ 
stress  concentnuion  factors. 

8.  In  die  PHA  constitutive  program,  the  linear  kanematic  hardening  is  assumed  for 
all  matnx  subelements.  Oncetheidastidty  condition  of  the  matrix  subelement  is 
detected,  the  program  perfbnns  numerical  integration  for  die  plasticity  quantities 
such  as  the  translation  of  die  yield  center  of  die  matrix  subelements  which  have 
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already  yielded,  and  the  instantaneous  snfEness  of  die  eiastic*plastic  maoix 
subelement 

9.  Repeat  steps  8,  S,  and  6  until  the  cuxzent  loading  increment  has  been  completely 
integzated.  Once  the  ^ledhc  loading  increment  is  absorbed,  the  program  goes 
to  step  7  for  another  new  loading  increment. 

Note  that  the  PHA’s  programming  steps  described  here  are  intended  to  serve  as  a 
reviewing  purpose  mainly  for  the  use  of  next  section.  Details  of  the  structure 
and  plasticity  integration  used  in  the  PHA  program  can  be  found  in  Chapters  3,  4, 
and  5  of  Teply  [1984]. 

3.4  ImplemenUtion  into  general  pnrpose  finite  element  code 

As  shown  in  FigJt.l,  in  the  finite  elemem  analysis  of  composites  the  material 
consdmtive  model  always  requires  consideratitm  of  material  mmlinearities  of  the  matrix 
phase.  The  composite  mixitig  model  considered  here  is  the  PHA  model,  and,  in  the  case 
of  metal  matrix  composites,  the  matrix  is  an  elastic^lastic  materiaL  Therefore  the  PHA 
evaluations  are  at  the  itmetmost  loop  of  iteration  in  the  nonlinear  finite  element  analysis 
process.  This  means  that  the  integtation  of  the  PHA  model  in  a  macromechanical 
finite  element  procedure  must  achieve  die  maximum  computational  efficiency  of  the 
individual  PHA  calculations. 

Refetring  again  to  Hg.2.1,  it  is  the  individual  element  subroutines  that  call  the 
UMAX  routine  at  each  numerical  integration  poim  at  which  die  instantaneous  material 
sriffrinss  matrix  is  to  be  updated.  The  UMAT  routine  is  re^mnsible  fbr  ordering  the 
infotmation  in  the  fiotm  needed  for  the  PHA  and  calling  the  PHA.  The  PHA  routine 
then  determines  the  overall  properties  at  the  material  point  based  on  the  constiinem 
properties.  This  requires  that  die  PHA  rourine  invokes  some  odier  subroarines  to 
calculate  the  msterisl  sdffiness  contributions  of  the  matrix  and  the  fiber  {diases  dnough 
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the  m$aix  constimdve  relation  (may  be  elastic-plastic)  and  the  fiber  consdmtive  relation 
(elastic  response  is  assumed),  reqjeciively. 

3.4.1  Integration  of  periodic  hexagonal  array  model  into  ABAQUS 

The  user-defined  material  routine  within  ABAQUS  must  perform  operations 
indicated  in  Section  2.S.3. 

When  the  PHA  model  is  implemented  into  the  ABAQUS  finite  elemem  procedure 
through  the  UMAT  subroutine,  a  complexity  that  arises  in  this  process  is  that  it 
uses  a  stress  incremem  to  calculate  the  instantaneous  stififiiess  and  strain  increment 
However,  ABAQUS,  which  is  a  displacement-based  finite  element  procedure,  provides 
the  UMAT  routine  with  a  strain  increment  and  requires  back  die  instantaneous  stififiiess 
and  corresponding  stress.  Therefore  it  was  necessary  to  introduce  the  local  iteration 
explained  below  into  die  UMAX  routine.  This  procedure  has  been  found,  typically,  to 
converge  within  two  or  duee  iterations. 

3.4.2  Local  iterations  and  initial  thomal  stress  in  UMAT 

When  UMAT  is  called  during  a  load  increment  including  mechanical  and/or  thermal 
loads,  ABAQUS  provides  the  current  state  (the  results  at  the  end  of  ptevious  increment) 
of  stress  (<r(A))>  strain  (c(a))  and  temperature  (Z^  for  each  global  iteratioa  At  the  start 
of  a  load  increment,  that  is  in  the  initial  iteration  of  die  current  load  stq>,  die  strain 
increment  is  zero  (Ae(x)^)  and  die  temperature  increment  (AT)  is  the  value  for  diat 
load  incxemeoL  The  fimction  of  this  iniiial  iteration  is  to  provide  die  macromechanical 
analysis  procedure  (ABAQUS)  widi  an  appropriate  instantaneous  stififiiess  matrix  and 
the  appropriate  introduction  of  the  efifects  of  any  thermal  load  for  diat  incremenL  Unlike 
die  finite  element  procedure,  where  thermal  effects  are  accounted  for  by  die  construction 
of  an  initial  strain  vector,  the  ^iproach  used  here  is  to  convert  the  thermal  increment 
into  an  equivalem  mechanical  load  tfarou^  the  use  of  an  initial  stress  vector.  The 
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determinadoo  of  this  ioitial  stress  veaor  most  be  earned  out  at  die  micromechamcal 
level  axid  account  for  the  diffeiem  thermal  characteiisdcs  of  the  matrix  and  fibers.  The 
analysis  is  done  using  Dvorak’s  decomposition  procedure  [1985]  (see  Section  3.2).  The 
snffoess  manix  and  initial  stress  vector  ate  returned  to  ABAQUS,  where  the  effects 
of  the  pure  mechanical  load  ate  combined  widi  the  initial  stress  vector  to  predia  the 
strain  increments  for  this  load  step.  From  this  point  through  the  remainder  of  the 
macromechanical  ABAQUS  level  iterations  for  this  load  increment  the  UMAT  routine 
treats  all  load  types  as  pure  mechanical  load  at  a  temperature  equal  to  T+AT. 

In  each  of  the  subsequent  macromechanical  iteradons  for  a  load  increment,  UMAT 
receives  a  non-zero  strain  increment  predicted  from  the  given  instantaneous  stiffoess 
and  load  increments.  This  strain  increment  must  be  converted  into  a  stress  increment 
(AiTfX))  and  added  to  the  stress  at  the  cunent  state  (<’‘(a))  ^  stress  vector 

for  the  PHA  procedure: 

^(U)  ”  (3-35) 

where 

L  is  the  at  die  beginning  of  increment. 

LAe(A)  is  the  tnal  stress  incremenL 

The  PHA  ptocednze  calculates  a  new  strain  vector  (ejuV  ^  compared 

with  the  strain  vector  given  to  UMAT  by  the  macromechanical  level  (ABAQUS)  model 
(e(A)  +  Ae(A))-  If  they  are  not  neady  equal,  a  local  iteration  in  the  UMAX  routine  is 
iniiiaied  where  the  stress  vector  used  in  the  PHA  is  iqidaied  by 

^  ~  ^(A)  ^(U)  (*(A)  +  ^*(A)  *“  *(U))»  ^  (337) 

where 

is  die  new  stress  vector  for  the  PHA  consdmnve  routine  itqniL 
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is  die  stress  veaor  at  the  etid  of  local  iteration. 

is  the  instantaneous  stifhiess  ax  the  end  of  i***  local  iteration. 

£(A.)  is  the  strain  veaor  at  the  beginning  of  the  inciemem. 

Jie(A)  ^  ^  strain  inciemem  at  this  global  iteration. 

is  the  strain  increment  at  the  end  of  local  iteration, 
is  the  stress  at  the  end  of  previous  global  iteration  (maintained  by  the 
UMAT  routine). 

The  coivergence  critetion  used  in  the  UMAT  iteration  is: 

|«(A)  +  ^«(A) 

The  selection  of  the  tolerance  depends  on  die  tolerance  used  in  the  nonlinear  finite 
elemem  procedure  and  the  tolerance  used  in  the  nonlinear  consdmtive  calculation. 
These  thxee  tolerances  should  be  chosen  so  that  same  level  of  accuracy  is  performed  in 
each  process.  Typical  number  for  the  tolerance  is  between  KT*  to  10~^.  In  this  work. 
l(r^  was  chosen  as  tolerance  for  all  calculation. 

The  local  iterations  will  be  repeated  until  equation  (3.38)  is  satisfied,  i.e.  the 
convergence  of  the  local  iterations  is  reached.  Hgures  3.6  and  3.7  illustrate  the  iteration 
process  given  by  equations  (3.36)  to  (3.38). 

3.4,3  Programming  steps  in  UMAT  with  PHA  model 

The  summary  of  die  steps  carded  out  in  the  user-defined  matraial  routine  UMAT 
based  on  the  PHA  material  model  for  metal  matrix  composites  are: 

1.  At  die  beguming  of  an  increment,  tqidate  die  s<dntion-dq>endent  variatdes  and 
calculate  initial  stresses  due  to  temperature  change  (if  thennal  load  exists). 

2.  For  other  dian  the  initiation  of  a  load  inctement,  calculate  a  new  stress  veaor 
for  PHA  (eqnaticni(3.36)). 


•(A); 


<  tolerance 


(338) 
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3.  Invoke  tbe  PHA  procedure  to  calculate  the  strain  veaor  and  instantaneous 
sdffoess  due  to  tbe  new  stress  vector. 

4.  Compare  the  strain  vector  from  PHA  to  the  strain  vector  from  ABAQUS 
(equation  (3.38)).  If  the  strain  veaor  has  converged,  return  the  instantaneous 
stiffoess  and  stress  veaor  to  ABAQUS,  otherwise  adjust  the  stress  veaor  by 
using  equation  (3.37)  and  return  to  step  3. 

5.  The  flow  chan  for  these  steps  is  shown  in  Rg.3.6. 

The  pseudo  codes  of  UMAX  with  PHA  and  PHA  routines  and  the  User’s  guide  of 
PHA  version  UMAX  are  summarized  in  Appendix  B. 

3.4.4  AppUcatioos 

The  UMAX  subroutine  developed  for  the  PHA  model  was  used  to  compute  the 

response  of  a  PlOO  graphite-aluminum  (Gr-Al)  composites  and  lamitiatfts  subjected 

to  cycles  of  uniform  thermal  change  [Wu,  et  al,  1989].  The  fibers  ate  assumed  to 

be  elastic,  the  matrix  is  an  elastic-plasdc  solid  of  die  von  Mises  type.  Constitutive 

equations  of  the  matrix  ate  given  in  the  context  of  infiniteMmal  strains.  The  matrix 

hardens  kinematically,  according  to  the  Segler  rule  [1959].  Table  3.1  shows  constituent 

properties  in  die  elastic  range,  the  inelastic  properties  (Le.  the  plastic  tangent  moduli) 

0 

are  indicated  in  the  sobsequent  figures  for  individual  cases. 

The  examples  examine  die  response  a  laminatPirf  pi^e  diat  consists  of  many 
altematmg  layen  in  a  (±<^),  \ty-vp.  The  finite  elemem  model  of  the  {date,  Fig3.8, 
consists  of  two  ei^-noded  solid  elements,  one  for  each  and  layer.  Uniform 
displacements  on  eadi  surfiKe  were  prescribed  as  boundary  conditioos.  The  selected 
idealization  for  the  (±0),  of  the  solid  finite  elements  allows  die  applicatioa  of  the 
PHA  model  to  accoum  for  the  micranechanical  level  plasticity  of  matrix  material. 
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Rgure  3.9  shows  the  response  of  the  Gr-Al  composite  under  a  unifonn  thermal 
change  which  starts  at  20®C  and  then  follows  the  cycle  to  +120' C,  - 120  C  and  +120®C. 
Matrix  (m)  properties  in  the  plastic  range,  are  specified  in  terms  of  the  ratio  of  a 
constant  tangent  modulus,  to  the  elastic  Young’s  modulus,  The  axial  strain 

is  plotted  as  function  of  the  temperature  change.  The  solid  line  indicates  the  response 
of  a  unidirectionally  reinforced  plate,  o=0®,  whereas  the  dashed  line  represents  laminate 
response.  In  the  elastic  range  the  laminate  is  dimensionally  stable  in  axial 

direction,  heiKe  no  axial  overall  strain  is  caused  when  the  temperature  changes  from 
20°C  to  60°  C  which  marks  the  onset  of  initial  yielding  in  the  plate.  After  that  the  plate 
is  seen  to  undergo  axial  contraction  while  the  temperature  increases  to  +120°C.  The 
reversal  of  the  direction  of  dietmal  change  causes  elastic  unloading  and  therefore  brings 
back  dimensionally  stable  response.  Plastic  loading  sets  in  again  at  +50°  C  and  continues 
until  -120°C.  No  dimensitmal  stability  is  seen  in  the  response  of  the  unidirectional  plate. 
However,  the  rate  of  plastic  strain  change  is  much  lower  in  the  unidirecdonal  plate  and 
therefore,  the  total  axial  strain  amplitude  caused  by  the  thermal  change  cycle  is  actually 
smaller  in  the  unidirectional  plate. 

Hgure  3.10  shows  a  similar  result  for  the  same  Gr-Al  composite  in  which  the 
aluminum  matrix  has  a  larger  tangent  modulus.  The  unidixectional  composite  artd  the 
laminated  plate  are  again  subjected  to  the  thermal  change  prescribed  in  figure  5.4. 
Owing  to  the  greater  stifEoess  of  die  matrix  in  the  jdastic  range,  bodi  plates  e^qierience  a 
smaller  strain  amiditade.  Once  agun,  die  axial  strain  amplimde  of  the  iaininat»  exceeds 
that  of  the  unidiiectional  plate. 

Figure  3.11  indicates  the  computed  variation  of  the  axial  dietmal  expansion 
coefficients  in  die  elastic  and  plastic  regions,  as  a  fiinctiim  of  die  laminatimi  angle 
When  linear  hardening  is  assumed  for  the  matrix,  the  composite’s  asymptotic  tangent 
modulus  is  constant,  and  the  GTE  in  the  plastic  region  is  proportional  to  the  slope 
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of  the  asymptotic  portion  of  the  strais/temperature  curve  in  the  plastic  region  (see  for 
example,  Hgs.3.9  and  3.10).  Figure  3.11  shows  that  elastic  composite  lanunates  have 
a  vanishing  axial  CTE  at  about  o^lT,  while  the  laminates  with  the  sdffer  matrix  in 
the  plastic  range  show  this  property  at  <z>s2°.  The  laminate  with  the  lower  hardening 
matxix  has  no  dimensionally  stable  lay-up. 

Figure  3.12  shows  the  total  axial  strain  or  amplitude  of  the  three  composites 
subjected  to  the  thermal  cycle  of  Figs.3.9  and  3.10,  again  as  a  function  of  the  lamination 
angle  <d.  For  the  magnimdes  of  the  strain  amplimdes  duiing  the  cycle  are  shown. 

As  already  mentioned,  the  results  indicate  that  in  the  presence  of  plastic  straining,  the 
unidirectional  reinforced  plate  may  have  a  better  dimensional  stability  than  a  laminated 
plate  depending  on  the  magnimde  of  matzix  plastic  tangent  modulus  (see  Hgs.3.9  and 
3.10  for  the  comparison  of  different  plastic  tangent  moduli).  Of  course,  the  actual 
response  will  also  depend  on  the  magnitude  of  the  matrix  yield  stress.  The  value  used  in 
the  present  examples  (Table  3.1)  cone^xmds  to  an  as  fabricated  material.  Higher  yield 
stress  Tnagninid«»<  and  lower  strain  amplitudes  can  be  achieved  by  heat  treatment  of  the 
matrix.  More  specific  investigation  of  dimensional  stability  of  laminates  is  summarized 
in  Chapter  5. 
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Properties 

Fiber 

Matrix 

Volume  fraction 

OJ 

OJ 

Axial  Young’s  modulus 
(MPa) 

6.8955  X  10+5 

7.2395  X  10+4 

Axial  Poison’s  ratio 

0.41 

0.33 

Axial  shear  modulus  (MPa) 

1.5517  X  10+4 

2.7216  X  10+4 

Axial  CUE  (m/m®C) 

-1.6200  X  10-6 

2.4000  X  10-5 

Transverse  Young’s 
modulus  (MPa) 

6.0690  X  10+3 

72395  X  10+4 

Transverse  ^lear  modulus 
(MPa) 

2.0690  X  10+3 

2.7216  X  10+4 

Transverse  CTE 
(m/m®C) 

1.0800  X  10-5 

2.4000  X  10-5 

Initial  yield  stress  in 
tension  (MPa) 

7.0000  X  10+1 

TaUe  3.1  Material  Properties  for  PlOO  Grapfaite-Aliiixiuiiim  Composite 
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Hgine  32  Transvene  Cross  Secticms  of  Periodic  Hexagonal  Anay  Models 
of  Hbrons  Ccanposues  with  Hexagonal  C^iadrical  Hben  [Teply,  1984] 
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ConditioQS  of  the 
k  Dvorak,  1988] 


Hgoxe  3.6  Sammaiy  of  the  Relationship  Between  ABAQUS, 
UMAX  and  PHA  G»stitutive  Model  [Wo,  et  al,  1989] 


44 


(ui/ui  ^oi)  'UWJIS  Itfxv 


Figme  3.9  Tempenmxe-Axul  Stnin  Response  of 
Angie  Fly  Gxnposties  with  (EuB/E)„a0.167 
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Hgore  3.12  Vnietiion  of  Axial  Strain  Range  of  Composite  with  AT  =  240*^0 


APPENDIX  C 


Bimodal  Plasticity  Theory:  Description  and  Finite  Element  Implementation 


CHAPTER  4 

BIMODAL  PLASTICITY  THEORY:  DESCRIPTION 
AND  FINITE  ELEMENT  IMPLEMENTATION 


The  bimodal  plasticity  theoiy  proposed  by  Dvorak  &  Bahei-El-Din  [1987], 
Bahei-El-Din  &  Dvorak  [1989b,  1991]  is  a  semi-pheiuxnenoiogical  model  which 
assumes  the  plastic  deformation  of  hbrous  composites  consisting  of  elasdc  fibers 
and  elastic-plasdc,  rate-independent  matdx  can  be  described  in  terms  of  one  of  two 
deformation  modes,  the  fiber-dominated  mode  (FDM)  and  the  matrix-dominated  mode 
(MDM).  In  the  fiber-dominated  mode,  both  phases  deform  together  in  the  elastic  and 
plastic  range  and  the  composite  aggregate  is  treated  in  the  context  of  heterogeneous 
media  elasticity  and  plasticity.  In  the  matrix-dominated  mode,  plastic  defoimation  is 
caused  by  slip  on  matrix  planes  which  are  parallel  to  the  fiber  axis.  The  yield  condition 
corresponding  to  each  mode  provides  a  yield  surface  in  the  overall  stress  space.  The 
overall  yield  surface  of  the  composite  is  then  given  by  the  iimer  envelop  of  the  FDM 
and  MDM  yield  sur^ices.  The  dominant  defoimation  mode  is  determined  by  the  elastic 
moduli  of  the  phases,  in  particular  the  longitudinal  shear  modulus,  and  the  overall 
loads.  For  example,  in  the  plane  stress  space,  the  matrix-dominated  mode  is  active 
in  fibrous  composites  where  die  ratio  of  the  longitudinal  elastic  shear  modulus  of 
the  fiber  an0  the  matrix  is  large,  for  example,  B/Al  and  SiC/Al  composites.  In  this 
case,  the  large  shear  stiffiiess  of  the  fiber  prevents  slip  on  matrix  planes  odier  than 
those  allowed  in  the  matrix-dominated  mode.  The  fiber-dominated  mode  is  found  in 
composite  systems  where  the  fiber  longimdinal  shear  modulus  is  comparable  or  smaller 
than  the  matrix  elastic  shear  modulus.  This  mode  is  also  found  where  the  overall  axial 
stress  is  dominant.  Figures  4.1  and  4.2  [Dvorak  &.  Bahei-El-Din,  1987]  show  examples 
of  composite  yield  surface  for  a  B/Al  and  a  Gr/Al  composue.  In  the  plasdc  range,  the 
overall  instantaneous  moduli  of  the  composite  are  found  from  die  deformation  mode 
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correspooding  to  the  yield  branch  contaiiang  the  stress  point.  Recent  expenments  by 
Dvorak,  et  al,  [1988]  on  a  B/Al  composite  system  have  verified  die  existence  of  the 
deformation  modes  postulated  by  the  bimodal  plasticity  theory.  Hgures  4.3.  and  4.4 
[Dvorak  &  Bahei-El*Din,  1987],  show  conpaiison  of  the  experimental  yield  points  and 
the  bimodal  yield  surface  for  a  B/Al  composite. 

In  this  chapter,  the  fiber-dominated  mode  and  the  matrix-dominated  mode  are 
described  and  the  constitutive  program  for  each  mode  is  presented.  Also,  the  connection 
between  the  two  modes  is  investigated  for  a  general  loading  path  in  which  loading  with 
a  specific  mode  may  have  been  preceded  by  deformation  with  the  other  mode. 


4.1  Fiber-dominated  plasticity 

Plastic  deformation  in  the  fiber-dominated  mode  is  described  with  the  averaging 
models  originally  introduced  by  Hill  [1963]  for  elastic  phases.  In  this  section,  we 
describe  the  governing  equations  and  programming  algorithms  for  implementation  of 
the  consdmtive  relation. 

4.1.1  Governing  equations 

The  constitutive  relations  of  the  phases  ate  assumed  to  be  known  for  the  volume 
average  of  the  local  fields.  Under  isothermal  loads,  the  strain  average  dsr  and 
stress  average  dtTr,  ate  related  by 


dcTr  =  LrdCr 
dCf  ^  ^dyd^ r 

where 

r  =  f  or  m,  fsfiber  phase  and  msmatriz  {diase. 

Lr  ~  instantaneous  stiffiiess  matrix  of  the  phases. 

Mr  =  =  instantaneous  compliance  maixix  of  the  phases. 


(4.1) 
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Similar  reianons  can  be  written  for  the  composite  overall  unifonn  field* 


do*  =  Lde 


de  =  Md<r 


where 


L  s  instantaneous  sdfifiiess  matrix  of  the  composite. 


M  =  L  ^  =  instantaneous  compliance  matrix  of  the  composite. 


The  volume  average  of  the  local  stress  and  strain  increments  are  related  to  their 
overall  counterparts  by  [Hill,  1963]: 

da-  =  Cfrio-f+Cmdo-m 


where 


df  =  CfdCf-t-CnidCni 


cf,Cm  *  fiber  and  matrix  volume  firactions;  Cf4-Cm  =  1. 


In  adrfition,  the  local  fields  are  assumed  to  be  related  to  the  overall  fields  by: 


da-T  —  Brd<r 


dcr  =  Arde 


where 


Br  s  instantaneous  stress  concentration  factor  of  foe  phases. 

Ar  »  instantaneous  strain  concentratimi  factor  of  foe  phases. 

From  equations  (4J)  and  (4.4),  foe  phase  concentrarim  factors  can  be  related  as: 

CfAf+CmA  m  —  I 

(4. 

Cf  Bf+CnaBia  =  I 


where  I  is  a  unit  matrix  of  order  6. 
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From  equations  (4.1),  (4.2),  and  (4.3),  the  composite  overall  soffoess  and  compliance 
matnces  are  found  as: 


L  =  CfLf  Af+CnxL  m  Am 
M  =  CfMfBf+CnjMuiBni 


(4.6) 


Simplified  expressions  of  composite  overall  stifbess  and  compliance  matrices  are 
obtained  by  substituting  equations  (4.5)  into  equation  (4.6): 


L  —  r<f'^Cm(Lijj  •“  Lif)AQi 

M  =  Mf+Cni(Mni  —  Mf)Bm 


(4.7) 


The  overall  response  of  die  composite  is  given  in  terms  of  the  known  local  properties 
of  the  phases,  phase  volume  fractions,  and  the  concentration  factor  of  the  matrix  or 
fiber  phases. 

4.1.2  CoacenCradon  factors 

In  the  elastic  range,  die  concentration  factors  of  the  {diases  can  be  found  fiom 
an  averaging  modeL  In  the  present  work,  the  method  developed  by  Mori  &  Tanaka 
[1973]  was  adopted  for  evaluation  of  the  elastic  concentratioa  factors.  The  fiber  stress 
concentration  factor  denved  fiom  the  Mon>Tanaka  method  is  given  by  [Benvenist, 
1987,  and  Dvorak,  1990a]: 


Bf  =  W(CnxI  +  c,W)-^  (4.8) 

where  W  is  the  fiber  stress  concentration  factor  of  a  dilnte  saiudon  defined  as: 


W  =  LfTMm 


(4.9) 
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T  is  the  fiber  stzsin  concentration  factor  of  the  dilute  solutitm  (i.e.  found  from  the  case 
when  single  fiber  is  embedded  in  an  infiniti*  matnx)  defined  as: 

T  =  [I  +  P(L,  -  Lm)]-'  (4.10) 

where  P  is  a  constant  matiix  which  depends  on  the  sluq)e  of  the  fibers  and  elastic 
properties  of  the  matrix.  The  explicit  forms  of  P  matrix  for  various  fiber  shapes 
be  found  in  the  literature  (see  for  example,  Dvorak  [1990a]). 

In  the  plastic  range,  a  method,  which  was  originally  developed  by  Dvorak  [1990a] 
for  the  evaluation  of  the  overall  plastic  strain  in  the  binary  composite  systems,  is  utilized 
to  derive  the  instantaneous  concentration  factors.  For  the  composites  with  elastic  fibers, 
the  plastic  strain  incremem  in  the  matrix  phase  (deg^)  is  related  to  the  overall  plastic 
strain  incremem  (de^)  by 

de'’  =  (4.U) 

where  is  die  transpose  of  the  manix  elastic  stress  conceatiaiion  factor  defined 
in  equation  (4.4). 

The  overall  plastic  strain  and  matrix  plastic  strain  can  also  be  expressed  as: 


deE,  —  d€nj  —  dCme 


de**  =  de  —  de® 


(4.12) 


where  dcne  is  the  elastic  part  of  die  matrix  strain  increment,  de*  is  the  elasdc  part  of 
the  compoahe  overall  strain  increment,  dcm  is  the  matrix  total  strain  increment  and  de 
is  the  composite  overall  total  strain  increment. 

Assume  that  die  plastic  strain  increment  of  the  matrix  phase  is  related  to  the  matrix 
stress  increment  (do’s!)  duough  the  plastic  compliance  matrix  G: 

d«P  =  Gd<rm 


(4.13) 
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where  G  is  derived  finm  the  consdnidve  model  of  the  mamx  material  (see  SectioD  4.1.3). 

The  matrix  mstamaneoas  stress  concentration  factor  (B^‘)  can  be  derived  by 
substituting  equations  (4.1),  (4.11).  (4.12),  and  (4.13)  into  equation  (4.3).  The  explicit 
form  of  the  is  shown  as: 

=  [(M„.  -  Mf)  +  (l  -  Bi.)G]'‘(M.  -  M,)/c„  (4.14) 

where 


Me  is  the  composite  overall  elastic  compliance  matrix  [=  Mf  +  Cm(Mnie 

Mf)B„e]. 

Mme  is  the  matrix  elastic  compliance  matrix. 

Mf  is  the  fiber  compliance  matrix  (  assume  always  elastic). 


The  fiber  instantaneous  concentration  factor  (B^^)  and  matrix  instantaneous 
concentration  faaor  (B^‘)  can  be  related  by  substituting  equation  (4.10)  into  equation 


<4.1S) 


It  can  be  shown  firmn  equations  (4.1)  to  (4.4)  that  the  pdiase  stress  concentration 
factor  and  strain  conoeottacum  factor  are  related  as: 

A,  =  MrBrL  (Aid) 

where  L  is  the  composite  overall  stiffiiess  matrix  given  by  equation  (4.7). 

Note  diat  equation  (4.16)  is  valid  in  both  the  elastic  and  plastic  ranges  since  it  is 
derived  from  its  incremeatal  fonn. 

From  equation  (4.7),  we  know  that  once  the  instantaneous  stress  conoentxaticm 
factors  of  the  {biases  are  fiiund,  the  overall  stiffiiess  matrix  is  determined.  There  is 


54 

aitenMDve  way  of  detenninmg  composite  iostantaneoos  stifbess  maaix.  Hus  method 
is  based  on  the  numerical  integradon  of  Esfaelby’s  S  tensor  [Edielby,  I9S7],  [Gavazzi 
&  Lagoudas,  1990].  However,  this  numeiical  iniegranmi  procedure  losses  computation 
efficiency  when  the  material  is  in  nonlinear  range.  This  is  because  diat  the  maetix  phase 
is  no  longer  isotropic  in  this  stage. 

4J.J  Constimtive  equations  of  the  matrix 

From  equations  (4.1.b),  (4.12.a)  and  (4.13),  it  can  be  seen  that  the  key  quantity 
that  the  matrix  constitutive  equations  should  provide  is  the  plastic  compliance  matrix 
G.  For  die  associated  flow  rule  which  satisfies  the  normality  requirement,  the  G  matrix 
is  found  as: 


where 

n  s  f  is  the  matrix  yield  fimction. 

n*  =  nj  for  1*1,  2,  3,  and  n*  =  ni/2  for  i»4,  5,  6. 

c  =  2H/3,  H  is  the  matrix  |dastic  tangent  modulus. 

Equation  (4.L7)  contains  anodier  matrix  plasdd^  parameter  H  which  is  known  as 
the  matrix  plastic  tangent  modulus.  Several  tfaeones  for  evaluation  of  H  under 
nonpropottional  loads  ate  found  in  the  literature.  Two  of  the  well  known  dieoties 
are  tile  nmltisuzfoce  theory  and  the  two  suxface  theory.  The  multisuxfoce  tiieaiy  model 
was  introdnced  by  Mtoz  [1967].  In  tins  model,  the  yield  suxface  is  initially  suxrounded 
by  a  series  of  concenttic  hypersuifaces  which  define  a  seiies  of  different  constant  values 
of  H.  This  leads  to  a  piecewise  linear  stress-strain  re^ionse  in  tiie  loading  history. 

The  two  surfooe  models  are  developed  (see  for  example,  Hashigudn  [1988],  ICxieg 
[1975]  and  Dafalias  A  Popov  [1976])  mainly  for  the  puxpose  of  simplifying  the 
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complexiiy  which  exists  in  the  muinsurface  modeL  However,  it  turns  out  that  die 
two  surface  model  of  Dafalias  &.  Popov  [1976]  is  the  only  one  which  allows  for  the 
^lecification  of  an  arbitzaty  hardening  rule  for  the  yield  surface.  Therefore  in  our  work, 
the  martix  instantaneous  plastic  tangent  modulus  (H)  is  defined  durough  the  two  surface 
plasticity  theory  which  was  proposed  by  Dafalias  &  Popov  [1975,  1976].  The  theory 
postulates  the  existence  of  a  yield  surface  and  a  bounding  surface,  which  are  capable 
of  defining  H,  ranging  from  infinity  at  the  beginning  of  the  yielding  to  an  asymptotic 
value  Ho  when  the  two  surfaces  are  in  contact.  This  two  surface  plasticity  theory,  as 
indicated  in  the  original  paper  Pafalias  &  Popov,  1976],  has  the  advantage  of  modeling 
material  behavior  under  cyclic  load.  A  schematic  representation  of  the  two  surface 
theory  is  shown  in  Hg.4.5  where  me  bounding  surface  is  an  isotropic  expansion  of  the 
yield  surface  and  these  two  surfaces  are  concentric  at  the  initial  state. 

For  a  Mises  matrix  material  with  kinematic  hardening,  the  yield  surface 
f(<Tni  —  Oax)  and  die  bounding  surface  f(<T*  —  0*)  can  be  written  as: 

f(<rm  —  ttm)  —  ®m)^C(<rna  “•  ttm)  “  Y*  =  0 

_  (4.18) 

f(<r*  -  r)  =  (»■•  -  rfCW’  -  3”)  -  Y*  =  0 

vdiere 

am  is  die  center  of  matrix  yield  surface. 

0*  is  the  center  of  matrix  bounding  surface. 

C  is  a  constant  matrix  whidi  relates  the  stress  state  to  the  yield  function.  TIw 

explicit  form  is  fiaund  as 

1  -0.5  -0.5  0  0  O' 

-0.5  1  -0.5  0  0  0 

-0.5  -0.5  1  0  0  0 

0  0  0  3  0  0 

0  0  0  0  3  0 

0  0  0  0  0  3. 


C  = 


Y  is  tbe  matrix  yield  stress  in  simple  tension. 

7  is  the  size  of  matnz  bounding  surface  in  simple  tension. 

Squaticm  (4.18)  can  be  rewritten  in  terms  of  overall  stress  state: 

f(<r  -  a)  =  (<r  -  a)'^K(^  -  a)  -  Y*  =  0 

f(y  -  <J)  =  (y  -  -  7*  =  0 

where 
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(4.19) 


a  is  the  center  of  die  composite  yield  surface. 

/3  is  the  center  of  die  composite  bounding  surface. 

K  =  =  constant  matrix. 

Tbe  centers  of  composite  yield  surface  a  and  composite  bounding  surface  0  can  be 
found  from  matrix  Onu  0*  throu^  the  matrix  elastic  stress  concentration  factor  Bme^ 


<r  —  a 


(4.20) 


The  magnitude  of  H  is  defined  as  [Dafalias  &  Popov,  1976]: 

0 

where 


(4.21) 


5  is  the  current  distance  between  <r  and  W. 

6in  is  die  initial  between  <r  and  7  at  the  onset  of  initial  or  subsequent 

yielding. 

Ho  is  the  asymptotic  slope  of  stress-plasdc  strain  curve. 

hy  m  are  material  parameters  to  be  determined  firom  eiqietimental  data. 
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Note  that  the  6  and  in  equation  (4.21)  are  onginaiy  calmiataH  based  on  matzix 
stress  space.  However,  it  is  possible  to  be  evaluated  on  overall  stress  state  since  die 
composite  overall  yield  surface  and  bounding  surface  can  be  found  from  matrix  state 
through  equations  (4.19)  and  (4.20).  The  schematic  presentation  of  equation  (4.21)  is 
shown  in  Fig.4.6.  It  can  be  seen  from  Hg.4.6  and  equanon  (4.21)  that  when  die 

plasdc  tangem  modulus  H  is  infinite  whereas  when  SsQ  the  plastic  tangem  modulus  H 
has  the  value  which  equals  to  the  asymptotic  slope  Hq.  Also,  the  plasticity  parameters 
h  and  m  define  the  degree  of  nonlinearity  of  the  stress-strain  curve. 


At  the  current  overall  state,  <r,  a,  and  /3,  the  corresponding  stress  point  on  the 
bounding  surface,  W,  can  be  determined  from  equation  (4.19)  by  setting  the  same 
normal.  This  leads  to  die  following  relation 

|K(o--a)|  |K(r-/})| 

where  n  is  the  unit  normal  of  current  stress  state.  Since  K(<t  —  a)  and  K(y  —  0)  are 
parallel,  the  vectors  K“^K(<r  —  a)  [=s  (<r  —  a)]  and  K“^K(or  —  0)  [=  (F  —  0)] 


must  also  be  parallel.  Therefore,  equation  (4.22)  becomes 

{<r  -  Qt)  _  (y-/3) 
|<r-a|  W-0\ 


(4.23) 


Let  R  =  |7  —  0\/\<r  —  a|,  then  equation  (4.23)  becomes 

(y-/3)  =R(<r-a)  (4J4) 


where  the  ratio  R  is  found  by  substituting  equation  (424)  into  equatirm  (4.19b): 
f(y  -  /3)  =  R*(«r  -  a)^K(<r  -  a)  -  Y* 


(425) 


=  R^Y*  -  Y*  =0 


Therefore,  the  ratio  R  becomes: 


(426) 
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4.1.4  Prograntiming  aigoritlmi  for  stresf-controiled  fflw-KlomiMted 
constitothre  mode 

In  the  saese-comroUed  fiber-domineted  coasdtntive  program.  aU  consdnitive 
calcoladom  aze  done  based  on  local  phase  qnantities.  For  a  given  overall  stress 
increment  d<r  which  activates  the  fiber-dominated  mode,  the  programming  st^  are 
descnbed  in  the  following: 

1.  Divide  the  overall  stress  increment  d<r  into  small  sobincrement  p'd<r,  witii  p‘ 
being  a  small  number  which  is  typically  in  the  mder  of  10*^  to  10^  at  the 
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beginning  of  an  inoement  However,  die  magnitude  of  p'  are  determined  by 
Runge-Kutta-Fefalbeig  algohthm  in  the  subsequent  subinciements. 

2.  The  coiTesp(»ding  stress  increment  of  the  local  phases  d<Tr  are  then  defined  as: 

dtTr  =  B*“*pM<r  (4J3) 

3.  Check  if  this  is  a  plastic  loading  or  elastic  unloading  by  use  of  the  matrix 
loading-unloading  criteria: 

di 

"  d^  nj  —  zz  (4.34) 

m 

where 

a.  Plastic  loading  occurs  when  zz  >  0. 

b.  Neutral  loading  occurs  when  zz  s  0. 

c.  Elastic  unloading  occurs  when  zz  <  0. 

4.  For  plastic  loading,  zz  >  0,  a  numerical  integiaiionAteration  scheme  must 
be  introduced  to  integrate  the  plastic  equations.  In  the  bimodal  plasticity 
programming  woilc,  the  Runge-Kutta-Fehlbeig  algorithm  (see  for  example. 
Burden  A  Faiies,  [1988])  was  chosen  to  pezfoim  the  numerical  integration. 
Dui^  the  numerical  integration,  die  of  the  cuxxent  sufainciement  is  checked. 
If  the  conent  submoement  size  is  accepcaUe  then  the  convergent  solution  of 
local  plasddty  quantities  ate  saved  and  the  size  of  next  subinctement  p'*^^ 
wiU  be  <vwwp»it»Ki  based  on  the  Runge-Kutta-Fddbeig  algondim.  The  plasddty 
quandties  ctmsist  of. 


a.  Matrix  plasdc  strain  inclement  (deg^). 

b.  Shift  of  die  center  of  die  matnx  yield  surfooe  (dam)- 

c.  The  center  of  the  matrix  bounding  suiface  (d/3m)- 
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A  The  instantaneous  stress  concentration  factor  of  tbe  phases 

based  on  equations  (4.14)  and  (4.15). 

5.  After  the  plasticity  quantities  are  found  for  the  subinciement,  die  local  stresses 
(d<Tr),  strains  (dcp),  center  of  the  yield  surface  (anj),  and  the  center  of  the 
bounding  surface  (/Sm).  ^  updated  to  their  new  values: 

deal  =  deaie  +  dfP  (4J5) 


d€f  =  defe 


.new  _  old 
r  - 


+  d<r 


d«"’=  4“ + d« 


,n«w 


ni 


+  da 


m 


anew  _  /aold 


m 


m 


(436) 

(437) 

(438) 

(439) 

(4.40) 


de  =  cmdcm  -f.  cfdcf  (4.41) 

+  de  (4.42) 

<^n«w  ^  ^oid  ^  pi 


(4.43) 
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6.  Stq)s  1  to  5  are  repeated  until  the  whole  increment  has  been  ^lied. 

7 .  The  last  step  for  each  overall  loading  increment  is  to  tqxlate  the  overall  stifhiess 
matrix  L  using  equations  (4.7),  (4.14)  and  (4.15). 

From  steps  1  to  7  and  equations  (4.7),  (4.13),  (4.14),  (4.42),  and  (4.43),  the  algorithm 
for  the  stress-controlled  FDM  calculation  is  completely  defined. 

4.1.5  Programming  steps  for  strain-controlled  fiber-dominated  constitutive  mode 

In  the  material  modelling  procedure,  the  stress-controlled  constitutive  formulation 
program  has  some  advanuges.  For  example,  the  specifications  of  the  loading  path  for 
uniaxial  or  biaxial  load  cases  are  easier  than  the  specifications  of  equivalent  loading 
paths  for  the  strain-controlled  constitutive  formulation  program.  However,  the  draw  back 
of  the  stress-controlled  formulation  is  the  significant  computation  inefficiency  during  its 
finite  element  applications.  Therefore,  an  alternative  and  more  efficient  algorithm  for 
the  implementation  of  the  material  model  into  finite  element  procedure  is  desired.  In  die 
current  woik,  an  efficient  numerical  procedure  which  is  based  on  the  strain-controlled, 
stress-space  formulation  was  developed.  The  basic  idea  of  this  algorithm  is  due  to  the 
existence  of  equation  (4.2)  in  each  plastic  subincremenL  >^di  the  help  of  equations 
(4.21)  to  (4.32),  the  constitutive  calculations  can  be  carded  out  on  the  cmnposite  level. 
For  a  given  overall  strain  increment  de,  the  programming  steps  of  the  strain-controlled 
algorithm  afe  summarized  as  the  following: 

1.  Divide  overall  strain  increment  de  into  small  subincrement  pMe  with 
p‘  being  a  small  number  (the  magnitude  of  p'  is  detennined  by  the 
same  procedure  described  in  step  1  of  Secrirm  4.1.4). 

2.  The  coiiesponding  overall  stress  sobinciemem  d<r  is  found  by: 

d<r  =  LpMe  (4.44) 

where  L  is  the  composite  instantaneous  stiffiiess  matrix. 
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3.  The  matnx  stress  subincremem  d<rm  is  then  calculated  based  on 
equation  (4.33). 

4.  The  matnx  current  stress  state  (tTm  —  ctm)  is  computed  by; 

((Tin  —  ajn)  =  Bni«(<r  —  a)  (4.45) 

5.  With  the  known  matrix  stress  state  (<rm  —  ot^i)  and  its  stress 
subincrement  d<rm.  the  loading-unloading  criteria  (i.e.  equation  (4.34)) 
is  checked. 

6.  For  die  plastic  loading  case,  the  Runge-Kutta-Fehlberg  numencal 
algorithm  is  again  used  for  the  integration  of  plasticity  quantities. 
These  quantities  include  the  center  of  cmnposite  overall  yield  surface, 
da  and  the  center  of  the  composite  overall  bounding  surface,  d/3. 

7.  At  die  end  of  each  subincrement,  the  plasticity  quantities  are  dien 
updated  to  dieir  new  values: 


^aew  ^^old  ^ 

(4.46) 

^new  _  ^oid  ^ 

(4.47) 

^ew  _  gold  ^  pigig 

(4.48) 

da 

(4.49) 

and  the  composite  instantaneous  stiffness  matrix  L  is  update  based  on 
equations  (4.7).  (4.14),  (4.17),  and  (421)  to  (432). 

8.  Steps  1  to  7  are  repeated  until  a  complete  increment  has  integrated. 
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Steps  1  to  8  completely  describe  the  algorithm  used  in  the  strain-controlled, 
stress-space  FDM  consdmiive  calculation.  The  advantage  of  using  Runge-Kutta- 
Fehlberg  integration  algorithm  for  consdtuiive  calculation  is  that  this  algorithm  has  the 
c^ability  of  predicting  the  maximum  allowable  subincrement  size  for  next  subincrement. 
Therefore,  the  overall  computation  effort  is  minimized  during  the  integration  procedure. 
The  user’s  guide  to  the  bimodal  program  and  selected  pseudo  codes  ate  given  in 
Appendix  D. 

4.2  Matrix-dominated  plasticity 

In  the  matrix-dominated  mode,  the  deformation  of  the  elastic  part  is  assumed  to 
be  the  same  as  the  fiber-dominated  mode  vtdiereas  the  deformation  of  the  plastic  part 
is  derived  from  plastic  slip  along  the  plane(s)  parallel  to  the  fiber  diiechnn  [Dvorak  & 
Bahei-EI-Din,  1987,  and  Bahci-El-4Din  &  Dvorak,  1991]. 

4.2.1  The  slip  systems 

A  typical  slip  system  is  shown  in  Bg.4.7  where  the  fibers  are  aligned  in 
Xi-diiection.  The  vector  n  is  a  unit  normal  to  the  slip  plane,  s  is  the  slip  direction, 
is  the  angle  between  slip  plane  and  X1-X3  plane,  and  9  is  the  angle  between  the 
slip  direction  and  Xi-axis  so  that 

n  =  [0  cos  0  —  sin  0]^  (4.50) 

r’"d 

s  s  [cos  6  sin  0  sin  B  cos  0  sin  9]^  (4,51) 


7 

For  a  specifiic  overall  stress  state  <r  =  [<rn  <r22  o’as  <^3i  <^23  <’'12]  with 
the  center  ofthe  yield  surface  a  =  [ail  <>22  Q'33  <*3i  <*23  aij]  ,  the  resolved 
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shear  stress  Tq^  on  ^  slip  plane  of  nonnal  n  and  in  the  slip  direction  of  s  is  found  as: 

TQa=  ni(o'ij  —  Q:ij)sj 

=  -sin  2/3  sin  ^[(<^22  ”  a'22)  —  (<^33  —  0:33)]  4-  cos  /3  cos  6(<ri2—  (4^2) 
(X\z)  —  sin  /3  cos  d{<T3i  —  a3i)  +  cos  2/3  sin  ^(0-23  —  a23) 


The  resolved  shear  stress  on  the  slip  plane  is  the  magnitude  of  the  shear  stress 
center,  with  components  ri  and  r2,  Rg.4.7,  that  can  be  found  by  substimting  ^=0  and 
6=s-/2  respectively,  into  equation  (4.52): 

Ti  =  cos  /3(<ri2  —  0:12)  —  sin/3(<r3i  —  031) 

1  (4^3) 
r2  =  -  sin  2/3[(<r22  —  ci!22)  —  (<^33  —  0:33)]  +  cos  2/3(<r32  —  <132) 

2 


Here, 


and 


-2  -  -2  ,  _2 

+  Tz 


(4^4) 


Ti  =  Tn,  cos  B 
T2  =  rn,  sin  B 


(4^5) 


Among  all  the  possible  slip  systems,  the  active  slq>  plaiws  are  those  diat  have  the 
maodmnm  resolved  shear  stress  Tju.  This  means  that  amrnig  all  /3  angles,  the  possible 
active  slip  planes  are  found  by  setting: 


(4^6) 
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From  eqiuQQns  (4^3)  and  (4.54),  the  condition  stated  in  equation  (4.56)  becomes 
the  following  trigonometric  equation; 

,[(<^22  —  <3:22)  —  (<^33  —  aaa)]^  n3-|  •  / 

g(;?)  =  { - : - (<r32  -  032)  }  sin  4/3  +  (0-32- 

4 

<^32)[(<T22  -  <322)  -  (<^33  -  Q33)]cos4/3  -  [(<7-12  -  ai2)“/2- 
(<r3i  -  Qr3i)^/2]  sin  2/3  -  (<ri2  -  q:i2)(<T3i  -  0:31)  cos  23 
=  0 


(4.57) 

To  solve  equation  (4.57)  for  possible  /3’s,  we  should  consider  the  following 
charactetisdcs  of  the  trigonometric  equation: 

1.  The  equation  has  its  own  petiod  which  is  not  necessarily  equal  to  2r. 

2.  In  a  specific  angle  range  (say  to  7),  it  is  possible  to  find  several  /3’s  which 
all  satisfy  the  equation  (4J7).  However,  only  some  of  these  /3*s  are  making 
the  magnitude  of  an  absolute  maximum  (since  the  periodic  equation  may 
have  several  roots  that  maximize  tiie  equation  locally). 

Since  ev.aiuation  of  the  roots  of  equation  (4J7)  is  not  so  strait  forward,  it  is 
worth  making  some  effort  on  die  development  of  an  efficient  nnmencal  solution  scheme. 
Several  useful  algoiidans  have  been  investigated  and  summarized  in  die  next  sectioiL 

42J,  Numerical  craloatioa  of  the  slip  systems 

When  the  solution  of  a  specific  periodic  equation  is  amcemed,  two  important 
factoR  must  be  considered,  include: 


1.  The  solution  range  of  interest 
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2.  The  availability  of  efficient  numerical  solution  schemes. 

Referring  to  equation  (4.57),  the  solution  range  for  i  is  .  This  means  that  all 

the  roots  (J3’s)  that  are  found  from  equation  (4.57)  axe  negleaed  unless  they  are  in  the 
range  from  0  to  ?  in  radians  (or  from  O'*  to  180°  in  degree). 

Various  numerical  schemes  for  obtaining  the  roots  of  nonlinear  equations  exist  in  the 
literature,  (see  for  example,  [Burden  &  Faires,  19881).  These  methods  may  be  divided 
into  two  major  families,  namely  iterative  mediods  and  direct  methods.  The  iterative 
methods  find  the  roots  of  the  equation  using  a  series  of  trial-and-error  root  searching 
schemes  and  the  direct  methods  find  the  roots  of  the  equation  by  numerically  evaluating 
of  the  roots  from  explicit  expression  of  the  solutions. 

The  iterative  methods  have  die  following  advantages 

1.  The  roots  of  any  nonlinear  equation  can  be  found  if  the  method  is  appropriately 
used. 

2.  The  prngramming  algorithm  is  extremely  simple. 

However,  there  are  some  drawbacks  which  may  render  these  methods  inefficient,  for 
example: 

1.  Some  roots  may  be  missed  during  the  root  searching  procedure,  especially  vdien 
the  magninide  of  two  (or  more)  roots  are  very  close. 

2.  The  size  of  eadi  searching  iimrement  must  be  very  smalL  This  requires  more 
computation  effort  and  reduces  the  computation  effidency. 

On  the  other  the  direa  methods  do  have  some  advantages  such  as: 

1.  All  the  roots  of  die  nonlinear  equation  can  always  be  found  if  the  room  exist 
in  the  qiecified  solution  range. 

2.  No  iterations  are  needed  during  the  root  searching  procedure. 


However,  the  disadvantage  of  the  direct  methods  is  thar- 

1.  The  explicit  foim  of  the  solutions  of  the  nonlinear  equation  is  not  always 
available. 

2.  The  programming  algonthm  is  more  complex  and  require  specific  mathematical 
manipulations. 

For  the  trigonometric  equation  shown  in  equation  (4.57),  it  is  found  [Hall,  1990]  that 
an  equivalem  nonlinear  quairic  equation  could  be  obtained.  Further  development  and 
discussion  on  the  solution  scheme  to  the  quaitic  equation  for  various  stress  states  was 
completed  here.  The  smdy  on  the  investigation  of  solutions  to  the  equation  (4.57)  was 
done  jointly  by  author  and  by  Hall  [1990].  The  reasons  for  making  this  investigation 
are  that: 

1.  The  efficiency  of  the  solution  scheme  is  very  critical  to  the  MDM  constimtive 
calculation  and  its  finite  element  applicadcHis. 

2.  Based  on  the  author’s  knowled^,  almost  all  of  the  mathematics  handbooks 
are  providing  incomplete  solutions  to  the  quaitic  equations  (i.e.  the  solution 
formulae  are  good  for  some  cases  only).  Therefore,  a  complete  solution 
procedure  is  derived  and  implemented  in  the  sequel 

In  what  follows,  we  crmsider  the  direct  mediod  and  develop  two  methods  for 
evaluaring  the  roots  of  equation  (4J7). 

We  begin  by  rewriting  die  equation  (4.57)  as: 

A  sin  4/3  -h  B  cos  4/3  —  C  sin  2/3  —  D  cos  2^  =  0  (4,58) 

where 

A  =  [(o’22  —  ajj)  —  (o-jj  —  aE33)]*/4  —  (0**2  —  asj)* 

B  =  (<r33  —  a32)[(<7-22  —  022)  —  (<^33  “  <»33)] 
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C  =  (<yi2  —  0112)“  ”  (<^31  —  /2 

D  =  (<ri2  —  Q!i2)(<^3i  —  031) 


From  properties  of  the  trigonometric  fimction,  th?  equation  (4.58)  can  be  rearranged 
imo  the  following  form: 


2B  cos^  23  —  D  cos  2/3  —  B  =  (C  —  2A  cos  2/3)  sin  2/3  (4.59) 


By  squaring  both  sides  of  above  equation  and  rearranging  all  terms,  we  obtain  the 
following  quartic  equation: 

Oiy”*  +  +  oray^  +  +  as  =  0  (4.60) 


where 


y  =  cos  2/3 


and 


ai  =  4(A*  +  B^) 

oc2  ==  — 4(AC  -f"  BD) 

aa  =  -4(A2  +  B*  -  C*  -  D^) 

a4  =  2(2AC  +  BD) 

as  =  (B^  -  C*) 


The  quartic  equadon  shown  in  the  equation  (4.60)  may  be  reduced  to  a  quardradc 
equadoQ  or  a  trivial  eqaation  under  the  following  conaderanons:  If  ai  =  0,  dren 
A  =s  B  =  0  and  =  0.  The  quasdc  equation  becomes  a  quadratic  equation: 


Cray*  +  Gray  +  as  =  0 


(4.61) 
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C(»seqaently,  for  all  stress  states,  there  are  only  two  possible  types  of  equations, 
namely  quanic  equation  and  quadratic  equation,  for  the  active  slip  planes  (i.e.  0's). 
More  specifically,  when  the  composite  is  und^r  transverse  shear  load  and/or  transverse 
tension/compression  load,  the  quanic  equation  solver  is  needed  for  finding  the  0’s.  On 
the  other  hand,  if  the  composite  is  under  longitudinal  shear  and  transverse  hydrostatic 
loads,  only  the  quadratic  equation  solver  is  needed  for  finding  the  0’s.  Furthermore,  if 
the  composite  is  under  transverse  hydrostatic  stresses,  no  slip  planes  are  activated  since 
A=BsC=D=0  in  this  case  and  equation  (4.60)  is  identically  satisfied,  then  there  is  no 
effects  on  MDM  plasticity  since  the  trivial  condition  is  reached. 

Note  that  die  roots  found  from  equation  (4.60)  are  not  all  good  for  equation  (4.59) 
because  of  squaring  operation  from  equation  (4J9)  to  (4.60).  These  roots  must  be 
subsdmted  back  to  equation  (4J9)  to  determine  suitable  roots.  Once  the  roots  (y’s) 
of  equation  (4.60)  (which  also  satisfy  equation  (4.59))  have  been  found,  die  possible 
slip  planes  are  known  as: 

0  =  ±cos~^ 


From  equations  (4.60)  and  (4.62),  we  can  find  that  the  maximum  number  of  slip 
planes  under  ^ledfic  stress  state  is  eiglxL  However,  the  maximum  resolved  ^lear  stress 
(in  its  absolute  value)  may  not  occur  on  each  of  these  eight  slip  planes.  From  die 
numerical  study  <»  the  detennination  of  the  number  of  slip  {fianes,  it  is  believed  that 
a  maximum  of  two  active  slip  planes  can  be  expected  for  all  possible  stress  states 
(also  see  Hall,  [1990]). 

Solution  of  the  quanic  equation  (Le.  ai  tenn  exists  in  equation  (4  J7))  begins  with 
solutioo  of  a  specific  cubic  equation  of  which  the  coefficients  ate  caloilaied  from  the 
coefifidenis  of  die  quanic  etpiarion  (see  for  example,  Spigal,  [1968]). 


70 


Assume  the  qasitic  equation  has  the  form: 


+  ajy-  +  asy  +  34  =  0 


(4.63) 


where  ai,  a^,  and  a4  are  reaL 


The  key  step  for  solving  the  quartic  equation  is  to  reduce  the  order  of  the  equation. 
In  CHIT  case,  we  may  teairange  the  equation  (4.63)  into  the  following  fonn: 


y^  +  yy  +  -  (ry  +  s)^  =  o 


(4.64) 


where  X,  r,  and  s  are  numbers  to  be  detennined.  After  expanding  equation  (4.61)  and 
comparing  the  coefficients  with  equation  (4.63)  term  by  term,  we  have  the  following 


equanons: 


r2  =  ^-a2+X 
4 


(4.65) 


S'  =S  -  —  34 

4 


(4.66) 


a^X  as 


(4.67) 


Since  ai,  aj,  as  and  a4  ate  known  real  numbers,  it  is  possible  to  find  X,  r,  and 
s  from  equations  (4.65)  to  (4.67)  by  setting  the  following  equality: 


(4.68) 


This  leads  to  a  cubic  equatioa: 


X*  +  (— aj)X*  +  (aias  —  4a4)X  4-  (4aja4  —  a^at*  —  a,)  =s  0  (4.69) 
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Equation  (4.69)  can  be  solved  by  the  method  described  in  Appendix  C.  Once  the  real 
root  of  equation  (4.69)  has  been  evaluamd,  it  is  possible  to  detennine  r  or  s  (either  one 
but  not  both)  by  substituting  X  into  equation  (4.65)  or  equation  (4.66).  However,  the 
third  unknown  among  X,  r,  and  s  must  be  calculated  with  caution.  This  is  because  of 
equation  (4.67)  that  makes  the  signs  of  r  and  s  coupled.  Therefore,  it  is  very  important 
to  keep  in  mind  that  only  the  combinations  of  equations  (4.65)  and  (4.67)  or  equations 
(4.66)  and  (4.67)  can  be  utilized  during  the  solution  procedure.  This  is  the  key  point 
that  almost  all  the  mathematics  references  are  unable  to  address  in  their  formula  for 
the  solution  of  quartic  equations. 

T^th  the  known  X,  r,  and  s.  the  equation  (4.64)  can  be  rewritten  in  the  following 
quadranc  form: 


y*  +  (i  +  r)y  + 


=  0 


(4.70) 


Therefore  the  roots  of  the  quartic  equation  can  then  be  computed  based  on  two 
quadratic  equations: 


y*+| 

(t-; 

|y+l 

(l-)l 

=  0 

1 

)y+l 

(l-)l 

=  0 

(4.71) 


La  the  direct  methods,  there  are  two  major  algorithms  which  all  the  computations 
are  based  on  either  complex  numbers  or  real  numbers. 

Li  the  complex  number  version  of  the  algorithm  all  numbers  are  treated  as  complex 
numbers  and  the  equations  (C.9)  to  (C.12)  (see  ^^pexxSz  C)  are  used  for  cubic  equaiitm 
solva.  This  algorithm  has  the  advantage  of  being  easy  to  program. 
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In  the  real  number  version  program,  on  the  other  hand,  aU  TMiin<i»rir3»i  operations  are 
carefully  managed  so  that  any  possible  complex  number  encountered  in  the  operations 
is  avoided.  The  equations  (C.15).  (C.16)  and  (CIS)  (see  Appendix  C)  are  used  for 
finding  roots  of  cubic  equation.  Also  in  equation  (4.71),  the  ‘^quadratic  discriminant” 
of  each  quadratic  equation  is  checked. 

The  comparison  of  efficiency  among  the  iterative  method,  direct  method  based  on 
complex  numbers,  and  direct  method  based  on  real  numbers  is  shown  next. 

In  the  numerical  smdy  of  the  solution  of  quartic  equations,  the  methods  described 
in  Section  4.2.2  were  all  coded.  The  CPU  time  was  measured  for  each  method  under 
various  cases.  A  large  number  of  numeiical  tests  had  been  completed.  The  ratios  of 
overall  (i.e.  the  average  of  all  tested  cases)  CPU  time  requirements  in  the  cases  of 
iterative  method,  complex  number  method  and  real  number  method  are  approximately 
equal  to  20:2:1.  Similar  conclusion  was  made  by  Hall  [1990]  who  used  the  author 
developed  solution  scheme  and  teal  number  version  program  for  diis  numerical  smdy. 

4X3  The  yield  conditioiis 

The  yield  function  (f)  of  the  matrix-dominated  mode  is  defined,  for  the  case  of 
kinematic  hardening,  as  the  following: 

f(<r  -  a)  =  [r^(<r  r*  =  0  (4.72) 

where 

('^o«)nux  ^  ^  maximum  resolved  shear  stress  of  (<ry  —  aij}  on  the  slip 
system(s). 

TD  is  the  matrix  yield  stress  in  simple  shear. 

This  means  that  the  possible  slq>  system  (i.e.  the  slip  system  which  contains  maximum 
resolved  shear  stress)  have  reached  the  yield  condition. 
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It  is  obvious  from  equations  (4J3),  (4.54),  (4.56)  and  (4.57)  that  under  a  general 
stress  state  the  MDM  yield  surface  cannot  be  expresses  in  closed  form.  Construction  of 
the  overall  yield  surface,  however,  is  not  necessary  in  finite  element  implementations. 
Only  the  yield  stress  under  a  specific  loading  path  is  of  imereiyr 

Consider  first  inidal  yielding  under  proportional  load  defined  by  the  stress  increment 
do-,  Rg.4.7,  the  corresponding  slip  plane  angle(s)  /3  and  resolved  shear  stress  (Tus)inax 
can  oe  calculated  from  equations  (4.58)  to  (4.60).  The  stress  magnitude  (o-)  on  the  initial 
yield  surface  is  found  by  scaling  up  to  its  initiai  yield  stress  (see  Fig.4.8); 

<r  =  ^do*  (4.73) 


where  7  = 


(  )  fi 


Figures  4.9  and  4.10  show  various  cross  sections  of  the  MDM  initial  yield  surface. 
The  curves  in  Hgs.4.9  and  4.10  were  found  numerically  by  evaluating  the  MDM  initial 
yield  stress  under  stress  probes  applied  in  several  directions. 

Next,  consider  a  subsequent  yielding  where  the  current  stress  state  a-  is  inside  an 
overall  yield  surface  with  center  located  at  a.  As  discussed  in  Section  4.2.4,  the  center 
a  is  computed  firom  hardening  on  the  active  slip  system  and  is  assumed  to  be  known 
firom  the  previous  history.  Now  a  stress  increment  d<r  is  applied  to  the  composite  and 
we  would  lijce  to  compute  a  factor  p  so  dm  the  stress  state  (a+pdtr  —  a)  satisfies 


the  MDM  yield  condition  (see  equation  (4.72)). 


Referring  F!g.4.11,  it  is  clear  that  dififeiem  slip  systems  are  activated  as  p  varies 
(since  the  possiUe  active  slip  systems  will  not  remain  the  same  aloog  die  segment  from 
<r  to  (<r+pd<r)).  Therefore,  the  factor  p  for  which  the  stress  (o’+pdo’  —  a)  satisfies 
equation  (4.72)  will  be  found  iteratively  using  the  bisecdoo  method  (Burden  A  Faires, 
1988].  It  was  found  that,  the  typical  number  of  iterations  required  to  compote  p  for 
MDM  yielding  is  about  25  for  a  relative  tolerance  equals  to  10~^,  where  the  ‘^relative 
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tolexaoce’*  is  defiiud  as: 


tolerance  = 


( '’’us )  mioc  ’’’0 


(4.74) 


This  means  that  during  each  MDM  plastic  loading,  the  solver  of  the  quaxtic  equation, 
equations  (4.58)  and  (4.60),  must  be  called  25  dmes  in  order  to  determine  the  active 
slip  plane<s).  Development  of  an  efficient  solver  for  the  quarhc  equations  is  therefore 
imponant. 

As  seen  in  Hgs.4.9  and  4.10,  there  arc  some  comers  in  the  yield  surface.  Since  the 
yield  surfaces  in  Flgs.4.9  and  4.10  were  obtained  numerically,  we  would  like  to  examine 
if  there  is  indeed  a  discontinuity  in  the  slope  at  the  comers  as  indicated  in  Figs.4.9  and 
4.10.  A  symbolic  solution  program  (MAPLE,  [C3iar,  et  al.  1988])  was  used  for  this 
purpose.  If  the  slopes  at  the  comer  points  axe  continuous,  only  a  single  valued  normal 
will  be  found  at  each  point.  Therefore,  the  problem  of  discontinuity  check  of  die  slopes 
is  reduced  to  the  evaluation  of  the  noxmal  (0(ras)/d(r)  at  each  of  those  points. 


Let 


(4.75) 


Then  the  coefficients  A,  B,  C,  and  D  in  equations  (4J8)  and  (4.60)  become: 
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I  <y22  -  <^33  y 
V  2ro  ;■ 

<r32  /  <T22  —  <r33 


1)'-^ 


=  fcik4 


-  (Tr 


(4.7S) 


<^21^31  ,  , 

—2—  =  ^2k3 


The  procedure  for  the  evaluation  of  d{ras)/d(T  is  summarized  in  the  following: 

1.  From  equation  (4.60),  MAPLE  is  used  for  determining  four  symbolic  solutions 
y  (  SAy>  Yif  i=:l,2,3,4)  which  are  the  roots  of  the  quardc  equation. 

2.  Subsdmte  stress  state  (i.e.  the  stress  state  at  the  point  of  interest)  into  y;  to 
find  real  roots,  say  ym  (111=1,2,...^). 

3.  Keep  ym  in  its  symbolic  form  and  solve  equation  (4.62)  for  /?/  (|sl^,...^j) 
symbolically. 

4.  From  equation  (4.53)  with  ay  =  0,  we  have: 


—  =  cos  0k2  —  sin  /Jka 
Th 

T2  1 

—  =  -  sin  2/9ki  +  cos  2/3k4 

■nj  2 


(4.77) 


and  from  eqaadoos  (4.54)  and  (4.55) 


5-i/©‘*ey 


(4.78) 


5.  Sttbstitnte  each  0i  (&i4^,...,2j)  into  equadoos  (4.75)  and  (4.77)  to  have  (^)/. 
(where  £ail,2,...,2j)  in  symbolic  fbtms. 


76 


6.  Subsonite  stress  state  into  each  (^);  and  find  the  maximum  (^)- 

7.  Keep  (^)n  which  has  the  maximum  value  of  (^)  in  its  symbolic  fonn. 

8.  £)i£ferentiate  (^)a  with  respect  to  specific  component  (i.e.  ki,  k2,  ks  and 

k.})  to  find  the  component  of  the  nonnal  in  each  stress  axis.  This  means  that 
we  are  tiying  to  find  the  symbolic  expression  for  /^kj,  i=l,  2,  3,  4. 

9.  Evaluate  numeiically  and  check  if  the  value  is  unique. 

In  the  numerical  study,  selected  comer  points  were  investigated  from  steps 
1  to  9.  The  typical  result  is  found,  for  example  in  Fig.4.9,  that  die  point  of 
ki(=  ^22^)  =1.43589,  k2(=  ^)*0-0,  k3(=  ^)=0.90,  and  k4(=  if)  =0.00 
was  checked  and  the  /dk2=±0.39286.  This  confinns  that  the  normal  (or  slope) 

at  the  comer  points  of  MDM  yield  surface  is  discontinuoos. 

4 J.4  Plastic  strain  and  overafl  stifftiess 

The  plastic  slip  [dif  d7f  ]  ^  on  each  active  slip  plane  caused  by  die  shear  stress 
[dri  dr^]^  is  found  from  the  associated  flow  rule  and  the  noonality  requirement 
[Bahei<El-Din  &  Dvorak,  1991].  From  equation  (4.72),  the  yield  condition  on  a  slip 
system  is  written  as: 


f(T)  =  (n  -  (if  +  (tf  -ri  =  o  (4.79) 

where  [d^i  d^a]^  ia  the  center  of  die  MDM  yield  sniface  on  the  Id^  acdve  slip  plane. 
The  plastic  slip  is  then  given  by: 


_  1  (n-ei)'  (ri-^i)(T^-e2)lfdri\ 

[(n  —  —  Ca)  JldTa/k 


{6M) 


where  H*  is  the  plasdc  tangent  modulus  in  shear. 
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The  overall  plastic  strain  increment  is  found  as  the  sum  of  the  contiibuti<»is  of 
each  active  slip  plane.  The  contribution  of  plastic  strain  increment  of  each  slip  plane  to 
the  composite  plastic  strain  increment  is  found  by  coordinam  transformation  from  local 
(slip  plane)  coordinate  system  to  overall  composite  coordinate  system.  The  final  form 
is  found  as  [Bahei-El-Din  <&  Dvorak,  1991]: 

d€?2 

<  ,  p  >  =  > 

where  n  is  the  number  of  the  active  slip  planes  under  current  stress  state. 

From  equations  (4.78),  (4.79).  and  (4J3)  we  can  find  the  MDM  plastic  compliance 
matrix  G*  which  is  analogous  to  equation  (4.13).  Tlie  final  form  of  G*  matrix  is  found 
as  [Bahei*El-Din  &  Dvorak,  1991]: 

G-  =  y;  Tj^Rk(<r  -  a){o-  -  a)’'Rk  (■••») 

ksl 

where 

is  the  slip  plane’s  plastic  tangent  modulus  found  from  a  two-surface 
theory  (analogous  to  equations  (4.21)  and  (4.28)  to  (4.32)),  and 

*0  0  0  0  0 

0  isin*2/3k  —  Jsin^2)?k  0  jsin4/9k 

0  -Jsin*2/3k  isin*2/3k  0  -Jsin4/3k 

0  0  0  sin* /3k  0 

0  jsin4/3k  —  |sin4^k  0  cos*2/3k 

.0  0  0  — ism2/3k  0 


0 

0 

0 

—  sin  d\c 
0 

cos  /3k 


0 

|sin  2/3k 
—  I  sin  2/3k 
0 

cos  2/3k 
0 


(4.81) 


(4.*3) 
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Although  the  plastic  tangent  modulus  H|[  in  eqnanons(4.80)  and  (4.82)  is  found 
from  the  bounding  surface  theory  which  analogous  to  equaiions(4.21),  (4.28)  and  (4.32), 
there  exist  the  following  differences: 

1.  The  plastic  tangent  modulus  H  used  in  FDM  is  expressed  in  simple  tension  and 
the  plaroc  tangent  modulus  is  expressed  in  simple  shear.  However  these 
two  quantities  may  be  related  through  the  effective  stress  increment-effective 
plastic  strain  increment  relation: 

H  =  (4.84) 

2.  The  movement  of  the  yield  surface  (dor)  and  the  movement  of  the  bounding 

surface  (d/3)  in  the  FDM  are  evaluated  on  the  composite  overall  level.  In  the 

MDM  these  quantities  are  evaluated  on  the  local  active  slip  plane  level.  In 

order  to  avoid  the  confusion  on  die  notations  for  the  center  of  bounding  surface 

in  FDM  and  for  the  position  of  slip  plane  in  MDM,  we  shall  use  a*  as  the 

center  of  composite  bounding  surface  throughout  this  dupter.  Assume  that  the 

center  of  the  yield  surface  on  Id^  slip  plane  is  ^2  ]  >  cemer 

X 

of  die  bounding  surface  on  that  slip  plane  is  77^]  .  In  analogy 

with  equation  (4J3),  and  are  related  to  the  overall  center  a  and  a*, 

reflectively,  by: 

3s  cos  0^021  —  sin/j’^asi 

1  (4.85) 

^2  =  -  sin  2(3^(022  —  Qfsa)  +  cos  20^a32 

m 

and 

=  cos  —  sin/J’^aJi 

q J  =  i  sin  2/3’‘(a22  -  a,,)  +  cos  2l3^al2 


(4.W) 
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Tbs  center  of  the  bounding  surface  can  be  written  as  (see  equations  (4.28)  to 
(4.32)): 


zu^ 


(4.87) 


z  = 


(4.88) 


where 


is  die  unit  vector  that  connects  the  loading  point  with  normal 
n  =  [cosd  sin  8]  ($  is  defined  in  equation  (4.51))  and  the  point 

on  the  bounding  surface  widi  the  same  normal. 

ocy  are  the  components  of  die  center  of  overall  yield  surface  a. 
a jj  ate  the  comptments  of  the  center  of  overall  bounding  surface  a*. 

Equations  (4.85)  and  (4.86)  are  also  valid  for  dieir  incremental  form  since  all  the 

operations  are  dqteodent  on  slip  angle  only.  The  reverse  relations  of  equations 

(4.85)  and  (4.86)  in  their  inczemental  forms  are  found  as  (Bafaei-El-Oin  & 

Dvorak,  1991]; 

0 


da22  =  —dass  =  sin  20^6^2 
dosi  =  —  sin 
dass  =  cos  20^6^2 
doji  =  cos 


(4.89) 


and 
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da22  =  ”^*^33  =  2/3^(1772 

=  -  sin  /3*^di7f 

(4.90) 

dtt^a  =  cos  2pi^dTf\ 

doiji  =  cos/J^'dryj 

It  is  shown  in  Section  4.3  that  the  equad(»s  (4.89)  and  (4.90)  have  provided  an 
imptntant  contribution  in  combining  FDM  and  MDM  into  complete  consdmtive 
model. 

After  the  MDM  plastic  compliance  matrix  has  been  found  (equations  (4.82)  to 
(4.88)),  the  MDM  overall  instantaneous  stifhiess  matrix  L  is  calculated  as: 

L  =  (M.4-G*)"^  (4.91) 

vtdiere  M«  is  the  composite  elastic  compliance  found  from  equation  (4.7). 

4.2.5  Hardening  ruks  used  in  MDM 

The  MDM  rules  are  determined  based  on  expenmental  observation  from 

die  test  performed  by  Dvorak,  et  aL,  [1988]  on  a  B/Al  composite.  More  specific 

descnpdon  of  the  MDM  hardening  rule  is  found  in  Bahei-El-Din  &,  Dvorak  [1991]. 

It  is  shown  that  there  are  three  dififerent  hardening  roles  in  six-dimensional  stress 
0 

sp$ce: 

1.  Hardening  role  I: 

This  is  the  case  when 

(<r3i  —  a3i)  =s  (<r32  —  Ofsa)  =  0  (4.92) 

and 

_ (g’si «si) _ 

(<rn  —  <»22)  —  (^3s  —  aaa) 


(4.93) 
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The  center  of  the  yield  surface  day  is  found  as  da2i  =  do'zi  with  all  other 
components  equal  to  zero. 

2.  Hardening  nile  IL 
This  is  the  case  when 


(<r2i  —  <>21)  =  (t^32  “  Qzz)  =  0 


(4.94) 


and 


_ (o'zi  —  Q31) _ 

{<^22  ~  ^22)  ~  {*^33  ”  Ct33) 


>  1 


(4.95) 


The  center  of  the  yield  surface  day  is  found  as  daji  =  do-ji  with  all  other 
components  equal  to  zero. 

3.  Hardening  rule  IlL 

For  all  cases  other  than  cases  I.  and  H.  In  this  case,  day  =  d<7y  (i.e.  Phillip’s 
hardening  rule  is  assumed). 

Note  that  from  Fig.4.10  we  can  find  that  the  hardening  rales  I  and  II  are  the  cases 
when  the  stress  state  is  at  the  flat  part  of  the  yield  soifiKe. 

4.2.6  Programminf  algoritlini  for  stnun-cootroOed  matrix* 
dominated  constitathre  mode 

The  pmgrainming  algorithm  for  stnin*controlled  matrix-dominated  ctmsdtative 
mode  is  analogous  to  the  programming  algorithm  described  in  Section  4.U.  For 
a  given  overall  strain  inoement  de,  the  programming  st^  of  the  stram-controlled, 
stress-space  matrix-dominated  constimtive  mode  are  sommarized  as  die  following; 

1.  Divide  overall  strain  inoement  de  into  small  sobinoement  p'de  widi  p*  being 
a  small  nnmber. 
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2.  The  conesponding  overall  stress  subincrement  d<r  is  fouad  by; 

dtr  =  Lp‘de  (4.9^ 

where  L  is  the  composite  instantaneous  snfbess  matrix. 

3.  With  the  known  overall  stress  <r,  center  of  overall  yield  surface  at  and  overall 
stress  increment  dtr,  we  can  calculate  the  trial  stress  state  as: 

=  <r  -  a  +  d<r  (4.97) 

4.  Subshmte  into  equations  (4.57)  and  (4.72).  The  plastic  loading  will  occur 
when  the  value  of  equation  (4.72)  is  greater  than  or  equal  to  zero. 

5.  For  the  plastic  loading  case,  the  Runge-Kutta-Fehlberg  numehcal  algorithm  (see 
[Burden  &  Faiies,  1988])  is  used  for  the  integration  of  the  plasticity  quantities. 
These  quantities  including  the  center  of  the  overall  yield  surface  da  and  the 
center  of  the  overall  bounding  surface  da*  are  found  from  equations  (4.80) 
to  (4.95). 

6.  At  the  end  of  each  subinciemeni  the  plasticity  quantities  are  updated  based  on 
equations  (4.46)  to  (4.49). 

7.  The  composite  instantaneous  softness  L  is  updated  based  on  equations  (4.82), 
(4.83)  and  (4.91). 

8.  StqM  1  to  7  are  tepeated  until  a  complete  increment  has  been  integrated. 

These  steps  cmiqdetely  describe  the  plasticity  algontfam  used  in  MDM  case.  Some 
selected  MDM  sobroutines  will  be  discussed  in  the  next  section. 

43  Implementstioa  of  the  bimodal  theory  for  general  htading 

In  the  preceding  two  sections,  the  fotmulation  of  fiber-dominated  mode  and  the 
fonnulatioa  of  matrix-dominated  mode  were  described  individually  assuming  diat  eidier 
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mode  is  the  only  active  mode  dating  the  loading  padi.  Under  general  loading  path, 
activation  of  one  mode  in  part  of  the  loading  regime  may  have  been  preceded  by  plastic 
deformation  with  the  other  mode.  Consequently,  each  deformation  mode  should  not  only 
describe  its  constirative  behavior  but  also  fully  suppon  all  the  Hata  information  which 
may  be  shared  by  the  other  deformation  mode.  The  basic  requirement  on  this  issue  is 
discussed  in  the  next  subsection.  The  program  steps  and  the  user’s  guide  of  the  bimodal 
model  program  are  described  at  the  end  of  this  section  and  Appendix  D,  respectively. 

43.1  Data  base  exchange  between  FDM  and  MDM 

It  is  shown  in  Sections  4.1  and  4.2  that  in  the  strain-controlled,  stress-space 
consdmtive  formulation,  the  most  importam  plasticity  quantities  are  the  position  of  the 
center  of  the  composite  overall  yield  surface,  a,  the  position  of  the  center  of  composite 
overall  bouruhng  surface,  ot*.  and  the  composite  instantaneous  plastic  compliance 
matrix  G  (in  FDM  case)  or  G*  (in  MDM  case).  The  composite  instantaneous  plastic 
compliance  matrix  is  important  due  to  the  fact  that  the  composite  overall  instantaneous 
matdx  L  is  always  found  by  the  inverse  of  the  sum  of  the  elastic  compliance  matdx 
and  the  instantaneous  plastic  compliance  matrix. 

In  the  MDM,  there  are  an  infinite  number  of  slip  systems  in  the  composite.  Plastic 
sorainxDg  on  the  active  slq)  system  will  also  affect  the  inactive  slip  planes.  This  is 
known  as  the  latent  hardening  of  inactive  slip  systems.  It  is  diown  in  Bahei-El-Din  &, 
Dvorak  [1991]  that  the  overall  ceiuen  of  the  yield  surface  a  and  bounding  surface  a* 
can  be  replaced  by  their  local  counterparts  horn  the  active  slip  systems  or  inactive  slip 
systems.  Therefore  it  is  possible  to  relate  hardening  of  active  sl^  systems  with  the  latent 
hardening  of  inactive  slip  systems.  This  means  that  during  the  plastic  deformation  on 
the  active  slip  system,  the  inactive  sl^  systems  hardens  simultaneously.  This  simplifies 
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the  (q)era&on  of  finding  cuzrent  centers  of  yield  surface  and  bounding  surface  during 
the  MDM  ccnstitutive  calculation. 

Once  the  plasticity  quantities  a  and  a”  are  known,  it  can  be  shown  that 

1.  From  equations  (4.21)  to  (4.32),  the  G  is  found  based  on  the  equation  (4.17) 
and  da  and  da*  are  updated. 

2.  From  equations(4.80)  to  (4.85),  the  G*  is  found  by  equations  (4.82)  and  (4.83) 
and  da  ,  da*  are  updated. 

These  mean  that  die  response  of  both  FDM  and  MDM  can  be  calculated  at  any 
loading  point.  Also,  both  modes  are  capable  of  sharing  and  updating  the  overall 
instantaneous  quantities  (i.e.  da,  da*  and  L)  which  may  be  used  at  next  loading 
point  for  eidier  mode. 

4J.2  Programming  steps  for  the  btmodal  model 

The  programming  steps  for  the  bimodal  model  can  be  seen  as  the  combination  of 
the  programming  steps  used  in  FDM  (Section  4.U)  and  MDM  (Section  4.2.6). 

The  procedure  is  summahzed  as  the  following: 

1.  Divide  overall  strain  increment  de  into  small  subincrement  p'de  with  p*  being 
a  small  number. 

2.  The,  corresponding  overall  stress  subincremeot  d<r  is  found  by: 

da-  =  Lp'de  (4.98) 

where  L  is  the  composite  instantaneous  stiffness  matrix. 

3.  Check  yield  oitexia  for  both  modes  (Le.  equations  (4J3),  (4.34)  and  (4.45)  for 
FDM  and  eqoations(4 J4)  to  (4.58),  (4.72)  and  (4.96)  fm  MDM)  and  detennine 
which  mode  yield  first. 

4.  Set  up  the  plasdd^  indicator  to  the  mode  which  has  been  activated  first. 
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5.  If  FDM  or  MDM  (widi  hardening  role  HI)  is  active  then  the  composite  will  stay 
in  FDM  or  MDM  during  the  loading  increment  However,  if  MDM  is  active 
and  it  is  in  the  cases  of  hardeiung  role  I  or  II,  Step  4.  must  be  checked  at  each 
subincrement  since  it  is  possible  to  change  firom  die  current  hardening  role  to 
the  other  hardening  rale  or  even  change  to  FDM. 

6.  Once  the  plasticity  mode  and  type  of  the  hardening  rale  (for  MDM)  have  been 
determined  the  rest  procedure  described  in  Section  4.1.5  or  Section  4.2.6  will 
be  continued  for  the  corresponding  deformation  mode. 

7.  Steps  1.  to  6.  are  repeated  until  the  current  increment  is  completed. 

A  user’s  guide  to  the  bimodal  constimtive  program  is  given  in  the  ^ipendix  L. 

4.4  Implementation  into  general  purpose  finite  element  code 

The  general  concepts  of  die  integration  of  material  model  into  ABAQUS  have 
been  stated  in  both  Chapters  2  and  3.  Hcwever,  there  still  exists  some  differences 
in  the  implementation  details  due  to  the  nature  of  die  constitutive  relations  used  in 
the  individual  material  model.  In  the  development  of  the  bimodal  plasticity  theory 
based  UMAX  subroutine,  there  are  several  choices  for  the  numerical  implementation 
algorithms.  We  have  conducted  a  study  on  the  material  constimtive  fonnulations  and 
dieir  numerical  implementatum  to  arrive  at  the  most  efficient  implementation  algorithm. 

From  the  numerical  experience  obtained  in  this  smdy,  we  ctmcluded  that  the  strain- 
controlled  constimtive  program  has  the  best  computation  performance  for  die  composite 
material  models,  therefore  the  constimrive  program  of  the  bimodal  theory  was  then 
developed  based  on  stress-space,  strain-controlled  fotmularimi. 

During  the  develtqxnent  of  the  bimodal  constimrive  program,  we  discovered  an 
efficient  algoiitiim  for  the  strain-controlled  constimrive  calculations.  The  most  important 
feature  of  this  algorithm  is  that  almost  all  the  constimtive  calculations  are  done  on  the 
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composite  overall  leveL  The  detail  algontfam  is  described  in  Sections  4.1.5  and  4.2.6 
for  FDM  and  MDM,  respectively. 

Since  the  bimodal  plasticity  program  is  based  on  the  stress-space,  strain-controlled 
fonnuladon,  the  programming  steps  are  different  from  the  programming  steps  used  in 
PHA  model  (see  Section  3.4.3).  The  summary  of  the  steps  which  are  canied  out  in  the 
UMAT  with  bimodal  plasticity  theory  is  the  following: 

1.  At  the  beginning  of  a  load  increment,  ABAQUS  provides  the  solution  dependent 
variables  to  UMAT  together  with  the  load  increment. 

2.  For  an  elastic  response,  the  composite  overall  stifhiess  matrix  (i.e.  the  stiffeess 
matrix  at  material  point  of  finite  element  mesh  )  is  computed  from  the  FDM 
consdmtive  relation. 

3.  For  an  elastic-plastic  response,  the  overall  yield  branch  (FDM  or  MDM)  which 
contains  the  current  stress  point  is  determined  and  the  corresponding  consdmtive 
equanons  are  used  to  compute  instantaneous  sdfhess  matrix. 

4.  Finally,  the  overall  stresses,  instantaneous  sdffiiess  matrix,  and  the  soludon 
dependent  variables  are  updated  at  the  end  of  the  load  increment. 

The  flow  chart  for  these  steps  is  similar  to  the  flow  chart  shown  in  Hg.3.6  except 
the  local  itetadon  loop  (the  loop  that  loops  from  equanons  (3.36)  to  (3.38))  since  in 
the  strain-controlled  consdmdve  fonnuladon  case,  there  is  no  need  to  perform  local 
iteradoos  in  its  UMAT  sobroudne.  The  pseudo  code  of  die  bimodal  theory  based  UMAT 
subroutine  is  given  in  Appendix  O. 

4.5  Selected  results 

The  CPU  time  and  ovetall  strains  found  by  the  algodthms  given  in  Section  4.4 
fm  a  (±10)t  P-1(X)  Gr/Al  composite  laminate  under  uniaxial  cycle  of  ±400  MPa  are 
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shown  in  Tables  4.1  and  4.2.  The  matexial  propemes  of  the  constituents  used  in  diese 
demonstration  cases  are  listed  in  the  Table  3.1  and  the  finite  element  model  is  shown 
in  Fig.3-8- 

In  Table  4.1,  die  relative  computation  efficiency  of  each  algorithm  can  be  found 
by  subtracting  the  elastic  pan  of  CPU  dme  from  total  required  CPU  time.  In  this 
table,  only  the  CPU  time  that  used  for  finite  element  procedure  are  counted.  The  CPU 
time  that  used  for  input  data  syntax  check  is  not  included  here.  It  is  clear  that  the 
strain-controlled  bimodal  formulation  algorithm  which  described  in  sections  4.1.5  and 
4.2.6  has  the  best  computation  performance. 

In  Table  4.2  the  laminate  overall  longimdinal  and  transverse  strains  at  die  end  of 
loading  cycle  demonstrate  the  consistency  of  all  the  algorithms  used  in  this  example.  In 
both  longimdinal  and  transverse  response,  the  relative  difierences  between  algorithms 
b.  c,  and  d  are  all  less  than  1  percent  The  difference  between  b  and  c  is  due  to 
stress-controlled  and  strain-controlled  algorithms  used  in  these  two  cases. 

Figures  4.12  and  4.13  show  the  predictions  of  the  bimodal  theory  and  the  PHA  model 
for  the  axial  response  and  transverse  response  of  a  (±10),  composite  laminate  consisting 
of  P-100  Gr/Al  plies  under  uniaxial  cycle  of  ±400  MPa.  The  material  properties  are 
again  shown  in  Table  3.1  of  Qu^xer  3.  Unear  Idnematic  hardening  behavior,  which 
was  assumed  in  the  PHA  model  based  UMAT  subroutine,  was  simulated  in  bimodal 
themy  based  UMAT  sobroutine  by  setting  the  size  of  the  yield  surface  equal  to  the 
size  of  the  bounding  surface  so  that  the  matrix  instantaneous  plastic  tangent  modulus 
reaches  its  asymptotic  value  tight  after  yielding.  These  two  figures  are  used  to  show  die 
comparison  between  FDM  and  PHA  model  since  it  is  in  FDM  under  tins  load  omdition. 

Hgures  4.14  and  4.15  demOTSttate  the  constitutive  behavior  of  fibrous  composite 
when  a  bourxhng  surface  is  used  in  the  theory.  The  composite  material  system  used  in 
the  analysis  is  the  B/Al  where  the  material  properties  of  the  constituents  ate  listed  in 
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TaUe  4.3.  In  Hg.4.14,  tbe  loading  cycle  is  ^)ecified  so  that  die  magnitude  of  unloading  is 
small.  Therefore,  the  reloading  curve  is  flatter  than  unloading  curve  since  the  plasticity  is 
not  well  developed  in  the  unloading  stage.  This  results  in  the  reloading  curve  departures 
from  initial  loading  curve.  Hg.4.1S  shows  another  loading  cycle.  In  this  case,  the 
plasticity  has  been  well  developed  in  both  loading  and  unloading  segmem.  Therefore, 
when  the  composite  is  reloaded,  the  stress-strain  curve  merges  to  the  asymptotic  line. 
Note  that  the  stress-strain  re^ionse  of  the  loading  segment  is  the  same  as  the  stress-strain 
response  shown  in  Fig.  11  (bimodal  MDM  curve)  of  Dvorak,  et  al  [1990]. 

Another  illustration  of  the  bimodal  theory  is  shown  in  Fig.4.16  when  the  axial  stress- 
strain  response  of  (±o)t  B/Al  composite  is  given.  A  set  of  laminates  with  different 
orientations  (o=C°  co  90**  with  5°  increment  between  cases)  are  investigated.  The  FDM 
response  is  found  in  the  cases  when  o  is  less  than  25°  and  the  MDM  response  is 
found  when  o  greater  dum  30°.  As  expected,  die  response  of  the  laminate  is  stiffer 
under  the  FDM  deformation  because  of  die  constraints  imposed  by  the  fibers  on  the 
matrix  response. 

Hgures  4.17  and  4.18  show  the  response  of  B/Al  unidirecdonal  laminate  under  a 
loading  path  which  first  acdvates  the  MDM,  and  then  the  FDM.  The  loading  padi  is 
^lecified  as  follows: 

1.  At  point  A,  cTuasO  MPa  and  <732=0  MPa  (Xa»Xi). 

2.  At  point  B,  MPa  and  <722-100  MPa. 

3.  At  point  C,  <711^10  MPa  and  <722=75  MPa. 

4.  At  point  D,  <7iis600  MPa  and  <722=75  MPa. 

From  point  A  to  point  B,  the  re^tonse  is  basically  in  MDM.  hi  this  loatfing  segment, 
the  txansveise  response  (<7t-<t)  8^  elasdc  to  |fiastic  whereas  the  aadal  response 
(<n.'-€L)  remains  elasdc  since  there  is  no  plasdc  strain  in  fiber  direcsion  during  matrix- 
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dominated  defonnaiion.  From  point  B  to  point  C,  the  composite  is  in  unloading  from 
MDM.  This  is  indicated  by  linear  segments  of  BC  in  both  (Ta~^k  curve  and 
curve.  From  point  C  to  point  D,  the  composite  is  reloaded  to  FDM.  As  expected,  the 
axial  response  is  much  sdffer  (compare  to  segment  AB  of  <7r-«T  curve).  The  segment 
CD  in  <7T-tT  curve  is  the  response  which  induced  by  the  axial  load  (<rn=10  MPa  to  600 
MPa).  Although  it  is  in  plastic  range,  the  nonlinear  curve  can  not  be  seen  in  this  segment 
since  it  is  plotted  m  <7T-tT  relation  where  cr-r  is  constam  during  the  loading  segment. 

Figure  4.18  is  an  enlarged  portion  of  loading  points  A-B-C  of  curve  shown 
in  Fig.4.17.  These  two  figures  can  be  used  to  demonstrate  the  data  communication 
between  MDM  and  FDM  in  the  bimodal  plasticity  program. 


Cases 

Fonnuladon  and  algorithm  types 

C3>U  time 
(Sec.) 

a 

PHA  ,  stress-controlled,  return  instantaneous  sdffriess 
(Section  3.4) 

2338 

b 

Bimodal,  stress-controlled,  return  instantaneous  griffiness 
(Section  4.1.4) 

2,115 

c 

Bimodal,  strain-controlled,  return  instantaneous  sdffriess 
(Section  4.U) 

1,655 

d 

Improved  bimodal,  return  instantaneous 
(Sectimis  4.2.6  and  43) 

616 

e 

Elastic  te^wose  (Section  4.1) 

340 

TaUe  4.1  CPU  time  required  in  differem  constitndve  formulation  algotitfams. 


Cases 


Axial  strain  (xlO-3) 


Transverse  strain  (xlO-3) 


a(PHA) 

1.156675 

1 

tKBimodal) 

1.156075 

1 

c  (Bimodal) 

1 

'  1.156075 

d  (Bimodal) 

1.156075 

-0.802513 

-0.792350 

-0.792488 

-0.792488 


Table  4.2  Overall  Longitudinal  and  Transverse  Strains  After  Loading  Cycle. 


Propel  ties 


Rber 


Matrix 


Volume  fraction 

03 

_  “V  1 

Young’s  modulus  (MPa) 

4.0000  X  10+5 

7.2500  X  10+4 

Poison’s  ratio 

0.20 

0.33 

Initial  yield  stress  in 
tension  (MPa) 

2.3640  X  10+1 

Size  of  bounding  surface 
in  tension  (MPa) 

8.8335  X  10+1 

Ho  for  plastic  tangent 
modulus  (MPa) 

2.1000  X  10+4 

m  value  for  plastic  tangem 
modulus 

2.0 

h  value  for  plastic  tangent 
modulus  (MPa) 

3.6000  X  10+5 

Table  4.3  Material  Prcqwrties  for  Boron- Alumiman  Conqjositt 


- FDM  (SCM) 

- FDM  (VOIGT) 

B;  B-AI,  c,  =  0.5 
G:  Gr-AI,  Ci  =  0.5 


ngore  4.2  Initial  Yield  Soiface  in  the  <72i<Tii-fdaoe.  Companson 
of  FDM  and  MDM  in  Boron  and  firaphit^-Aiinwimnn 
Compotite  Systems.  [Dvorak  St  Bahei-B-Din  Sc  Dvonk,  19871 
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Hguxe  4J  Loitial  Yield  Soxface  of  a  B/Al  Composite  in  the  <72i<7|i-plane.  Compaxison 
of  Expenmental  Results  with  Yield  SurfKe  Deixved  fiom  Bimodal  Plastidty  Theory  and 
the  Periodic  Heaugooal  Anay  (PHA)  ModeL  [Dvorak  ft  Bahei-El-Din  ft  Dvorak,  1987] 
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•  Experimental 

—  Bimodal  Theory  (MOM) 

—  PHA  Model  (UB) 

—  PHA  Model  (LB) 

•  Center  of  Yield  Surfaces 


Fignre  4.4  Initial  Yield  SoifKe  of  a  B/Al  Composiie  in  the  <72i<72z-plsae. 
Companson  of  Esqwiiffiental  Results  with  MDM  Yield  Surface  and  die  Penodic 
Hexagonal  Axny  (PHA)  ModeL  [Dvonk  it  Babd-El-Din  it  Dvorak,  1987] 


Hgore  4.7  Geometry  of  the  Slip  Systems. 


Figaie 


o+pdc 


resentation  of  the  Method 
icqaeat  Yield  Sozface 
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ABSTRACT 

The  rate-dependent  behavior  of  high  temperature  composites  reinforced  with  aligned 
continuous  fibers  is  evaluated  numerically  for  an  idealised  periodic  hexagonal  array 
geometry  of  the  microstructure.  The  analysis  employs  the  finite  element  method  for  a 
representative  volume  dement  of  the  pemodic  geometrv.  Constitutive  equations  of  the 
phases  are  derived  from  a  new  thermo-viscoplastidty  theory  which  is  bas^  on  overstess 
measured  from  an  equilibrium  yidd  surf^,  and  a  two-suifoce  plastidty  theory. 
Numerical  predictions  of  multistep  creep  strains  compared  fairly  well  with  experimental 
measurements  for  a  SiC/Ti  unidirectional  composite. 

INTRODUCTION 

Future  applications  of  fibrous  metal  matrix  composites  in  aerospace  and  automobile 
industries  indude  high  temperatures  that  may  well  exceed  lOOQoC.  In  such  environment, 
the  behavior  of  most  conventional  alloys  is  sensitive  to  loading  rates.  Creep,  relaxation, 
thermal  recovery  and  other  time-dependent  phenomena  are  characteristic  of  thdr  behavior 
under  high  temperatures.  In  heterogeneous  media,  in  general,  and  fibrous  composites,  in 
particular,  these  phenomena  take  juace  under  lo^  stress  and  strain  fields  which  are 
neither  uniform  nor  proportional.  The  local  straining  rates  may,  therefore,  vary 
considerably  at  individual  material  points  within  each  phase.  Under  these  drcumstances, 
material  modds  which  are  both  geometrically  and  intrinsically  representative  of  high 
temperature  multiphase  materials  must  be  used  in  evaluation  of  thdr  behavior. 

Numerous  analytical  modds  have  been  propped  for  prediction  of  the  indastic 
response  of  fibrous  composites.  An  extensive  bibliography  appears  in  the  reviews  by 
Bahei-El-Din  and  Dvorak  (1989)  and  Dvorak  (1991).  Implementation  of  these  modds, 
however,  has  been  mostly  limited  to  room  tempmature  applications  in  which  constitutive 
behavior  of  the  phases  can  be  described  by  rate-independent  plasticity  theories.  In  this 
context,  a  recent  study  by  Dvorak  et  al.  ^1990)  of  the  reliability  of  the  predictions  made  by 
three  spedfic  models  of  fibrous  composites  in  comparison  to  experiments  showed  that 
somewhat  detailed  description  of  the  microgeometry  of  the  composite  is  essential  for 
reliable  predictions  of  plastic  strains. 

TlUs  paper  describes  a  viscoplastic  analysis  of  fibrous  composites  under  nonisothermal 
loads  in  a  high  temperature  environment.  The  analysis  employs  the  periodic  hexagonal 
array  (PHA)  modd  (Dvorak  and  Teply,  1985;  Teply  and  Dvorak,  1988)  and  the  finite 
element  method  to  compute  the  overall  response  of  unidirectional  composites.  A  similar 
analysis  utilizing  a  rate-independent  plastidty  theory  for  the  matrix  was  described  by  the 


authors  (Baha-E^-Din  et  al.,  1989).  In  the  present  paper,  constitutive  equations  of  the 
phases  were  derived  from  a  viscoplastidty  theory  whi^  includes  many  of  the  phenomena 
observed  in  high  temperature  exp^ments  of  metallic  alloys.  First,  we  briefly  describe  the 
composite  representative  domain  based  on  the  PEA  model.  The  new  viscoplastidty 
constitutive  equations  are  presented  next  and  followed  by  comparisou  of  predicted  and 
measured  indMtic  strains  of  a  unidirectional  ^con  carbide/titanium  composite  at 
devated  temperature. 

COMPOSITE  REPRESENTATIVE  DOMAIN 


The  composite  domain  used  in  predictions  of  fibrous  composites  was  sdected 
according  to  tlm  periodic  hexuonal  array  (PEA)  modd  devdoped  by  Dvorak  and  Teply 
(1985)  and  Teply  and  Dvorak  (; 1988V  In  tms  modd,  the  microstructural  geometry  in  the 
transverse  plane  of  a  unidirectionally  reinfiarced  fibrous  composite  is  represent^  by  a 
periodic  distribution  of  the  fibers  in  a  hexagcmal  array.  Cross  section  of  the  fibers  is 
approximated  by  a  nx6-sided  pdygon.  An  example  of  the  PEA  microgeometry  with 
dodecMonal  fiber  aoss  section  is  shown  in  Fig.  1. 

l^e  hexagonal  array  shown  in  Fig.  1  is  divided  into  two  unit  cells,  as  indicated  by  the 
shaded  and  unshaded  triangles.  Under  overall  uniform  stresses  or  strains,  the  two  sets  of 
unit  cdls  have  idated  internal  fidds.  Accordingly,  under  properly  prescribed  periodic 
boundary  conditions,  only  one  unit  cell  from  dther  set  needs  to  be  analyzed.  Figure  2 
shows  a  three  dimensional  view  of  one  of  the  unit  cells  with  hexagonal  fiber  cross  section. 

The  actual  analysis  is  performed  by  the  finite  dement  method.  The  unit  cell  is 
subdivided  into  a  sdected  number  of  subdements,  dement  material  properties  are 
prescribed  as  suggested  in  the  sequd.  The  dq^ree  of  mesh  refinement  may  vary  from  few 
dements  in  the  matrix  and  fiber  regions  to  several  hundred  dements.  Figure  3  indicates 
two  possible  subdivisions  of  the  unit  cell  in  the  transverse  plane.  The  effect  of  the  mesh 
geometry  on  the  computed  results  was  examined  bv  Bahd-El-Din  et  d.  (1987, 1989),  and 
Shah  and  Teply  (1989).  In  general,  evaluation  of  the  local  fidds  requires  a  large  number  of 
dements,  while  ^  dements  are  student  to  satisfactorily  compute  the  overall  response. 

TBERMO-VISCOPLASTICITY  OF  TEE  PEASES 


A  number  of  viscoplastidty  theories  based  on  internal  state  variables  have  been 
proposed  in  the  literature.  The  work  by  Benallal  and  Ben  Chdkh  (1987),  Chaboche  (1989), 
Krempl  et  al.  (1986),  Lindholm  et  al.  (1985),  and  Walker  (1981)  is  r^resentative  of  the 
modeling  efforts  for  the  time-dependent  behavior  of  unreimorced  materials  under 
thermomechanical  loads.  To  reflect  the  p^icular  indastic  behavior  of  ductile  materials 
under  nonisothermal,  nonproportional  loa^i^  conditions  that  exist  in  the  phases  of  a  high 
temperature  composite,  the  present  p^>er  introduces  a  new  rate-dependent  constitutive 
theory  which  is  based  on  overstress  measured  from  an  equilibrium  yidd  surface,  and 
incorporates  a  two-surface  plastidty  theory.  At  low  homologous  temperatures,  and 
isothermal  conditions,  the  new  constitutive  equations  reduce  to  the  formulation  by 
Eisenberg  and  Yen  (1981),  albdt  in  a  form  more  suitable  for  nonproportional  loading. 


Associated  Flow  Rule 

We  assume  the  matrix  and  fiber  phases  to  be  homogeneous  and  dastically  isotropic. 
Either  phase  may  exhibit  nonlinear  response  under  thermomechanical  loads  which  exceed 

the  dastic  limit  of  the  material.  The  total  strain  rate,  e  ,  is  divided  into  dastic,  thermal 
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and  indastic  components: 
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Assuming  the  thermodastic  properties  to  be  temperature-dependent,  the  dastic  and 
thermal  strain  rates  are  given  by 
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where  $  is  the  current  temperature,  A/{jki(^  is  the  dastic  compliance,  is  the 
Kronecker’s  tensor,  and  0  (0)  is  the  coefficient  m  thermal  expansion. 

The  inelastic  part  of  the  strain  is  found  with  the  help  of  viscoplasticity  theorems 
based  on  overstress  (Eisenberc  and  Yen,  1981;  Krempl  et  al.,  1986).  We  assume  the 
existence  of  an  equilibrium  yield  surface  which  is  the  locus  of  all  stress  states  that  can  be 
reached  from  the  current  state  by  purely  elastic  deformation.  Inelastic  deformation 
develops  only  when  the  stress  point  lies  outside  the  equilibrium  yidd  surface.  In  the 
presence  of  kinematic  and  isotropic  hardening,  a  Mises  form  of  the  current  equilibrium 
yidd  surface  can  be  written  as 

I  (*!  -  <<r  -  ( y  +  «)’  =  0 ,  (5) 

^  ij  ij  ij  ij 

where  sij  is  the  deviatoric  equilibrium  stress  tensor,  atj  denotes  the  center  of  the  yidd 
surface,  r  =  Y  (8)  is  the  yidd  stress  in  tension,  which  is  independent  of  the  loading  rate, 
and  (?  is  an  isotropic  hardening  function. 

Corresponding  to  a  given  stress  tensor,  stj,  which  lies  outside  the  yidd  surface  (5), 
there  exists  an  equilibrium  stress,  stj,  which  satisfies  (5),  Fig.  4.  Hence, 
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The  effective  overstress,  R,  is  a  measure  of  the  distance  between  the  actual  stress  point,  s  , 

iJ 

and  the  equilibrium  stress  pmnt,  s  ..  It  vanishes  if  the  stress  point  lies  on,  or  falls  inside 
the  yidd  surface.  In  particular. 


/{  =  [|  (s  -  s*  )(s  -  s*  )]*  if  /(s  -  o  )  >  0  ,  (7) 
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R  =  0  if  fis^-  Oy)  <  0  .  (8) 

The  indastic  strain  rate  is  found  from  an  associated  flow  rule  in  which  the  strain  rate 
is  normal  to  the  equilibrium  ^dd  surface  and  its  magnitude  is  assumed  in  the  form  of  a 
power  law  of  the  overstress  (Elenberg  and  Yen,  1981): 

r  P 

*;.  =  >/f3/2)*(tf)H  «.(s:p,  (9) 

where  the  functions  k{0)  and  p  are  material  parameters  and  nu  is  the  unit  normal  to 
the  yidd  surface  (5)  at  the  cunent  equilibrium  stress  point.  From  (5) 
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Under  thermomechanical  loads  applied  at  hirt  temperature,  evolution  of  the 
hardening  variables  Q  and  aij,  eq-  (5),  depends  not  only  on  the  loading  history  but  also  on 
time.  In  particular,  thermal  recovery  of  hardening  cau^  by  annealine  may  be  significant. 
The  evolution  equation  for  Q  can  be  written  in  the  following  form  wnich  is  suggested  by 
Nouailhaa  et  al.  (1983) 


(n(tf)-l) 


The  functions  9*(^>  9  (^)>  9r(^>  and  ni(0)  are  material  parameters,  and  1  is  the 

effective  inelastic  strain  rate; 


=  <'il  ]’=*(«)  A 


The  first  term  in  (11)  represents  isotropic  hardening  caused  by  inelastic  flow,  and  the 
second  term  represents  thermal  recovery  of  isotropic  hardening.  In  the  absence  of  thermal 
recovery,  the  size  of  the  yield  surface  /  in  the  deviatoric  stress  space  reaches  the 
asymptotic  value  ( K  +  9a)-  On  the  other  hand,  if  the  inelastic  strain  rate  is  zero,  the  size 
of  the  yield  surface  Y  in  the  virgin  state  is  recovered  either  totally  (Qt  =  0),  or  partially 
(QrM). 

In  analogy  with  (11),  and  permitting  complete  thermal  recovery  of  kinematic 
hardening,  the  evolution  equation  for  the  center  of  the  yield  surface,  ajj,  can  be  written  as 
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In  the  absence  of  inelastic  deformation,  complete  thermal  recovery  of  kinematic  hardening 
is  acUeved  by  the  second  term  in  (13).  The  functions  c^S)  and  mr{S)  are  material 

parameters,  and  a  is  the  magnitude  of  Oij  defined  by  the  invariant 


a=(a  ot  )*•  (14) 
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The  first  term  in  (13)  represents  kinematic  hardening  caused  by  inelastic  deformation  in 
the  absence  of  thermsJ  recovery.  The  unit  tensor  t/ij  defines  the  direction  of  translation  of 
the  ield  surface  in  the  deviatoric  stress  space,  and  can  be  specified  according  to  the 
hardening  rules  applied  in  rate-independent  plasticity  theories.  Here,  we  sdect  the 
Phillips  hardening  rule  which  has  been  observed  in  room  temperature,  and  high 
temperature  expenments  on  certain  materials  (Phillips  et  al.,  1972;  Dvorak  et  al.,  198b). 
In  particular,  we  specify 
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V  =  n  if  s  =  0  . 
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The  factor  n  in  (131  is  found  from  Prager’s  consistency  condition,  /  =  0,  when 
translation  of  the  yield  surface  is  specified  by  the  first  term  in  (13); 
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Using  (10)j,  eq.  (17)  can  be  rewritten  as 


n  .  s*.-  n  n  .  v  .  -  ^2/3)  (  V  +  Q)  =  0  .  (18) 

The  first  term  in  (18)  is  found  by  equati^  the  inelastic  strain  rate  given  by  (9)  and  the 
inelastic  strain  rate  given  by  the  associated  flow  rule  of  rate-independent  plasticity 
(Eisenberg  and  Yen,  1981).  The  result  is 


••  r  P 

n  .  s..  =  7(2/3)  lH(ff}k(^  R  +  Y{0)]  ,  (19) 

where,  H  (^  is  the  instantaneous  tangent  modulus  of  the  inelastic  stress-strain  equilibrium 
curve.  SuWituting  (11),  retaining  only  the  first  term,  and  (19)  into  (18)  and  using  (12), 

the  factor  ft  can  be  found  as 
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Two-Surface  Plasticity  Theory 

A  bounding  surf^  is  used  to  establish  the  instantaneous  tangent  modulus  H  and  to 
describe  the  cydic  behavior  of  the  material,  Fig.  4.  This  surface  is  derived  as  an  isotropic 
expansion  of  the  initial  equilibrium  yield  surface.  During  inelastic  deformation,  the 
bounding  surface  translates  in  the  stress  space  and  exhibits  isotropic  changes  as  well. 
Translation  of  the  bounding  surface  is  dictated  by  the  requirement  that  the  yield  surface 
and  the  bounding  surface  have  a  common  normal  when  they  become  in  contact.  Details  of 
this  kinematic  hardening  rule  are  given  by  Dafalias  and  Popov  (1976).  In  analogy  with  the 
equilibrium  yidd  surface,  thermal  reoov^  of  isotropic  as  well  as  lanematic  hardening  of 
the  bounding  surface  can  be  included  in  our  model.  This  is  omitted  here  for  brevity.  We 
only  mention  that  the  recovery  terms  for  isotropic  and  kinematic  hardening  of  the 
bounding  surface  assume  a  form  similar  to  those  su^ested  above  for  the  yield  surface,  but 
with  new  material  parameters. 

The  instantaneous  tangent  modulus,  H,  is  found  as  a  function  of  the  distance,  6, 


between  the  equilibrium  stress,  sij,  and  a  corresponding  point  on  the  bounding  surface,  i^., 
with  unit  normal  nij(sij)  =  n{j(sij): 
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where  6o  is  the  distance  between  the  ^eld  surface  and  the  bounding  surface  at  the  onset  of 
inelastic  deformation.  When  the  equilibrium  stress  point  lies  on  the  boun^ng  surface,  the 
plastic  tangent  modulus  assumes  the  asymptotic  value  rfo(^-  Both  Hoiff)  and  h  (ff)  need  to 
be  determined  experimentally. 

COMPARISON  WITH  EXPERIMENTS 

The  V  'coplastidty  constitutive  equations  described  in  the  preceding  section  were 
implemented  in  the  ABAQUS  finite  dement  program.  The  program  was  used  to  evaluate 
the  rate-dependent  behavior  of  unidirectional  composites  using  the  geometry  specified  by 
the  PHA  model.  In  the  present  paper,  we  used  a  coarser  version  of  the  mesh  shown  in 
Fig.  3a  (40  matrix  elements,  and  18  fiber  dements!  to  evaluate  and  compare  the  overall 
multistep  creep  strains  of  a  unidirectional  SCS6/T1— 15^  composite  to  the  experimental 
results  provided  by  Tattle  et  al.  (1990)  at  566*  C. 

Elastic,  isotropic  behavior  is  assumed  for  the  silicon  carbide  fiber.  The  fiber 
properties  are  shown  in  Table  1  at  566*  C.  The  titanium  matrix  is  dastic^scoplastic. 


The  nuteriai  parameten  leqaired  by  the  viicoplaftidty  theory  described  above  were  foond 
by  fitting  the  stress-strain  response  measut^  experimentwy  tor  several  nnieinforced 
titanium  specimens  fabricated  by  difiosion  bonding  of  Ti— 15-3  mils.  The  properties  of  the 
neat  matrix  are  therefore  expected  to  be  representative  (tf  the  tn  situ  properties  of  the 
matrix  phase  in  the  compete. 

Six  nnieinforced  Ti— 15-3  spedmens  were  tested  in  uniaxial  tension  by  Tuttle, 
Rogat^  SAd  Johnson  (1990)  at  room  temperature,  482oC,  and  649oC.  At  ea!^ 
temperature,  two  tension  tests  were  performed,  one  under  stress-eontroUed  loading  at  a 
rate  of  2.6  MPa/s,  the  other  under  strain-contrdled  loading  at  a  rate  of  10'</s.  The 
strain-contrdUed  tests  consisted  of  a  number  oi  loading  and  idaxation  periods.  The  hold 
strain  and  time  are  given  in  Table  2  for  the  three  test  temperatures.  Figures  5  and  6 
compare  the  computed  and  measured  stress-strain  curves.  Tim  matrix  parameters  used  in 
fitting  the  experimental  curves  are  shown  in  Table  3.  The  script  Latin  letters  shown  in  the 
first  c(dumn  of  Table  3  indicate  material  parameter  idated  to  the  boun^ng  surface  and 
have  the  same  meaning  of  their  yidd  surface  counterparts.  For  example,  is  the  ’radius’ 
of  the  bounding  surface,  and  .cr  ,  «•  r  are  material  parameters  which  define  tte  recovery 
term  for  kinematic  hardening  of  the  teundi^  surface.  Bdaterial  parameters  not  shown  in 
Table  3  are  assumed  sero.  For  intermediate  tempmatures,  the  material  constants  are 
found  by  linear  interpolation  between  the  values  given  in  TaUe  3. 

The  phase  properties  determined  above  were  used  in  the  PHA  modd  to  compute  the 
overall  strains  in  the  fiber  direction  of  a  O^,  SCS6/Ti— 15-3  composite  corresponding  to  the 
multistep  creep  loading  history  shown  in  Fig.  7.  The  axial  strain  computed  at  ^6oC  is 
compared  to  the  expenmental  record  provii^  by  Tuttle  et  al.  (1990)  In  Fii?.  8.  At  the 
onset  of  creep  strain,  marked  in  the  figure  for  each  stress  levd,  the  computeu  and  measured 
axial  strains  are  matched.  In  this  way,  we  compare  the  results  for  the  creep  behavior 
alone,  and  diminate  any  descripandes  between  the  experiments  and  the  numerical 
simulation  that  might  have  been  caused  during  application  of  the  overall  stress. 

CONCLUSION 

The  nonisothermal  dastic— viscoplastic  response  of  fibrous  composites  at  high 
temperatures  was  modded  using  the  periodic  hexagonal  array  (PHA)  modd.  Constitutive 
equations  of  the  phases  were  derived  from  a  new  visooplastidty  theory  which  is  based  on 
overstress  measured  from  an  equilibrium  yidd  surface,  and  indudes  isotropic  and  kinematic 
hardening  rules  with  thennal  recovery  tmns.  A  two-«ui&ce  plastidty  theory  was  also 
incorporated  in  the  modd  to  account  for  nonproportional  loading.  The  modd  involves 
several  material  parameters,  the  number  of  which  increases  as  the  material  behavior 
becomes  more  complex.  For  example,  modeling  comjdete  thermal  recovery  requires  four 
parameters,  two  for  isotropic  hardening  and  two  for  kinematic  hardening.  Modding  partial 
thermal  recovery  in  isotropic  hardening  requires  one  additional  constant. 

Actual  calculations  of  the  overali  strains  were  performed  with  the  ABAQUS  finite 
dement  progrm  for  a  unit  cdl  of  the  composite  as  defined  by  the  PHA  modd.  Axial 
strains  found  in  a  high  temperature  multistep  creep  test  performed  on  a  SCS6/Ti-15-3 
composite  were  successfully  reproduced  by  the  modd. 
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Table  1  Thennoelastic  a)nstanti  of  SCS6  fiber 


Temperature 

E  * 

t 

V 

0  * 

(“C) 

(GPa) 

(10'*/  ‘’C) 

566 

397.1 

0.25 

4.6 

Young’s  Modulus, 
t 

Poisson’s  Ratio. 

^Coefficient  of  Thermal  Expansion. 


Table  2  Hold  strain  and  time  applied  in  rdaxation  tests  of  Ti— 1&-3  experiments 


Strain  (%) 

21®C 

Hdd  Time  (s) 
482°C 

649'’C 

0.75 

690 

450 

1.50 

300 

300 

300 

2.25 

300 

540 

300 

3.00 

300 

480 

300 

3.75 

300 

600 

300 

4.50 

300 

480 

300 

5.25 

300 

540 

300 

6.00 

— 

480 

300 

6.75 

660 

— 

Table  3  Elastic-thermoviscoidastic  constants  of  Ti-15-3  matrix 


Material 

Constant 

Units 

21®C 

482®C 

649"C 

E 

GPa 

92.4 

72.2 

55.0 

V 

0.351 

0.351 

0.351 

Y 

MPa 

790 

45 

15.5 

Ho 

MPa 

1400 

40 

50 

h 

GPa 

21 

350 

162 

Jf 

MPa 

915 

1100 

316 

P 

3.75 

1.85 

1.43 

k 

(MPar^/s 

1.8x10*^ 

4.2x10-^ 

3.2x10** 

0^ 

MPa 

-120 

-10 

-5.0 

A 

MPa 

350 

100 

95 

9 

800 

5.5 

2.61 

9 

800 

5.5 

2.61 

mr 

1.2 

1.29 

1.35 

mx 

1.2 

1.29 

1.35 

Cr 

(MPar^^+V* 

8.0xl0-‘ 

5.0x10** 

2.0x10** 

4 

(MPa)"*  r+l/g 

8.0x10-* 

5.0x10** 

2.0x10* 
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Examidea  of  finite  element  subdivisions  of  the  PHA  unit  cell  in  the 
transverse  plane. 


Schematic  of  equilibrium  yield  surface  and  bounding  surface  in  the  deviatoric 
stress  space  of  an  elastically  isotropic  material. 
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Fig.  7  Stress  history  applied  in  multistep  creep  test  of  a  SCS6/Ti-15-3  composite. 


Fig.  8 


Comparison  of  computed  and  measured  strain  found  in  multistep  creep  test 
on  a  SCS6/Ti-15-3  composite. 


APPENDIX  E 

Dimensional  Stability  of  Metal— Matrix  Laminates 


Composites  Science  and  Technology  43  (1992)  207-219 


Dimensional  stability  of  metal-matrix 

laminates 


Yehia  A.  Bahei-El-Din,*  George  J.  Dvorak  &  Jer-Fang  Wu 

Department  of  Civil  Engineering,  Rensselaer  Polytechnic  Institute,  Troy,  New  York  12180-3590.  U  S  A. 
(Received  11  September  1990;  accepted  4  January  1991) 


The  dimensional  stability  of  metal  matrix  composite  laminates  under  thermal 
fluctuations  and  thermomechanical  load  cycles  is  examined.  The  system 
considered  as  a  model  material  is  a  Gr/AI  {±<p),  laminate.  The  analysis  is 
performed  by  the  flnite-element  method  while  the  underlying  constitutive 
equations  of  unidirectional  composites  are  provided  by  the  periodic- 
hexagonal-array  (PHA)  micromechanical  model.  A  computationally  more 
efficient  and  equally  accurate  method  based  on  fiber-dominated  analysis  of 
unidirectional  composites  by  the  self-consistent  method  is  also  presented.  The 
results  show  that  laminates  of  the  model  system  with  =  12*  are  dimensionally 
stable  in  the  elastic  range  when  subjected  to  pure  temperature  changes.  Plastic 
deformation  of  the  matrix  causes  permanent  dimensional  changes,  which  can 
be  reduced  by  heat  treatment  of  the  composite.  Under  thermomechanical 
loads,  (±4P),  laminates  are  not  in  general  dimensionally  stable.  Dimensional 
stability  of  the  laminate  was  enhanced  by  plastic  deformation  of  the  matrix  for 
in-phase  thermal  and  mechanical  load  cycles  and  reduced  for  out-of-phase 
cycles. 

Keywords:  metal  matrix  laminates,  dimensional  stability,  thermoplasticity, 
thermomechanical  loads,  finite  elements,  micromechanics. 


1  INTRODUCTION 

In  certain  aerospace  structures,  high  specific 
stiffness  and  strict  dimensional  tolerances  are 
major  design  criteria.  The  typical  loads  consist  of 
thermal  fluctuations  in  the  range  of  ±200°C, 
which  may  be  accompanied  by  mechanical  load 
cycles.  Among  the  leading  material  candidates  in 
these  applications  are  metal  matrix  composites. 
In  particular,  continuous  graphite-fiber- 
reinforced  metals  are  considered  for  their  high 
axial  stiffness  and  low  coefficient  of  thermal 
expansion. 

The  thermal  mismatch  in  the  axial  direction 
between  the  fiber  and  matrix  phases  in 
graphite-reinforced  composites,  however,  is 
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large.  This  causes  large  local  stresses  to  develop 
in  the  phases  and  it  leads  to  plastic  deformation 
in  the  matrix  under  small  temperature  changes. 
For  example,  a  simple  calculation  of  the  matrix 
axial  stress  in  a  unidirectional  6061-F  Al/Gr  com¬ 
posite  reveals  that  the  composite  yields  after  a 
temperature  change  of  about  40“C.'  Similar 
observations  were  found  in  tests  performed  on 
Gr/Al  and  Gr/Mg  composites. Under  these 
circumstances,  dimensional  stability  of  metal 
matrix  composite  materials  and  laminates  should 
be  examined  with  accurate  micromechanical 
models,  which  permit  plastic  deformation  of  the 
matrix. 

In  this  paper,  dimensional  stability  of  Gr/AI 
composite  laminates  is  evaluated  for  purely 
themal  as  well  as  thermomechanical  load  cycles. 
The  effects  of  matrix  yield  stress,  hardening,  and 
coupling  between  thermal  and  mechanical  loads 
on  the  dimensional  stability  of  (±<p),  laminates 
are  of  primary  interest.  The  elastic-plastic 
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analysis  used  in  this  study  is  a  finite-element- 
based  procedure  that  incorporates  micromechani¬ 
cal  models  for  unidirectionally  reinforced 
materials.’*  The  results  presented  here  were 
obtained  from  the  ABAQUS  finite-element 
program  with  the  constitutive  equations  derived 
from  the  periodic  hexagonal  array  (PHA) 
model.*"'*  The  paper  also  presents  a  laminate 
analysis,  which  can  be  used  in  lieu  of  the 
finite-element  method  for  composite  systems  that 
exhibit  fiber-dominated  deformation,^  such  as 
graphite-fiber-reinforced  composites. 

The  plan  of  the  paper  is  as  follows.  In  Section 
2,  we  address  the  thermomechanical  loading 
problem  for  laminates  and  discuss  available 
methods  of  analysis.  A  laminate  analysis  based 
on  conespondence  between  mechanical  and 
thermal  loads  is  presented  in  this  section.  In 
Section  3,  we  present  finite  element  results  for 
the  dimensional  stability  of  (±<p),  Gr/AI 
laminates.  Finally,  the  method  of  Section  2  is 
used  to  generate  master  curves  for  evaluation  of 
axial  strains  in  (±<p),  laminates  corresponding  to 
a  wide  range  of  axial  load/temperature  ratios. 


2  THERMOMECHANICAL  ANALYSIS  OF 
LAMINATES 

Consider  a  symmetric  laminate  consisting  of 
several  identical  unidirectionally  reinforced  thin 
laminae  in  which  the  matrix  is  isotropic,  and  the 
fiber  is  transversely  isotropic  and  their  properties 
are  not  a  function  of  temperature.  The  plane  of 
the  laminate  coincides  with  the  X1X2  plane  of  a 
Cartesian  co-ordinate  system  that  is  parallel  to 
the  XiX2  planes  associated  with  the  laminae.  The 
i]  and  X)  axes  are  perpendicular  to  the  plane  of 
the  laminate.  The  fiber  orientation  of  lamina  i  is 
specified  by  the  angle  <Pi  between  the  local  jc, 
axis  and  the  overall  X|  axis.  If  the  laminate  is 
subjected  to  the  in-plane  stress  increments  dan. 
da22,  da, 2,  together  with  the  temperature 
increment  dd,  we  wish  to  evaluate  the  local 
stresses  in  the  matrix  and  fiber  as  well  as  the 
overall  strain. 

The  solution  to  this  problem  can  be  obtained 
in  several  different  ways.  One  approach,  which  is 
employed  in  Section  3,  uses  the  finite-element 
method  for  a  stack  of  elements,  each  of  which 
represents  a  unidirectional  lamina  with  specified 
fil^r  orientation.  In  the  present  study,  we  used 
the  ABAQUS  program,  in  which  constitutive 


equations  of  the  unidirectional  composite  are 
provided  by  the  PHA  model.*"*  Figure  1  shows 
an  example  of  the  finite-element  mesh  for  a 
(±<p),  laminate.  It  consists  of  two  eight-noded 
brick  elements,  one  for  each  and  —  <p  ply. 
Uniform  displacements  were  prescribed  on  each 
surface  of  the  finite-element  domain.  To  simulate 
the  symmetric  layup,  the  displacements  in  the  x, 
direction  were  prescribed  as  zero  for  the  nodal 
points  in  the  XiXj  plane. 

Another  approach  to  the  solution  of  the  stated 
laminate  problem  is  the  laminate  theory,  which 
assumes  that  the  plies  have  equal  in-plane 
strains.  As  before,  the  response  of  each  ply  is 
derived  from  a  micromechanical  model  of  the 
composite.  Bahei-El-Din  and  Dvorak found  the 
solution  for  mechanical  loads  by  using  the 
laminate  theory  and  the  vanishing-fiber-diameter 
(VFD)  model."  Their  approach  was  used  for 
thermomechanical  loading  of  unidirectional  com¬ 
posites  and  laminates  by  Bahei-El-Din*  and  Min 
and  Grossman.^  Alternatively,  Bahei-El-Din'^ 
converted  the  thermomechanical  problem  for 
laminates  to  a  mechanical  loading  problem  that 
can  be  solved  by  the  laminate  theory.  The 
method  used  is  based  on  a  decomposition 
procedure  which  was  introduced  by  Dvorak"  for 
unidirectional  composites  (see  Appendix  A).  In 
this  method,  the  plies  are  separated  and  in-plane 
tractions  are  applied  to  each  ply  in  order  to 
maintain  the  current  stresses.  A  temperature 
increment  d0  is  then  applied  to  the  plies 
according  to  the  procedure  given  by  Dvorak." 
This  leaves  each  ply  with  axisymmetric  auxiliary 
stresses,  dd  in  the  axial  direction  and  Srdd  in 
the  transverse  plane.  The  corresponding  over-all 


Fi|.  1.  Finite  element  mesh  for  (±9’),  laminates. 
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strains  are  isotropic  and  uniform  in  the  entire 
composite  (see  Appendix  A).  Hence,  the  strains 
are  compatible  in  the  jcij:,  plane  regardless  of  the 
fiber  orientation,  and  the  laminate  can  be 
reassembled.  Upon  reassembly,  the  laminate 
supports  an  overall  stress  da,  which  equilibrates 
the  lamina  stresses. 

For  the  (±gp),  laminates  considered  in  the 
present  paper,  the  stress  components  of  do  are 
given  by:‘^ 

dd,,*s,d0,  dd22  =  S:d0,  da33  =  5Td0,  (1) 

dd23  =  dd3,  =  do,  2  =  0,  (2) 

Si  =  s^cos^  tp  +  Sr  sin- tp, 
s,  =  s^  sin^  <JP  +  5t  cos^  <p. 

The  stresses  s^  and  Jt  are  given  in  Appendix  A. 
The  actual  fields  caused  by  the  temperature 
change  dd  are  found  by  superposition  of  the 
fields  developed  in  the  plies  of  the  decomposed 
laminate  and  those  caused  by  removal  of  the 
over-all  stress  dd.  Simultaneous  application  of 
the  in-plane  stress  increments  da,,,  da22.  da, 2 
and  the  temperature  increment  dd  to  the 
laminate  is  therefore  equivalent  to  application  of 
the  mechanical  load: 

do*  =  [(da,,  -  j,  d0)(da22  -  ^2  d0) 

-5Td0da,2  0  0]'^.  (4) 

The  equivalent  mechanical  load  (4)  consists  of 
in-plane  stresses  and  out-of-plane  normal  stress. 

Let  a  superimposed  prime  on  the  stress  or 
strain  vectors  indicate  (3  x  1)  arrays  listing 
quantities  associated  with  the  x,X2  plane  of  the 
laminate,  e.g. 

do'  =  [da,,  da22da,2]^, 
dc'  =[dc„d€22  2d€,2r. 

The  over-all  in-plane  strains  caused  by  simul¬ 
taneous  application  of  da'  and  dd  are  then  found 

as;‘‘ 

d€'  =  /ild0-»--lf[da'-(sdfl-*-<<jT)d01  (5) 

where  s  =  [s,  S2  0)^,  1  =  [1  I  0]^,  and  h  is  given 
in  Appendix  A.  Matrix  M  is  the  instantaneous 
compliance  of  the  laminate  associated  with 
in-plane  loads,  and  it  defines  in-plane  stresses 
caused  by  unit  out-of-plane  normal  stress  when 
the  in-plane  strain  dc’  equals  zero.  Expressions 
for  M  and  /t  are  given  in  Appendix  B.  The  first 
term  in  eqn  (S)  is  the  uniform  strain  generated  in 
each  ply  of  the  decomposed  laminate  by  the 


:(W 

axisymmetric  stresses  and  Sjdd.  The 

second  term  is  the  strain  caused  by  application  of 
the  equivalent  stress  da*,  eqn  (4).  to  the 
laminate. 

The  non-zero  matrix  stresses  in  the  plies  are 
the  in-plane  stresses  dain  =  [daV,  daT2  da',",)'^  and 
the  out-of-plane  component  dafy.  The  matrix 
stresses  are  non-uniform  in  reality. '■*  Here, 
however,  we  adopt  Hill’s  approach^’  and 
compute  the  average  stress  in  the  phases.  Let  “S 
and  ^  define  the  in-plane  average  stress 
concentrations  for  the  matrix  of  a  specific  ply 
under  over-all  in-plane  stresses  and  out-of-plane 
normal  stress,  respectively.  The  first  column  of  ^ 
is  the  stress  da;i,  caused  by  over-all  stress  da, ,  =  1 
applied  to  the  laminate,  the  second  column 
corresponds  to  da22=  1,  etc.  Similarly.  ^  is  the 
stress  da;^  caused  by  da33  =  1.  Now,  the  matrix 
in-plane  stress  in  the  ply  under  consideration 
caused  by  da  and  dd  can  be  written  as: 

da'„  =  Srldd -i- ^da' -  sdd) -^xdd.  (6) 
The  stress  da^j  is  written  as: 

da™3  =  Sr  dd  +/^(da'  -  s  dd)  -  eSr  dd,  (7) 

where  «  are  stress  concentration  factors  for 
matrix  out-of-plane  normal  stress  corresponding 
to  over-all  in-plane  stresses  and  out-of-plane 
normal  stress,  respectively.  Formulae  for  the 
concentration  factors  r  are  given  in 

Appendix  B.  They  are  functions  of  the  fiber 
orientation,  local  instantaneous  properties  of  the 
phases,  and  phase  volume  fractions.  The  first 
term  in  eqns  (6),  (7)  is  the  isotropic  stress  caused 
in  the  matrix  by  the  axisymmetric  stresses  SAdd 
and  Srdd  in  the  decomposed  laminate  (see 
Appendix  A).  In  a  plastically  incompressible 
matrix,  this  isotropic  stress  state  does  not  cause 
plastic  deformation.  The  second  term  in  eqns  (6). 
(7)  is  the  stress  caused  by  the  in-plane 
mechanical  load  (da'  -sdd),  and  the  third  term 
is  the  stress  caused  by  removing  the  out-of-plane 
normal  stress  ^rdd. 


3  DIMENSIONAL  STABILITY  OF  (±9>). 
LAMINATES 

3.1  Elastic  coeffident  of  thennal  expansion 

The  system  under  consideration  is  a  graphite- 
fibre-reinforced  composite.  This  is  a  particularly 
attractive  system  in  dimensionally  accurate 
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TaMe  1.  Material  propcriica  for  gnpkHc  fiber  aid  ataai- 
abui  aalifo 


Ea 

(GPa) 

Et 

(OPa) 

Ga 

(GPa) 

Va 

(10-TC)  (lO'VC) 

PlOO  Graphite 

690 

607 

15-5 

0-41 

-1-62 

10-8 

Aluminum 

72-4 

72-4 

27-2 

0-33 

240 

240 

applications,  since  the  graphite  fiber  has  a 
negative  coefficient  of  thermal  expansion  (CTE) 
in  the  axial  direction,  which  tends  to  reduce  the 
axial  thermal  strain  developed  in  metal  matrix 
composites.  A  dimensionally  stable  laminated 
system  can  therefore  be  designed  by  variation  of 
the  fiber  volume  content  and/or  the  fiber 
orientation.  Here,  we  assume  that  the  fiber- 
volume  fraction  is  constant  in  all  laminae  at  0-5 
and  select  aluminum  for  the  matrix  material. 
Elastic  properties  of  the  matrix  and  fiber  are 
shown  in  Table  1. 

The  effect  of  the  fiber  orientation  in  (±9’), 
laminates  on  the  over-all  axial  CTE  is  examined 
in  Fig.  2.  Computation  of  the  over-all  response  of 
the  laminate  was  made  with  the  ABACUS 
program  and  the  implemented  PHA  model  by 
using  the  finite-element  mesh  of  Fig.  1.  It  is  seen 
that  the  unidirectional  composite  does  not  exhibit 
dimensional  stability  in  the  elastic  range. 
Dimensionally  stable  systems  are  found  at 
<p  =  12",  38".  Strength  and  stiffness  considera¬ 
tions  exclude  the  system  with  <p  -  38".  Our 
subsequent  analysis  will  therefore,  focus  on 
(±12),  laminates. 

3.2  laMal  yiddiiig 

The  over-all  initial  yield  surface  of  a  composite 
laminate  is  the  envelope  of  all  stress  states  that 


V1|.  2.  Variation  of  axial  elastic  coefficient  of  thermal 
expansion  of  (±^),  laminates. 


can  be  reached  from  the  current  state  by  purely 
elastic  deformation  in  the  matrix  phase  for  all 
plies.  The  yield  surface  may  translate  in  the 
over-all  stress  space  as  a  result  of  hardening  of 
the  matrix  and/or  the  constraint  imposed  on  the 
matrix  deformation  by  the  fibers.  "  Matrix 
hardening  takes  place  only  when  plastic  strain 
develops  in  the  matrix,  whereas  constraint 
hardening  is  present  for  both  elastic  and 
elastic-plastic  systems  when  mechanical  loads  are 
coupled  with  thermal  changes.  It  was  shown  by 
Dvorak,  Rao,  and  Tarn'®  and  Bahei-El-Din'^  that 
the  over-all  yield  surfaces  of  unidirectional 
composites  and  laminates  translate  in  the  stress 
space  if  the  composite  is  subjected  to  a  thermal 
change. 

For  elastic  laminates,  the  translation  is  given 
by  the  stress  vector  dd  (eqns  (l)-(3)).‘’ 
Evaluation  of  the  yield  surface  translation  for 
elastic-plastic  laminates  is  more  complex.  In  the 
examples  given  in  the  sequel,  the  over-all  yield 
surface  and  its  translation  were  found  from  the 
laminate  analysis  given  in  Refe  10  and  17. 

Figure  3  shows  three  sections  of  the  initial 
yield  surface  (A0  =  O)  of  (±12)„  Gr/Al  lamin¬ 
ates  in  the  plane  stress  space.  The  yield  surfaces 
were  computed  for  a  von  Mises  matrix  and  a 
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fit.  3.  Initial  yield  surfoces  for  a  (±12),  laminate. 
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matrix  tensile-yield  stress  of  70  MPa.  The  latter  is 
approximately  the  magnitude  of  the  yield  stress 
for  6061  aluminum  in  the  as-fabricated  condition. 
For  each  ply.  there  is  a  yield  surface  in  the 
over-all  stress  space.  The  over-all  yield  surface  is 
the  inner  envelope  of  the  two  surfaces  shown  in 
Fig.  3.  Note  that,  in  the  a, ,022  plane,  the  yield 
surfaces  of  the  +cp  and  -<p  plies  coincide. 

Under  a  temperature  change  d6,  the  centers  of 
the  yield  surfaces  for  the  -f-(p  and  -<p  plies  are 
located  at  do  (eqns  (l)-(3)).  At  the  onset  of 
yielding,  at  least  one  of  the  yield  branches 
contains  the  stress  origin.  This  is  shown  in  Fig.  3, 
where  yield  surfaces  of  the  (±12),  laminate  are 
drawn  at  the  yield  temperature  A6  =  42X.  Note 
that  both  plies  yield  together  and  that  the 
response  under  subsequent  mechanical  loading 
will  be  very  much  affected  by  the  temperature 
change.  For  example,  after  the  temperature 
change  indicated,  the  laminate  response  is  elastic 
under  axial  tensile  stress  Ou  and  elastic-plastic 
under  axial  compression.  In  the  a, ,0,2  plane,  the 
over-all  elastic  domain  is  reduced  substantially 
after  the  temperature  change,  while  it  completely 
disappears  in  the  a-iiOn  plane. 

The  implication  is  that  relatively  small 
temperature  changes  may  cause  yielding  of 
laminates  and  that  the  over-all  deformation 
under  thermal  loading  can  be  affected  sig¬ 
nificantly  by  the  presence  of  mechanical  loads 
and  vice  versa.  Moreover,  the  mechanical- 
loading  direction  is  expected  to  influence 
dimensional  stability  under  thermal  loads.  These 
effects  are  examined  in  the  subsequent  sections. 

3.3  Oimensiooal  stability  under  pore  thennai 
loading 

It  was  shown  that  initial  yielding  of  the  composite 
laminate  occurs  for  a  temperature  change  of  only 
42°C.  In  this  section,  we  consider  applications  in 
which  the  laminate  is  subjected  to  thermal  cycles 
in  the  range  ±120°C.  Consequently,  plastic 
deformation  develops  in  the  aluminum  matrix, 
which  may  affect  the  dimensional  stability  of  the 
composite.  Linear  work-hardening  was  assumed 
for  the  matrix  response  in  the  plastic  range.  Two 
values  were  considered  for  the  elastic-plastic 
tangent  modulus,  of  the  matrix,  (£,,„/£)„  = 
0  167,  0-667.  which  correspond  to  plastic  tangent 
moduli,  H,  of  14-5  GPa  and  145  GPa, 
respectively. 
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FIf.  4.  Temperature/axial-strain  response  of  a  unidirec¬ 
tional  composite  and  (±12),  laminate  with  (£„„/£)„  = 
0-167. 

Figures  4  and  5  show  the  axial  thermal  strains 
generated  in  unidirectional  and  (±12),  Gr/Al 
laminates  under  the  temperature  cycle  20-^ 
120-»- -120-+ 120°C.  Although  the  composite  is 
dimensionally  stable  for  tp  =  12°  in  the  elastic 
range,  it  is  not  stable  in  the  plastic  range. 
Furthermore,  the  0°  lamina,  which  did  not 
exhibit  stability  in  the  elastic  range,  developed 
a  total  strain  during  the  thermal  cycle  much 
smaller  than  that  found  for  qp  =  12°.  Hence,  the 
dimensional  stability  of  the  laminate  was 
enhanced  by  plastic  deformation  of  the  matrix  for 
the  0°  laminate  and  reduced  for  the  (±12), 
laminate.  As  expected,  the  over-all  strains  found 
for  the  composite  with  (£,,„/£)„  =  0-667  (Fig.  5) 
are  much  smaller  than  the  strains  found  for 
(£un/£)n.  =  0-167  (Fig.  4). 

The  axial  CTE  in  the  elastic  and  elastic-plastic 
ranges  are  compared  in  Fig.  6  for  0  s  <p  <  45°. 
The  magnitudes  of  the  over-all  CTE  were  found 
as  the  slopes  of  the  linear  parts  of  the 
strain-temperature  curves  computed  for  each 
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Flf.  5.  Temperature/axial-strain  response  of  a  unidirec¬ 
tional  composite  and  (±12),  laminate  with  (£„„/£)„,= 
0-667. 
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Flf.  6.  Variation  of  axiai  coefficient  of  thermal  expansion 
for  (±(p),  laminates. 

layup  by  using  ABAQUS  (see,  for  example.  Figs 
4,  5).  It  is  clear  that  plastic  deformation  of  ^he 
matrix  affects  the  dimensional  stability  of 
composites  to  a  great  extent.  For  example,  elastic 
laminates  have  a  vanishing  CTE  for  =  12®,  38®, 
whereas  laminates  with  the  stiffer  matrix  in  the 
plastic  range  show  this  property  at  <p  =  2®,  41®. 
On  the  other  hand,  laminates  with  the  softer 
matrix  in  the  elastic-plastic  range  have  a 
vanishing  CTE  at  <p  =  45®.  The  large  lamination 
angles  are  obviously  not  useful  in  real  applica¬ 
tions  since  they  lead  to  large  plastic  strains  and 
reduce  the  composite  stiffness  substantially. 

Figure  7  shows  the  total  axial-strain  range 
found  during  the  thermal  loading  cycle  indicated 
in  Figs  4,  S  as  a  function  of  the  lamination  angle, 
<p.  The  strain  magnitudes  found  for  <p  =  12® 
during  the  cycle  are  indicated.  It  is  seen  that  the 


« (degrees) 


fig.  7.  Variation  of  axial  strain  range  for  {±cp),  laminates 
uncter  ±  l2(fC  cycles. 


unidirectional  composite  experiences  dimensional 
changes  during  thermal  cycling  that  are  much 
smaller  than  those  found  for  other  layups.  la 
actual  applications,  however,  small  off-axis 
angles  may  be  required  to  enhance  the  transverse 
stifihiess  and  strength  of  the  composite. 

The  results  are,  of  course,  affected  by  the 
matrix  properties,  as  is  evident  from  the  response 
of  the  two  matrices  considered  here.  Different 
matrix  responses  can  be  achieved  by  heat 
treatment,  which  affects  both  the  magnitude  of 
the  matrix  yield  stress  and  the  plastic  tangent 
modulus.  The  effect  of  the  matrix  yield  stress  on 
dimensional  stability  of  laminates  is  examined  in 
the  sequel. 

3.4  Dimensioiial  stability  under 
thermomechanical  loads 

In  certain  structural  applications  of  fibrous 
composites,  temperature  changes  generate  mech¬ 
anic^  loads.  Statically  indeterminate  truss  beams 
considered  for  space  structures*^  are  examples  of 
this  situation.  To  examine  the  effect  of  combining 
mechanical  and  thermal  loads  on  the  dimensional 
stability  of  composites,  we  consider  again  the 
(±12),  Gr/Al  laminate  with  (£„„/£)„*=  0167. 
The  response  under  three  separate  loading  cycles 
is  examined:  (a)  the  thermal-loading  cycle 
applied  in  the  previous  section  (20— » 120-* 
-120-»  120®C),  (6)  the  same  thermal-loading 
cycle  combined  with  the  axial 
tension/compression  load  cycle  (0-*300— » 
— 300— ►  300  MPa),  (c)  the  thermal  cycle  combined 
with  the  axial  compression/tension  load  cycle 
(0->-300-»300-»--300MPa).  Let  r  and  p 
indicate  the  ratio  of  axial  load  to  temperature 
(MPa/®C)  and  the  axial  load  amplitude  (MPa), 
respectively.  Hence,  the  three  loading  cases 
indicated  above  specify  thermal  cycling  in  the 
range  ±120®C  with  (r,  p)  =  (0,  0),  (2-5,  ±300), 
(-2-5,  T300),  respectively. 

The  over-all  strain  computed  in  all  three 
loading  cases  is  plotted  as  a  function  of 
temperature  in  Fig.  8.  The  mechanical-loading 
parameters  r,  p  and  the  total  strain  range,  Afn, 
found  in  each  case  are  tabulated.  As  expected, 
dimensional  stability  is  lost  in  the  elastic  range 
when  the  laminate  is  subjected  to  mechanical 
loads.  Since  the  axiai  elastic  CTE  vanishes,  the 
strain  developed  in  the  elastic  range  is  only 
mechanical.  The  elastic-plastic  response  under 
thermomechanical  loads  is  also  very  different 
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Fif.  8.  Temperature/axial  strain  response  of  a  (±12), 
laminate  with  matrix  yield  stress  F  =  70  MPa  under 
thermomechanical  load  cycles  in  the  range  ±  120°C. 


from  the  pure  thermal  loading  case  as  indicated 
by  the  slopes  of  the  strain/ temperature  seg¬ 
ments.  The  loading  direction  affects  the  results 
significantly.  The  results  show  that  larger  strains 
occur  when  r  is  negative  (case  (c)).  In  this  case, 
both  the  temperature  change  and  the  mechanical 
load  produce  axial  compressive  stresses  in  the 
matrix.  This  causes  the  composite  to  yield  at  a 
lower  temperature  as  compared  with  the  cases 
with  r  =  0  (case  (a))  and  /'>0  (case  (6))  and 
results  in  larger  plastic  strains  during  the  same 
thermal  cycle.  As  may  be  seen  in  Fig.  8,  the 
dimensional  stability  of  the  laminate  is  enhanced 
by  plastic  deformation  of  the  matrix  for  r>0, 
and  reduced  for  r  2  0. 

The  effect  of  thermomechanical  loading  on 
plastic  deformation  of  laminates  is  illustrated 
with  the  help  of  the  yield  surface  in  Fig.  9.  The 
initial  yield  surface  of  the  (±12),  laminate 
together  with  the  yield  surfaces  corresponding  to 
120®C  and  -120®C  are  shown  for  the  three 
loading  cases  indicated  above.  In  case  (a),  r  =  0, 
p  =0,  the  yield  surface  translates  in  the  direction 
of  the  positive  a,,  axis  and  contains  the  stress 
origin  at  62‘*C  (A0  =  42°C)  as  indicated  pre¬ 
viously.  As  the  temperature  increases  from  62  to 
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ng.  9.  Over-all  yield  surfaces  of  a  (±12).  laminate  in  the 
a,, <7, 2  plane  corresponding  to  the  thermomechanical  load 
cycles  of  Fig.  8. 


120°C,  the  yield  surface  remains  in  contact  with 
the  origin  and  the  matrix  deforms  plastically.  On 
the  reversed  part  of  the  cycle  from  120  to 
-120°C,  the  yield  surface  translates  in  the 
direction  of  the  negative  a,i  axis,  where  it 
comes  into  contact  with  the  origin  at  about  42°C. 
At  this  temperature,  plastic  deformation  again 
develops  in  the  matrix,  and  the  yield  surface 
remains  in  contact  with  the  origin  to  the  end  of 
this  thermal-loading  segment.  In  loading  case  (b), 
r  =  2-5,  p  =  ±300  MPa,  both  the  loading  point 
and  the  yield  surface  move  along  the  positive  a,, 
axis  but  with  different  rates  relative  to  the 
temperature.  This  delays  yielding  of  the  lamin¬ 
ate,  which  occurs  at  about  80®C  (see  Fig.  8)  and 
axial  load  of  180  MPa  (note  that  r  =  3  for  the  first 
loading  segment).  The  yield  surface  translates  at 
a  higher  rate  than  to  the  stress  point,  and  as  such 
the  yield  surface  comes  into  contact  with  the 
loading  point  at  the  trailing  end  of  the  surface. 
The  process  is  repeated  when  the  load  and 
temperature  are  reversed. 

Yielding  of  the  composite  is  accelerated,  on 
the  other  hand,  when  r<0  (loading  case  (c), 
r=-2-5,  p  =  5300  MPa),  where  the  loading 
point  and  the  yield  surface  move  in  opposite 
directions.  The  composite  in  this  case  yields  at 
about  50®C  (see  Fig.  8)  and  an  axial  load  of 
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-90  MPa.  Continued  loading  results  in  transla¬ 
tion  of  the  yield  surface  in  the  direction  of  the 
negative  a,,  axis  where  it  remains  in  contact  with 
the  loading  point.  At  120®C  and  -300  MPa,  the 
yield  surface  is  pulled  back  by  the  loading  point 
to  a  position  that  is  almost  identical  with  the 
initial  position. 

3.5  Effect  of  elevated  yield  stress 

In  the  preceding  sections,  we  showed  that  plastic 
deformation  of  the  matrix  may  enhance  or 
reduce  the  dimensional  stability  of  composites. 
Through  heat  treatment,  it  is  possible  to  change 
the  matrix  properties  in  such  a  way  that  the 
dimensional  stability  of  the  composite  is  en¬ 
hanced.  We  have  already  shown  that  increasing 
the  plastic  tangent  modulus  of  the  matrix  reduces 
the  thermal  strains  significantly  (Figs  4-7).  In  this 
section,  we  examine  the  effect  of  the  magnitude 
of  the  matrix  yield  stress,  particularly  when  it  is 
elevated  by  heat  treatment  (for  example,  by  the 
T6  temper). 

Consider  again  the  (±12),  Gr/AI  laminate  and 
assume  that  the  matrix  yield  stress  in  simple 
tension  has  been  increased  from  70  MPa  to 
280  MPa.  The  computed  axial  strain  is  shown  in 
Fig.  10  for  the  three  loading  cases  described 
previously.  For  the  temperature  range  indicated 
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Fig.  It.  Temperature/axial  strain  response  of  a  (±12), 
laminate  with  matrix  yield  stress  Y  *  280  MPa  under 
thermomechanical  loixl  cycles  in  the  range  ±120*C. 
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Fig.  11.  Temperature/axial  strain  response  of  a  (±12), 
laminate  with  matrix  yield  stress  K  =  280  MPa  jnder 
thermomechanical  load  cycles  in  the  range  ±250°C. 

(±120°C),  the  laminate  remains  elastic.  Compar¬ 
ing  the  strains  found  in  this  case  with  those  given 
in  Fig.  8,  we  find  that  increasing  the  yield  stress 
by  400%  reduced  the  strains  developing  under 
temperature  coupled  with  compression/tension 
loading  (r  =  -2-5,  p  =  T3(X))  by  about  25%.  The 
strains  found  under  temperature  and  tension/ 
compression  loading  (r  =  2-5,  p  =  ±300),  how¬ 
ever,  increased  by  about  10%  when  the  matrix 
yield  stress  increased. 

Figure  11  shows  the  response  when  the 
composite  is  cycled  between  250°C  and  -250°C. 
The  axial  strains  developed  in  this  case  are 
comparable  with  those  developed  under  ±120°C 
cycles  and  70  MPa  matrix  yield  stress  (Fig.  8). 
Consequently,  if  a  certain  tolerance  is  imposed 
on  dimensional  changes  of  the  laminate,  they  can 
be  met  for  various  temperature  and  mechanical 
load  ranges  by  changing  the  matrix  yield  stress 
through  heat  treatment.  In  Section  5,  we  present 
master  curves  that  may  aid  in  design  for  specific 
dimensional  tolerances  in  Gr/Al  laminates. 

3.6  SoBmary 

The  results  presented  in  the  preceding  sections 
are  summarized  in  Table  2.  The  case  of  a  matrix 
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TaMc  2.  Saouaafy  of  diBcnsioul-stability  results  for 
PlOOGr/Al,  (±12).  fauDfaiate  (c,-0-5,  (£«,/£),  =  01671 
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yield  stress  of  70  MPa  and  temperature  range  of 
±250°C  is  added  to  the  cases  discussed  previously 
for  comparison. 

For  the  model  (±12),  laminate  considered  here 
and  the  temperature  and  axial  loading  ranges 
indicated,  we  hnd: 

(i)  dimensional  stability  is  achieved  for  the 
T6  temper  of  the  matrix  alloy  and  pure 
thermal  loading  of  ±120°C; 

(ii)  overaging  enhances  dimensional  stability 
under  pure  thermal  loads  (r  =  0),  and 
under  out-of-phase  thermal  and  mechani¬ 
cal  loads  (r  <0); 

(iii)  the  dimensional  stability  of  the  composite 
is  enhanced  by  plastic  deformation  of  the 
matrix  when  the  temperature  change  and 
the  mechanical  load  are  in-phase  (r>0); 
otherwise  it  is  reduced; 

(iv)  the  dimensional  stability  was  unaffected 
when  the  operating  temperature  range 
increased  from  ±120®C  to  ±250®C  and  the 
matrix  yield  stress  increased  from  70  MPa 
to  280  MPa. 


4  DESIGN  CURVES  FOR  GR/AL 
LAMINATES 

In  this  section,  we  use  the  thermomechanical 
analysis  described  in  Section  2  to  produce  master 
curves  for  calculation  of  the  axial  strain  in  Gr/Al 
(±<)p),  laminates.  The  load  consists  of  propor¬ 
tional  axial  stress  a,,  and  temperature  change  6 
from  a  reference  temperature  do.  We  assume  a 
von  Mises  matrix  with  a  bi-linear  stress/strain 
curve. 

Figure  12  shows  a  schematic  representation  of 
the  over-all  axial-strain/temperature  curve.  The 


FTf.  12.  Schematic  representation  of  temperature-axial- 
strain  curve  for  a  laminate  under  theimomechanical  loads. 

curve  is  bi-linear  and  consists  of  an  elastic  part. 
do^d^d^  where  dy  is  the  yield  temperature, 
and  an  elastic-plastic  part,  d  >  dy.  The  slope  of 
the  elastic  segment  of  the  curve  is  given  by 
(r/Ei  +  OTi),  where  r  =  a^Jid  -  do),  £i  is  the 
laminate  axial  elastic  Young's  modulus,  and  or,  is 
the  laminate  axial  elastic  coefficient  of  thermal 
expansion.  The  slope  of  the  elastic-plastic 
segment  is  a  function  of  the  loading  path,  r,  and 
the  matrix  plastic  tangent  modulus,  H.  Let 
|(r,  H)  denote  the  slope  of  the  elastic-plastic 
portion  of  the  overall  strain-temperature  curve. 
The  over-all  axial  strain  is  written  as; 

=  (r/£, -)- a,)(^  -  ^o).  (8) 

e„  =  (r/£, -I- ar,)(0Y  -  »o) 

|(r)(e  -  dy),  d  >  dy.  (9) 

The  overall  axial-strain/ temperature  curve  can 
easily  be  constructed  for  a  cyclic  proportional 
axial-load/temperature  regime  as  shown  in  Fig. 
12. 

The  elastic  over-all  coefficient  of  thermal 
expansion,  cr,  and  Young’s  modulus,  £t,  are 
given  in  Figs  6  and  13  for  a  Gr/Al  composite  and 


ftf.  13.  Variation  of  axial  elastic  modulus  for  (tqr). 
laminates. 
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0s<p^45°.  The  magnitude  of  the  yield  tem¬ 
perature  is  a  function  of  the  matrix  yield  stress 
and  the  ratio  r  between  the  mechanical  load  and 
the  temperature  change.  Figure  14  shows  yield 
curves  generated  by  the  analysis  of  Section  2  for 
selected  values  of  the  lamination  angle  g).  Given 
r,  the  curves  provide  the  value  of  (6y  -  So)  and 
the  corresponding  stress  at  the  onset  of  yielding 
in  the  laminate.  For  (p  =  0,  the  relationship 
between  the  axial  stress  and  the  temperature 
change  is  linear  with  slope  r  =  0  ll5.  Under  this 
load/temperature  ratio,  the  response  of  the  0° 
lamina  remains  elastic.  The  slope,  of  the 
elastic-plastic  segment  of  the  over-all  strain- 
temperature  curve,  computed  for  selected  values 
of  the  angle  <p  and  H  =  14  5  GPa,  is  given  in  Fig. 
15  as  a  function  of  the  ratio  r  between  the  axial 
load  and  temperature  change.  Similar  curves  can 
easily  be  generated  for  other  composite  systems 
and  layups  with  the  analysis  presented  in  Action 
2.  Comparison  of  the  computed  over-all  response 
for  various  (±9>),  Gt/A\  laminates  under 
thermomechanical  loads  with  the  finite-element 


14.  Initial  yield  curves  for  selected  (±(|>),  laminates 
under  combined  axial  stress  and  temperature  change, 
normaiixed  with  the  matrix  yield  stress  Y. 


flf.  15.  Computed  axial  elastic-plastic  strain  for  selected 
(±(p),  laminates  subjected  to  proportional  axial-stress- 
temperature  loading. 

results  showed  excellent  agreement.  The  analysis 
in  Section  2,  however,  may  not  provide  accurate 
results  for  composite  systems  that  deform  in  the 
matrix-dominated  mode^  such  as  B/Al  and 
SiC/Al  composites. 


5  CONCLUSION 

Dimensional  changes  caused  in  metal-matrix 
composites  and  laminates  may  be  restricted 
within  specified  tolerances  by  variation  of  the 
laminate  layup  and  the  matrix  yield  stress  and 
stress/strain  response  through  heat  treatment. 
Depending  on  the  operating  temperature  range 
and  the  ratio  of  mechanical  load  to  temperature 
change,  the  proper  heat  treatment  can  be 
determined  such  that  the  dimensional  stability  of 
the  composite  is  enhanced.  For  example,  a  6061 
Al/Gr  (±12),  laminate  is  dimensionally  stable  in 
the  temperature  range  ±42°C  for  the  as- 
fabricated  composite  (matrix  yield  stress  Y  = 
70  MPa)  and  stable  in  the  range  ±168^  for  the 
T6  condition  (y'  =  280MPa).  The  matrix  plas¬ 
ticity  may  enhance  or  reduce  the  dimensional 
stability  of  laminates  subjected  to  combined 
thermal  and  mechanical  loads.  The  onset  of 
plastic  deformation  of  the  matrix  is  reduced  for 
out-of-phase  thermal  and  axial  mechanical  loads 
and  enhanced  for  in-phase  loads.  Accordingly, 
the  dimensional  stability  is  affected  by  the  way  in 
which  the  mechanical  load  and  thermal  change 
are  synchronized.  In  any  case,  accurate  plasticity 
analysis  must  be  performed  for  specific  design 
loads  and  parameters. 
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Recent  developments  in  the  theory  of  plasticity 
of  unidirectional  composites  were  utilized  in  the 
present  paper  to  examine  the  response  of 
composite  laminates  under  thermomechanical 
loads.  One  approach  used  here  is  based  on  the 
finite-element  method,  where  the  underlying 
constitutive  equations  of  unidirectional  plies  are 
derived  from  a  representative  volume  of  the 
microstructure.  Although  highly  accurate,  this 
method  is  not  cost-effective  and  requires 
availability  of  a  hnite-element  routine.  A  more 
economical  and  equally  accurate  analysis,  which 
may  be  performed  on  a  personal  computer,  is 
based  on  the  laminate  theory  and  fiber- 
dominated  micromechanical  models  of  unidirec¬ 
tional  composites.  The  analysis  was  outlined  and 
used  in  the  present  paper  to  generate  master 
design  curves  for  the  evaluation  of  axial  strains  in 
laminates  subjected  to  axial  stress/temperature 
cycles. 
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APPENDIX  A 

In  this  Appendix,  we  consider  the  problem  of  a 
unidirectional  composite  subjected  to  a  tempera¬ 
ture  change  d^.  Both  the  fiber  and  matrix  phases 
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are  elastic;  the  fiber  is  transversely  isotropic,  and 
the  matrix  is  isotropic.  The  solution  of  this 
problem  was  found  by  Dvorak,'^  using  a 
decomposition  scheme  in  which  the  fiber  and 
matrix  phases  are  separated  from  each  other  and 
subjected  to  the  thermal  change  dd  while 
applying  surface  tractions  to  the  surfaces  of  the 
phases  to  maintain  the  current  stresses.  Since  the 
phases  deform  differently  under  temperature 
variations,  auxiliary  phase  stresses  are  needed  to 
ensure  compatibility  of  the  phases.  The  auxiliary 
stresses  are  found  by  satisfying  compatibility  of 
the  phase  deformations  and  equilibrium  of  the 
tractions  at  phase  interfaces.  In  this  way,  the 
composite  can  be  reassembled.  Upon  reas¬ 
sembly,  the  unidirectional  composite  supports 
overall  stresses  dd,  that  equilibrate  the  phase 
auxiliary  stresses.  The  over-all  stress  is  axisym- 
metric  and  given  by: 


ddn  =  s^dQ, 

dd22  -  dbj3  =  St  dd, 

d&a  =  d&„  =  db.j  =  0.  (Al) 

Equivalent  expressions  for  Sa  and  Sr  can  be 
found  in  Refs  12  and  13.  The  latter  are  recorded 
here  for  phase  thermoelastic  properties  that  are 
not  functions  of  temperature: 

y^  =  (a,b, -fl,b3)/(ai^2-a2bi)  (A2) 

St  =  (azbj  -  aib2)Ha^bi  -  fljb,)  (A3) 
a.  =  (n,  +  c*/,)/(k,£l)  -  HOKJ  (A4) 
aj  = -l,/(c,/c,£l),  03  =  2(«V-a«)  (A5) 
b,  *  /,/(k,£L)  +  l/(3/:„)  +  cJ(c,El)  (A6) 
bz  —  ~  l/(Cf£L)»  ^3  “  “(ofi  ~  <Xib).  (A7) 

where  K„  is  the  matrix  bulk  modulus,  or,  is  the 
matrix  coefficient  of  thermal  expansion,  £{,  is  the 
fiber  longitudinal  Young’s  modulus,  I,  are 

Hill’s  moduli**  of  the  fiber,  and  orL  and  orV  are 
coefficients  of  thermal  expansion  of  the  fiber  in 
the  longitudinal  direction  and  transverse  plane, 
respectively. 

The  auxiliary  local  stresses  are  given  by:‘^ 

dd„*5Tll  1  I  0  0  orde  (A8) 

dd,*jT(y  110  0  Ofdb. 
Y^(5Jst-c„)Ic,.  (A9) 

The  strain  field  corresponding  to  eqn  (Al)  is 


uniform  in  the  entire  composite: 

dl  =  d4,  =  d#„  =  {/i  h  h  00  OrdO. 
h  =  STl3K„  +  ct,„.  (A  10) 


APPENDIX  B 


Here  we  give  expressions  for  the  instantaneous 
compliance  matrix  M,  and  in-plane  stress  vector  k 
for  (±<jp),  laminates,  together  with  expressions 
for  the  matrix  stress-concentration  factors  "S, 


/*  •• 


Consider  a  laminate  loaded  by  in-plane  stress 
do'  and  out-of-plane  normal  stress  dosa,  where 
XtXz  is  the  plane  of  the  laminate.  The  over-all 
in-plane  strains  can  be  written  as: 


de'  =  M  do'  ••  dOi 


(Bl) 


The  over-all  stress  do'  can  be  written  in  terms  of 
dc'  and  da33  as 

do’  =  ifde’-(-4da33,  (B2) 

where 


^^M-\  (B3) 


Equations  similar  to  eqns  (Bl)  and  (B2)  can  be 
written  for  each  +qp  and  -<p  ply.  The  over-all  M 
and  m  are  given  by:*^ 

(B4) 


where 


i  =  -Kp, -«JP.  (B5) 


The  subscripts  +tp  and  —<p  indicate  over-all 
quantities  for  the  +<p  and  -tp  plies,  respectively, 
in  the  laminate  co-ordinate  system  x^. 

The  ply  compliances  Mi  and  m/  are  given  by: 


Mi^3tjM9ti,  mi  =  »Jm,  i  =  +(p,~<p,  (B6) 


where 

1 

cos^<p 

sin^  <p 

sin2(p  ' 

II 

sin^q? 

cos^9> 

-sin  2<p 

1 

_-i  sin  2<|t> 

i  sin  2<p 

cos2qp  _ 

■  cos^<p 

sin^^’ 

-sin  2g> 

sin^tjp 

cos^<p 

sin  2<p 

_Jsin  2q> 

-j  sin  2<p 

cos2(p  _ 

(B7) 


and  M,  m  are  the  over-all  compliances  of  a 
unidirectional  composite  in  the  locid  co-ordinate 
system  where  x,  is  the  fiber  direction.  Matrix 
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JL  is  associated  with  in-plane  loading  and  with 
out-of-plane  normal-stress  loading.  Expressions 
for  M  and  m  are  given  in  Appendix  C. 

The  ply  in-plane  stresses  do,'  and  out-of-plane 
normal  stress  daV:^  can  be  written  in  terms  of 
their  over-all  counterparts  do'  and  da33  as: 

do,'  =  X,  do'  -i-A,  da33,  daVi  =  da33.  (B8) 

The  distribution  factors  i  ~  +  <p,  -<p,  are 

given  by:‘* 

=  ^  =  (B9) 

In  the  co-ordinate  system  x,,  the  ply  stresses  are 
given  by: 

do,'  =  31,  do,',  do^'j  =  da33,  (BIO) 

where  the  transformation  matrix  j  =  +(p, 
-q),  is  given  by  eqn  (B7). 

The  matrix  average  stresses  in  a  specific  ply 
can  be  written  in  terms  of  the  ply  stresses  as: 

do„  =  3ldd“>+^dd^'j,  (BID 

d<7"3  =c^dd‘'’ +  n  do^^,  (B12) 

where  31.  A,  n  are  instantaneous  stress- 
concentration  factors  for  the  ply  under  con¬ 
sideration  (see  Appendix  C). 

Finally,  the  matrix  stresses  can  be  written  in 
terms  of  the  laminate  stresses  do'  and  da33  as: 


do,„  =  ^d«'  +^da33 

(B13) 

d<r"3  da'  +  «  da33. 

(B14) 

From  eqns  (B8)-(B14),  we  find: 

(B15) 

/  =  c^3t,X„ 

(B16) 

APPENDIX  C 

The  over-all  compliances  M  and  of  a  lamina  in 
the  x,  co-ordinate  system  (ii*  axial  direction) 
can  be  found  in  terms  of  the  local  properties  and 
the  concentration  factors  that  relate  the  average 
local  fields  to  the  over-all  uniform  fields.'^  In  the 
notation  used  here,  the  over-all  compliances  M, 
•i  of  a  unidirectional  lamina  are  given  by: 

^ -h  c4(An  -  ^)3I  +  (Cl) 

*=«»f  +  Cm[(^-*4£f)^  +  (»»m-*»f)*l].  (C2) 

where  M^,  *»„  r  =/,  m,  are  phase  compliances 
associated  with  loading  in  the  x^Xz  plane,  and 
with  out-of-plane  normal-stress  loading,  respec¬ 
tively. 

The  concentration  factors  3i,  A,  c^,  ij  relate 
matrix-stress  averages  to  over-all  stresses  as 
expressed  in  eqns  (BU)  and  (B12).  For  elastic 
phases,  the  concentration  factors  can  be  found  by 
using  an  averaging  model  such  as  the  self- 
consistent”  or  Mori-Tanaka^'  method.  In  this 
case,  the  concentration  factors  are  functions  of 
the  elastic  moduli  of  the  fiber  and  matrix  phases 
and  their  volume  fractions.  If  the  matrix  deforms 
plastically,  the  method  described  by  Dvorak--  can 
be  used  to  compute  the  instantaneous  stress- 
concentration  factors  in  terms  of  their  elastic 
counterparts,  the  over-all  instantaneous  com¬ 
pliances  M,  m,  the  fiber  elastic  compliances 
m,  and  the  matrix  instantaneous  compliances  M,„, 
m„.  The  latter  can  be  found  from  a  constitutive 
model  of  the  matrix  as  described  in  Ref.  1 . 
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ABSTRACT 

Local  stresses  caused  by  mechanical  and  thermal  loads  in  high  temperature 
intermetallic  matrix  composites  are  evaluated  using  a  finite  element  solution  for  a  periodic 
hexagonal  array  microstructure.  Both  uncoated  and  coated  elastic  fibers  are  considered. 
The  matrix  is  assumed  to  be  elastic- plastic  and  insensitive  to  loading  rates.  Mechanical 
properties  of  the  phases  are  function  of  temperature.  It  was  found  that  a  CVD  deposited 
carbon  coating  can  be  quite  effective  in  reducing  thermal  stresses  at  the  matrix/ coating 
interface.  Certain  mechanical  stress  concentration  factors,  however,  may  be  aggravated  by 
the  compliant  coating.  In  composite  systems  with  a  ductile  matrix,  plastic  deformations 
reduce  stress  concentration  and  lead  to  stress  redistribution.  In  such  systems, 
thermomechanical  loading  renmes  can  be  designed  to  reduce  adverse  local  stresses 
introduced  during  fabrication,  for  example,  by  hot  isostatic  pressing. 

INTRODUCTION 

It  is  well  known  that  the  overall  behavior  of  fibrous  composites  is  directly  affected 
by  the  local  phenomena.  For  example,  the  overall  performance  of  a  composite  may  be 
impaired  if  damage  or  instability  is  initiated  in  the  phases  or  at  their  interfaces.  On  the 
other  hand,  the  overall  strength  may  be  enhanced  by  plastic  flow  of  the  matrix.  Therefore, 
evaluation  of  local  stresses  in  fibrous  composites  is  important  in  material  selection, 
evaluation  and  design  under  both  thermal  and  mechanical  loads. 

The  present  paper  is  concerned  with  evaluation  of  the  local  stresses  in  high 
temperature  fibrous  composites  under  thermomechanical  loads.  Specifically,  the  stresses  in 
uncoated  and  coated  fiber  reinforced  intermetallic  matrix  composites  are  examined.  For 
unidirectional  coaposites,  the  analysis  was  perforaed  for  an  idealized  geoaetry  of 
the  aicrostructure  using  the  Periodic  Hexagonal  Array  (PHA)  model  (Dvorak  and 
Teply,  1985;  Teply  and  Dvorak,  1988).  This  geoaetry  peraits  selection  of  a 
representative  unit  cell,  the  response  of  which  is  identical  with  the  response  of 
the  coaposite  auregate  under  overall  unifora  stress  or  strain  fields.  The  overall 
response  and  locu  fields  are  then  found  in  the  unit  cell  using  the  finite  element  method. 


The  results  reported  in  this  paper  focus  on  the  effect  of  fiber  coating  on  the  local 
thermad  and  mechanical  stress  concentration  factors  in  elastic  as  well  as  elastic— plastic 
matrices.  Thermal  residual  stresses  generated  by  cooldown  of  unidirectional  composites 
from  fabrication  temperatures  are  also  evaluated.  The  present  study  examines  various 
thermomechanical  loading  re^mes  that  may  be  applied  during  the  fabrication  process  to 
reduce  the  tensile  stresses  in  the  matrix. 

The  paper  begins  with  a  brief  description  of  the  PHA  model  for  unidirectionally 
reinforced  composites.  Next,  material  properties  for  the  composite  system  examined  in  this 
study  are  given.  Two  principal  results  obtained  with  the  PHA  model  for  intermetallic 
matrix  composites  reinforced  by  uncoated  and  coated  fibers  are  then  presented  and 
discussed.  One  is  concerned  with  the  effect  of  fiber  coating  on  thermal  and  mechanical 
stresses,  the  other  examines  the  effect  of  the  thermomechanical  loading  regime  applied 
during  fabrication  of  composites  by  hot  isostatic  pressing  on  the  local  stresses. 

THE  COMPOSITE  MODEL 

Several  material  models  have  been  developed  for  elastic— plastic  fibrous  composites 
under  various  approximations  of  the  microgeometry.  While  averaging  models,  such  as  the 
self-consistent  model  (Hill,  1965)  and  the  Mori-Tanaka  (1973)  method,  approximate  the 
microgeometry  by  a  sinde  inclusion  embedded  in  an  infinite  mass  of  a  different  material, 
periodic  models  (Aboudi,  1986;  Dvorak  and  Teply,  1985;  Nemat— Nasser  et  al.,  1982) 
consider  actual  details  of  the  microstructure.  The  latter  class  of  models  assumes  certain 
periodic  arrangements  of  the  fiber  in  the  transverse  plane  of  the  composite  and  performs 
the  analysis  on  a  unit  representative  cell  of  the  periodic  microstructure.  Other  models 
which  are  phenomenological  in  nature  have  been  also  developed  (see  for  example  the 
Vanishing  Fiber  Diameter  (VFI^  model  by  Dvorak  and  Bahei— El— Din.  1982;  and  the 
Bimodal  Plasticity  Theory  (BPT)  by  Dvorak  and  Bahei— El— Din,  1987)  but  are  more 
suitable  for  pre^ction  of  the  overall  response  of  composites.  A  survey  of  tne  above  models 
can  be  found  in  the  reviews  by  Bahei— El— Din  and  Dvorak  (1989)  and  Dvorak  (1991). 

An  essential  requirement  in  the  theoretical  model  used  in  the  present  study  is  the 
ability  to  represent  details  of  the  local  stress  and  strain  fields  in  the  phases  of  a 
unidirectionally  reinforced  composite  subjected  to  uniform  overall  stress  and  thermal 
change.  This  narrows  down  our  choices  to  the  periodic  models.  In  particular,  we  employed 
the  PHA  model  developed  by  Dvorak  and  Teply  (1985)  and  Teply  and  Dvorak  (1988) 
which  we  have  verified  experimentally  (Dvorak  et  al.,  1988;  Dvorjdt  et  al.,  1990).  In  this 
model,  the  microstructural  geometry  in  the  tramsverse  plane  of  a  unidirectionally  reinforced 
fibrous  composite  is  represented  by  a  periodic  distribution  of  the  fibers  in  a  hexagonal 
array.  Cross  section  of  the  fibers  is  approximated  by  a  t«6— sided  polygon.  An  example  of 
the  PHA  microgeometry  with  dodecagonal  fiber  cross  section  is  shown  in  Fig.  la.  The 
hexagonal  array  shown  in  Fig.  la  is  divided  into  two  unit  cells,  as  indicated  by  the  shaded 
and  unshaded  triangles.  Under  overall  uniform  stresses  or  strains,  the  two  sets  of  unit  cells 
have  related  internal  fields.  Accordingly,  under  properly  prescribed  periodic  boundary 
conditions,  only  one  unit  cell  from  either  set  needs  to  be  analyzed.  Figure  lb  shows  a  three 
dimensionsd  view  of  one  of  the  unit  cells. 

The  actual  analysis  is  performed  by  the  finite  element  method.  The  unit  cell  is 
subdivided  into  a  selected  number  of  subelements  in  the  matrix,  fiber,  and  coating 
subdomains.  A  fairly  refined  subdivision  is  required  for  evaluation  of  the  local  fields. 
Figure  2  shows  two  examples  of  such  a  finite  element  mesh.  The  results  reported  here  were 
found  with  the  ABAQUS  finite  element  program.  Resident  constitutive  relations  were 
used  for  the  homogeneous  phases.  The  fiber  and  the  coating  were  assumed  elastic,  whereas 
the  matrix  was  assumed  elastic-plastic,  invisdd,  and  follows  the  Mises  yield  criterion. 
Stress— plastic  strain  response  of  the  matrix  was  assumed  to  follow  a  linear  strain  hardening 
behavior,  and  the  matrix  yield  surface  to  follow  the  Prager-Ziegler  kinematic  hardening 
rule.  Thermoelastic  properties  of  the  phases  as  well  as  the  matrix  yield  stress  and  plastic 
tangent  modulus  are  piecewise  linear  functions  of  temperature. 
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(a) 


Fig.  1  Microgeometry  of  the  Periodic  Hexagonal  Array  (PHA)  model, 
(a)  Transverse  plane,  (b)  Unit  cell. 


Fig.  2  Two  refined  meshes  of  the  PHA  unit  cell. 


THE  COMPOSITE  SYSTEM 


An  intennetallic  matrix  composite  system  reinforced  by  aligned  continuous  fibers  is 
considered.  The  matrix  is  a  nickel-^uminide  compound  (NisA/),  and  the  reinforcement  is 
a  carbon-coated  or  uncoated  silicon-carbide  fiber  (SCS6)  at  25%  volume  fraction.  The 
carbon  coating  thickness  is  10  /mi.  Tables  1  and  2  show  material  properties  of  the  phases. 
Thermoelastic  constants  of  the  silicon-carbide  fiber  and  the  car^n  coating  are  not 
function  of  temperature,  while  those  of  the  nickel-aluminide  matrix  vary  with 
temperature.  Also,  the  yield  stress  and  the  plastic  tangent  modulus  of  the  NisA^ 
compound  vary  with  temperature.  Figure  3  shows  variation  of  the  tensile  yield  stress  with 
temperature  for  the  NijA/  matrix.  Unlike  other  aluminide  compounds,  for  example  TijA^ 
for  which  the  yield  stress  increases  monotonically  with  decreasing  temperature  (see  Fig.  3), 
the  yield  stress  of  the  nickel-aluminide  compound  decreases  with  decreasing  temperature  if 
the  latter  is  bdow  GOQoC.  This  causes  plastic  deformation  of  the  matrix  during  cooldown 
of  NijA/— based  system  which  may  help  in  reducing  the  adverse  thermal  residual  stresses. 

RESULTS 

Efrect  of  Fiber  Coating  on  Local  Stresses 

To  examine  the  effect  of  fiber  coating  on  the  local  thermal  and  mechanical  stresses, 
we  plotted  stress  contours  in  the  unit  cell  for  the  transverse  local  stress  <722.  Figures  4  and 
5  show  the  results  for  the  SCSfi/NisAf  composite  in  the  elastic  range  under  thermal 
loading  and  overall  transverse  tension,  respectively.  It  was  assumed  that  the  composite  is 
stress  free  at  the  fabrication  temperature  of  12OO0C,  and  small  increments  of  a  temperature 
decrease  and  transverse  tensile  stress  were  applied  separately.  The  local  stress  an  found 
from  finite  element  solution  of  the  unit  cdl  was  then  normalized  by  the  applied  load  and 
plotted  in  the  transverse  plane.  The  unit  cell  is  indicated  in  Figs.  4  and  5  by  the  dashed 
triangular  boundary.  The  contours  outside  the  unit  cell  were  generated  using  the  periodic 
properties  of  the  local  stress  field. 

It  is  seen  from  Fig.  4a  that  tensile  hoop  stresses,  and  compressive  radial  stresses 
develop  in  the  matrix  if  the  temperature  is  decreased,  whereas  compressive  hoop  stresses 
develop  in  the  fiber.  These  stresses  are  caused  by  the  mismatch  between  the  thermal 
strains  generated  in  the  fiber  and  the  matrix.  At  the  fiber/matrix  interface  in  the  system 
under  consideration,  the  matrix  tends  to  move  in  the  volume  occupied  by  the  fiber  when 
the  temperature  is  deaeased,  but  is  prevented  by  the  stiff  fiber  which  deforms  at  a  much 
smaller  temperature  rate.  Consequently,  radial  cracks  may  develop  in  the  matrix  under 
cooling  from  the  fabrication  temperature.  If,  on  the  other  hand,  the  coefficient  of  thermal 
expansion  of  the  fiber  was  larger  than  that  of  the  matrix,  local  damage  under  temperature 
reduction  would  take  the  form  of  disbonds  at  the  fiber/matrix  interface,  and  radi^  cracks 
in  the  fibers. 

Applying  a  carbon  coat  to  the  fiber  causes  significant  reductions  in  the  local  thermal 
stresses,  particmarly  at  the  fiber/matrix  interface.  Fig.  4b.  Compared  to  the  matrix  and 
the  fiber,  the  carbon  coating  has  a  much  smaller  elastic  stiffness  in  the  transverse  plane, 
and  as  such  it  can  accommodate  the  thermsJ  strains  developed  in  the  phases.  Conversely, 
the  coating  enhances  sharply  the  mechanical  transverse  stresses  as  seen  in  Fig.  5.  This 
tradeoff  must  be  carefully  considered  in  design  of  composites. 

If  the  matrix  deforms  plastically,  the  local  stresses  are  reduced  substantially, 
particularly  under  thermal  loads.  This  is  seen  in  the  contours  plotted  in  Figs.  6  and  7  after 
loading  the  composite  well  into  the  plastic  region  so  that  the  matrix  subdomain  is  fully 
plastic.  In  this  case,  the  matrix  is  very  much  compliant  compared  to  the  fiber  and 
therefore  can  deform  without  developing  large  stresses.  In  fact,  the  stiffriess  of  the  matrix 
in  the  plastic  range  is  comparable  to  the  stiffness  of  the  carbon  coating  so  that  the 
differences  in  the  stresses  developing  in  the  coated  and  the  uncoated  systems  are  not 
significant. 

These  results  indicate  that  material  selection  may  favor  uncoated  fibrous  systems 
with  ductile  matrices  over  coated  elastic  systems.  Under  reputed  loads,  however,  low 
cycle  fatigue  may  develop  in  the  matrix  under  cyclic  plastic  straining  leading  to  nucleation 
of  small  cracks.  Certain  tradeoffs  therefore  exist  and  must  be  applied  in  material  selection 
and  evaluation. 
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Table  1  Material  properties  of  SCS6  fiber  and  carbon  coating 


K 

GPa 

T 

GPa 

< 

GPa 

GPa 

s 

6  7 

“l  ^ 

(10'*/‘’C) 

SCS6  fiber  413.6 

413.6 

159.1 

159.1 

■n 

4.6 

Carbon  coating  172.4 

6.9 

14.5 

3.8 

mm 

28 

^ngitudinal  Young’s  modulus 
a 

Transverse  Young’s  modulus 
Longitudinal  shear  modulus 
Transverse  shear  modulus 
Longitudinal  Poisson’s  ratio 

Longitudinal  coefficient  of  thermal  expansion 


Transverse  coefficient  of  thermal  expansion 


Table  2  Material  properties  of  NijAf  matrix  (Stoloff,  1989) 

•’C 

GPa 

3 

V 

4 

a 

io’V°c 

MPa 

GPa 

1200 

134 

0.32 

20.6 

137 

6.70 

994 

142 

0.32 

19.0 

279 

7.10 

776 

150 

0.32 

17.2 

459 

7.50 

673 

154 

0.32 

16.4 

557 

7.70 

642 

155 

0.32 

16.1 

564 

7.75 

578 

158 

0.32 

15.6 

535 

7.90 

376 

165 

0.32 

14.3 

356 

8.25 

327 

167 

0.32 

14.0 

279 

8.35 

206 

172 

0.32 

13.4 

156 

8.60 

127 

175 

0.32 

13.0 

no 

8.75 

21 

179 

0.32 

12.5 

79 

8.95 

Temperature 
Young’s  modulus 
Poisson’s  ratio 

Coefficient  of  thermal  expansion 

Tensile  yield  stress 

Tensile  plastic  tangent  modulus 


Fig.  3  Yield  stress— temperature  curve  for  Nij A/  and  TijA/  compounds. 


Effect  of  Fabrication  Parameters  on  Residual  Stresses 

This  part  of  out  study  of  local  stresses  in  fibrous  system  is  concerned  with 
evaluation  of  the  thermal  residual  stresses  generated  during  fabrication  and  examination  of 
possible  thermomechanical  loading  regimes  that  can  be  applied  during  cooldown  to  room 
temperature  so  that  high  tensile  thermal  stresses  in  the  matrix  can  be  reduced.  The  results 
presented  in  the  preceding  section  indicate  that  plastic  flow  of  the  matrix  causes 
redistribution  of  the  local  stresses  and  reduction  of  the  interfacial  stresses  in  the  matrix. 
Consequently,  in  fabrication  of  intermetallic  matrix  composites  by  hot  isostatic  pressing 
(HIP),  one  can  select  the  optimum  temperature/pressure  path  to  follow  so  as  to  minimize 
the  adverse  local  stresses  in  the  phases,  particularly  the  matrix.  This,  of  course,  can  be 
accompUshed  only  for  composites  with  a  ductile  matrix. 

Considering  the  SCSfl/NisAf  composite,  we  first  examined  the  local  stresses 
retained  in  the  system  at  room  temperature  after  exposure  to  HIP  temperature  of  l200oC 
and  hydrostatic  pressure,  Vo,  of  200  MPa  when  the  room  temperature/zero  pressure 
condition  is  reached  through  the  various  unloading  options  shown  in  Fig.  8.  In  particular, 
we  compared  the  ma^tude  of  the  local  interfacid  stresses  in  the  phases  of  uncoated  and 
coated  systems  for  the  various  cases  listed  in  Fig.  8.  In  each  case,  the  comwsite  was 
assumed  to  be  free  of  internal  stresses  at  the  fabrication  temperature  (1200oC),  and  the 
hydrostatic  pressure  <To  was  applied  in  small  increments  up  to  200  MPa.  Although  the 
overall  load  applied  in  this  segment  of  the  loading  path  is  isotropic,  the  matrix  stress  is  not 
necessarily  isotropic.  Nonetheless,  the  matrix  isotropic  stress  was  dominant  so  that  the 
matrix  phase,  which  was  assumed  to  be  plastically  incompressible,  remained  elastic  imder 
.  200  MPa  hydrostatic  pressure  and  12OO0C.  In  a  typical  HIP  process,  the  composite  is 

I  treated  at  the  HIP  condition  for  a  specific  duration.  In  our  simulation,  however,  we 

I  assumed  that  the  matrix  is  invisdd,  and  continued  to  unload  the  composite  from  the  HIP 

conditions  to  the  room  temperature  and  atmospheric  pressure.  Plastic  flow  of  the 

Inickel-aluminide  matrix  occurred  in  all  the  cases  shown  in  Fig.  8  but  the  onset  of  yielding 
varied  among  these  cases.  The  local  stresses  retained  in  the  composite  at  room  temperature 
are,  therefore,  expected  to  vary  as  well  among  the  loading  cases  shown  in  Fig.  8. 

I 
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Fig.  4  Transverse  thermal  stress  concentration  factors  computed  in  a  SCSe/Ni.Af 
composite  in  the  elastic  range,  (a)  uncoated  fiber, 

(b)  carbon-coat^  fiber. 


Fig.  5  Transverse  mechanical  stress  concentration  factors  computed  in  a  SCS6/NijAf 
composite  in  the  elastic  range  under  overall  transverse  tension, 

(a)  uncoated  fiber,  (b)  carbon-coated  fiber. 
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Fig.  8  Possible  variations  of  the  temperatute/hydrostatic  pressure  loading  path 
applied  to  unidirectional  composites  daring  hot  isostatic  pressing. 


Comparing  the  ma^tade  of  the  local  interfadal  stresses  in  the  phases  of  the 
uncoated  and  the  coated  SCS6/Ni3A/  composite,  we  found  that  the  stresses  computed  in 
cases  (a),  (b),  (d)-(e),  Fig.  8,  are  very  similar.  On  the  other  hand,  the  adverse  stresses 
were  substantially  reducM  when  the  hydrostatic  pressure,  Oo,  was  sustained  daring 
cooldown  of  the  composite.  Fig-.  8c.  Moreover,  the  stresses  benefit  from  increasing  the 
magoitude  of  the  hydrostatic  pressure  applied  daring  the  HIP  process.  Specifically,  the 
tensile  stresses  found  in  the  phases  were  reduced  substantially  when  cto  was  increased  from 
200  MPa  to  400  MPa. 

Table  3  compares  the  interfadal  stresses  computed  in  uncoated  and  coated 
SCS6/NijA/  composites  when  the  thermomechanical  loading  paths  shown  in  Fin.  8a,c 
were  applied.  The  stresses  found  in  case  (c)  under  hydrostatic  pressure  of  200  Mra  and 
400  MPa  are  shown.  The  table  lists  the  radial  stress,  an,  tangentiad  stress,  att,  and  axial 
stress,  <riii  found  at  the  interface  at  either  point  ’a’  or  point  ’b’  indicated  on  the  unit  cell 
shown  in  the  inset  in  Table  3.  The  isotropic  stress  in  the  matrix,  (ao)ai  found  in  each  case 
is  also  indicated.  It  is  seen  that  the  tensile  stresses  at  the  fiber/matrix  interface  have  been 
reduced  in  the  uncoated  composite  by  maintaining  the  hydrostatic  pressure  while  cooling 
the  composite  down  to  room  temperature.  More  redactions  in  the  tensile  stresses  are 
achiev^  by  devating  the  hydrostatic  stress  to  400  MPa.  For  example,  the  matrix  hoop 
stress  is  reduced  by  18%  when  the  pressure  is  200  MPa,  and  by  37%  when  the  pressure  is 
400  MPa.  It  appean  that  the  tensile  stresses  can  be  reduced  farther  by  increasing  the 
hydrostatic  pressure  during  the  HIP  process.  However,  the  magnitude  of  the  pressure  that 
can  be  applied  during  fabrication  is  usually  limited  by  the  equipment  used  in  the  HIP 
process. 

The  matrix  interfadal  tensile  stresses  in  the  coated  system  have  been  also  reduced, 
but  to  a  lesser  extent,  by  following  the  loading  path  indicated  in  Fig.  8c,  Table  3.  The 
hoop  stress  in  the  coating,  however,  is  not  afiect^  by  the  thermomechanical  path  applied 
during  fabrication.  Except  for  the  axial  stress,  devating  the  pressure  applied  during  the 


Table  3  Maximum  interfadal  stresses  found  in  a  SCS6/Ni|Af  composite 
at  room  temperature  following  hot  isostatic  pressing 


Interfadal 
Stress  (MPa) 

Uncoated 

Fiber 

Coated 

Fiber 

Uncoated 

Fiber 

Coated 

Fiber 

Uncoated 

Fiber 

Coated 

Fiber 

(<^rr). 

-980b 

-«40b 

-790b 

-940b 

-60Ob 

-910b 

igoQb 

1580b 

1550b 

1520b 

120Ob 

1520b 

198Qb 

1860b 

1790b 

1430b 

1610b 

1410b 

(<^u)c 

- 

1850a 

- 

1880a 

— 

1880a. 

(<ni)c 

— 

-6680b 

— 

-€330b 

— 

-6240b 

(<^rr)f 

-980b 

-llOOb 

-790b 

-1220b 

-60Ob 

-1210b 

(fftt)f 

-940a 

-108Oa 

-760a 

-1170a 

-590a 

-1160a 

-dOSOb 

-3640b 

-5S20b 

-280Ob 

-600Ob 

-2610b 

970b 

870b 

850b 

670b 

740b 

670b 

Table  4  Matrix  internal  stresses  found  in  a  SCS6/NiiAf  composite 
at  room  temperature  following  hot  isostatic  pressing 


Stress  at 
’c’  (MPa) 

Uncoated 

Fiber 

Coated 

Fiber 

Uncoated 

Fiber 

Coated 

Fiber 

Uncoated 

Fiber 

Coated 

Fiber 

(<^ii)- 

213 

213 

195 

179 

177 

177 

(ff2j)» 

115 

128 

96 

162 

76 

164 

(^o)m 

101 

105 

90 

106 

79 

106 

32 


fflP  proceas  doei  not  affect  the  stresses  in  the  coated  system.  In  any  case,  the  matrix 
isotropic  stress,  and  consequently  damage  initiation,  is  affected  by  the  thermomechanical 
loading  path  followed  during  the  HIP  run. 

Table  4  lists  the  local  stresses  found  in  the  matrix  internal  point  ’C  (see  inset  of 
unit  cell).  The  axial  stress,  (aii)a,  the  transverse  stress,  (ajs)*,  and  the  isotropic  stress, 
(<^o)a,  are  shown  for  three  tnermomechanical  loading  r^mes  applied  duriu  the  HIP 
process.  It  is  seen  that  the  stresses  in  the  uncoated  system  are  affected  by  the  HIP  regime. 
Substantial  reductions  in  the  matrix  stresses  are  achieved  by  cooling  down  the  composite 
under  constant  pressure,  and  by  devating  the  hydrostatic  pressure  applied  during  the  HIP 
run.  While  these  factors  reduce  the  matrix  axial  stress  in  the  coated  system,  the  transverse 
stress  is  increased  and  the  isotropic  stress  is  unchanged. 

The  stresses  found  in  the  phases  after  the  composite  was  reheated  to  1200oC  were 
not  affected  by  the  loading  path,  or  the  magnitude  of  the  hydrostatic  pressure,  Oa,  applied 
during  the  HIP  process. 


DISCUSSION 

A  particular  CVD  deposited  carbon  coating  can  be  quite  effective  in  reducing  the 
adverse  thermal  residual  stresses  generated  during  fabrication  of  fibrous  composites.  The 
fiber  coating,  however,  enhances  certain  local  mechanical  stresses.  In  any  case,  the 
significance  of  these  effects  depends  on  the  rdative  stiffness  of  the  matrix,  the  fiber,  and 
the  coating.  In  particular,  plastic  flow  of  the  matrix  causes  substantial  reductions  in  the 
tensile  interfadal  stresses  in  the  phases.  The  implication  is  that  mechanical  compatibility 
in  fibrous  composites  is  not  only  a  function  of  the  thermal  properties  of  the  phases,  but  also 
depends  on  the  constitutive  behavior  of  the  phases.  Accurate  evaluation  of  thermal 
residual  stresses,  therefore,  can  be  only  performed  with  appropriate  micromechanical 
models. 

Plastic  flow  of  the  matrix  can  be  utilized  to  reduce  the  tensile  local  stresses 
generated  during  hot  isostatic  pressing  (HIP)  of  fibrous  composites.  Selection  of  the 
temperatur^pressure  path  as  well  as  the  ma^tude  of  the  hydrostatic  pressure  applied 
during  the  HIP  treatment  should  focus  on  inducing  plastic  deformation  in  the  matrix  early 
during  the  cooldown  cycle.  In  our  study  of  the  local  stresses  in  a  unidirection^ 
SCSfi/NijAf  composite  we  found  that  the  matrix  interfacial  tensile  stresses  are  lowest 
when  the  isotropic  pressure  applied  during  the  HIP  process  was  maintained  during  cooling 
to  room  temperature.  Also  the  local  stresses  can  be  reduct:  i  by  increasing  the  HIP 
isotropic  pressure.  Our  yet  unpublished  results  indicate  that  more  reductions  in  the 
thermal  residual  stresses  can  be  achieved  through  plastic  deformation  of  the  matrix  if  the 
hydrostatic  pressure  applied  during  the  HIP  process  is  confined  to  the  composite’s 
transverse  plane.  The  results  which  qualify  this  proposition  are  published  elsewhere 
(Bahei-EL-Din  et  al.,  1991). 
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Introduction 

During  a  stay  at  RPI,  Rensselaer  Polyteciinic  Institute,  Troy,  NY,  from  August  1989 
to  September  1990  as  a  visiting  researcher,  and  while  being  supported  by  a  grant  form  the 
Fonds  2ur  Forderung  der  Wissenschaftlichen  Forschung,  Vienna,  Austria,  a  Finite  Element 
for  layered  fiber  reinforced  composite  shells  has  been  developed  by  the  author,  implemented 
into  a  commercial  Finite  Element  code  (ABAQUS),  and  tested  extensively. 

The  displacement  based  degeneration  principle  is  used  in  combination  with  specific 
kinematic  assumptions  for  deriving  the  governing  equations.  By  treating  each  layer  as  an 
individual  shell  and  introducing  kinematic  constraints  between  the  layer  DOFs  and  the 
conveniently  chosen  global  DOFs  a  very  good  representation  of  the  mechanical  behavior 
of  the  shell,  including  transverse  shear,  has  been  obtzuned. 

Currently  there  are  two  material  models  available: 

-  A  linear  elastic  model,  in  which  the  thermo-elastic  material  is  either  described  by  the 
behavior  of  the  local  components,  i.e.  fiber  and  matrix  material  laws  and  geometrical 
configuration  in  each  layer,  or  by  the  overall  orthotropic  layer  material  laws. 

-  An  elasto-plastic  composite  model,  that  is  based  on  the  assumption  of  linear  elastic 
behavior  of  the  fibers  and  metal-type  elasto-plastic  behavior  of  the  matrix. 

Other  material  models  can  easily  be  implemented  by  using  the  specially  designed  in¬ 
terface,  LCSMAT. 


*  Current  addreu:  144  Highland  Ave.,  Apt.  302,  East  Lansing,  MI  48823,  Tel.  (517)  351-1207 
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1.  FORMULATION  OF  THE  LCSLFC-ELEMENT 


1.1  INTRODUCTION 

The  LCSLFC-element  (Layerwise  Constant  Shear  Laminated  Fiber  Composite)  is 
based  on  the  degeneration  principle  [1,2].  Each  layer  is  treated  as  a  separate  shell  element 
with  orthotropic  material  behavior.  The  layer  DOFs  (degrees  of  freedom)  of  all  layers  are 
transformed  to  a  set  of  element  DOFs  along  with  the  corresponding  sti&esses  and  nodal 
forces.  This  procedure  improves  the  transverse  shear  behavior  of  the  shell  element  since 
normal  vectors  of  the  shell  are  now  able  to  undergo  piecewise  (layerwise)  linear  deforma¬ 
tions  (due  to  the  assumptions  included  in  the  degeneration  principle,  normal  vectors  in 
each  layer  remain  straight). 

As  a  reminder,  the  well  known  linearized  incremental  equilibrium  equation,  including 
thermal  loading,  derived  from  the  virtual  work  principle,  is  given  here  [2]: 


[¥.+¥.K^a)‘=B-a-AX«)  W 

"TXT" 

For  the  updated  Lsigrange  formulation  the  sti&ess  matrices  and  the  nodal  force  vectors 
for  one  general  element  (e)  are  given  by  the  following  integrals  over  the  volume  of  the 
element  at  the  beginning  of  the  increment: 


/srss--^ 

V 

(2) 

V 

(3) 

:<•)=  fBfrdV 
-  y  - 

V 

(4) 

V 

-3  - 

(5) 

In  Eq.  (1)  the  stun  in  square  brackets  represents  the  global  tangent  sti&ess  matrix  K 
at  the  beginning  of  the  increment,  consisting  of  the  following  contributions: 

a)  the  material  stifiiess  matrix,  ,  which  depends  on  the  material  behavior  (expressed 
by  the  current  material  matrix  C)  and  the  reference  geometry  (expressed  by  the  linear 
strain-displacement  matrix  Bj ); 

b)  the  initial  stress  or  geometrical  stiffiaesa  matrix,  ,  which  depends  explicitly  on  the 
current  stresses  (matrix  and  the  reference  geometry  (expressed  by  the  nonlinear 
strain-displacement  matrix  B^j); 

The  external  load  vector  at  the  end  of  the  increment,  R,  is  given  by  the  sxirface  and 
body  forces,  concentrated  or  distributed;  f  is  the  vector  of  internal  forces  corresponding 
to  the  stresses  at  the  beginning  of  the  increment  (vector  r);  is  the  vector  of  internal 
nodal  forces  equivalent  to  stress  increments  resulting  firom  a  temperature  increment  Ai? 
and  computed  by  using  the  coefficients  of  linear  thermal  expansion  (vector  a). 


I. 2  STIFFNESS  EXPRESSIONS  FOR  ONE  LAYER 

Each  layer  n  is  treated  as  a  homogeneous  shell  with  constant  material  properties  over 
the  layer  thickness.  The  degeneration  principle  is  employed  to  derive  the  shell  element 
stiffiiess  expressions  from  the  3/D  continuum.  This  includes  two  assumptions  [1,2]: 

I.  The  normal  vectors  of  the  layer’s  reference  surface  remain  straight  and  inextensible 
during  deformation. 

II.  The  contribution  of  the  strain  energy  caused  by  stress  components  perpendicular  to 
the  reference  surface  is  set  to  zero  by  using  a  modified  material  law. 

1.2.1  Description  of  Geometry 

With  assumption  I  the  geometry  of  the  layer  can  be  described  by  one  reference  surface 
and  its  corresponding  normal  vectors.  With  appropriate  shape  functions  the  matrices  Bj 
and  (in  Eqs.  (2-5))  can  be  constructed.  Due  to  the  isoparametric  element  fonnular 
tion  these  matrices  are  functions  of  natural  coordinates  r,  s,t,  where  r,s  lie  in  the  layer’s 
reference  surface  and  t  indicates  the  thickness  direction,  see  Fig.  1.1. 
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Fig.  1.1  Geometry  of  the  degenerated  shell  (slayer)  element 


Interpolation  of  geometry  (subscript  n  indicates  the  layer  number): 

*n(r,s,t)  =  53  CO* 

kml 

M 

yn{r,3,t)  s  53  cos  (6) 

M 

^n(r,S,i)  =  53 

kml 

with  j)  being  standard  2/D  shape  functions  (i.e.  Lagrangian  polynomials);  M  is  the 
number  of  nodes  forming  the  element,  hn^  is  the  thickness  of  the  layer  at  node  k,  and 
and  are  used  to  determine  the  position  of  the  layer’s  normal  at  node  k,  see  Fig.  1.1. 

Given  the  geometry  at  the  beginning  of  the  increment  (denoted  by  Xn«  Vnt  ^n)  &nd  the 
initial  geometry  (denoted  by  ^Xn,  ^Zn)  the  total  displacements  follow  as: 
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The  incremental  displacements  Aun«  Aun,  Au>n  are  defined  similarly.  They  are  related 
to  the  nodal  DOFs  through  the  same  interpolation  functions  as  xised  for  describing  the 
geometry  (=isoparametric  formulation).  A  linearization  with  respect  to  the  increments  of 
the  angles  is  necessary  for  the  subsequent  derivation  of  the  stiffiaess  expressions. 


(Aun(r,s,t)  \ 

Au«(r,j,t)  1 

Au;„(r,s,t)/ 


/I  0  0  th^n^g?^ 

0  10  thWgW  th«ri‘> 

Vo  0  1  th«g(*>  th«li*>/ 


(8) 


where  AiUn^  represents  the  vector  of  DOFs  at  node  k  for  layer  n.  The  functions 
can  be  found  in  the  appendix,  Eq.  (AXO). 


1.2.2  Description  of  Material 

Assumption  II  for  the  degeneration  principle  is  satisfied  by  forcing  the  normal  stresses 
in  thickness  direction  to  be  zero.  This  results  in  a  material  law  similar  to  that  used  under 
plane  stress  conditions. 

Usually  the  material  matrix  and  the  vector  of  coefficients  of  linear  thermal  expansion 
of  the  unidirectionally  reixiforced  layer  (UD-layer)  are  defined  in  the  local  layer  coordinate 
system  denoted  by  subscript  L: 

0  0  0  0  \ 

0  0  0  0 

0  0  0  0 

E44  0  0 

Ess  0 

E,s/ 


Each  layer  is  assumed  to  exhibit  orthotropic  material  behavior  with  respect  to  its 
individual  fiber-fixed  local  coordinate  system  /,  q,  t  (with  /  denoting  the  fiber  direction;  q 
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and  t  transverse  and  thickness  directions,  resp.).  This  system  is  related  to  the  element 
fixed  r,  s,  t  system  via  the  fiber  angle  6.  The  definitions  of  the  different  coordinate  systems 
and  the  fiber  angle  are  shown  in  Fig.  1.2. 


Fig.  1.2  Element  fixed  r,s,t  coordinate  system,  local  layer  system 

Since  element  geometry  and  fiber*direction  are  independent  of  each  other  the  fiber  angle 
6  is  not  necessarily  constant  within  the  element  (see  Fig.  1.2).  Two  ways  of  taking  this 
fact  into  account  are  implemented  in  the  LCSLFC-element: 

a)  By  assuming  the  fibers  to  be  parallel  within  the  layer’s  reference  surface  one  can  find 
a  geometric  relationship  that  considers  the  variation  of  6  (see  [3]). 

b)  By  specifying  the  6-angles  at  each  nodal  point  of  the  element  and  using  the  2/D  shape 

functions  (from  the  interpolation  of  the  geometry,  £q.  (6))  one  can  interpolate 

the  6-angle  at  any  point. 

The  in  can  either  be  calculated  from  material  data  given  for  the  layer,  or  from 
the  material  data  of  fiber  and  matrix  along  with  the  fiber  volume  fraction. 
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If  engineering  material  properties  E{,  E,,  G;^,  G,„  for  the  layer  are  given,  the 

Eij  values  in  C^,  can  be  computed  aa 


E«=G„ 

Ei3  =  1'j/E22  E55  =  Gjj  (10) 

E23  =  — — W- 

1  -  "l.lf 

If  material  properties  of  the  constituents  of  the  composite  are  given,  a  homogenization 
technique  has  to  be  used  to  determine  the  Ct  matrix.  For  that  purpose  a  software  package, 
developed  at  RPI,  Troy,  NY,  by  C.M.  Huang  [4]  which  is  based  on  the  Mori-Tanaka 
averaging  scheme,  has  been  adapted  and  implemented.  Using  this  technique  the  effective 
properties  (E«j  and  a,-j)  of  a  wide  variety  of  composite  materials  can  be  computed  from 
fiber  and  matrix  data,  the  volume  fraction,  and  the  geometrical  setup.  The  fibers  axe 
assumed  to  behave  orthotropically  (transversely  isotropic)  and  the  matrix  isotropically. 
Four  options  for  the  fiber  arrangement  are  implemented  in  the  LCSEFC-element: 

~  Aligned  continuous  fibers 

-  Randomly  oriented  continuous  fibers 

-  Aligned  whiskers 

-  Randomly  oriented  whiskers 

When  dealing  with  metal  matrix  composites  one  has  to  take  into  account  the  elasto- 
plastic  behavior  of  the  matrix  material.  In  the  LCSLFC-element  a  special  version  of  the 
“VFD”  model  [5]  is  implemented  in  combination  with  classical  plasticity  theory  including 
kinematic  hardening.  This  part  of  the  element  code  was  developed  by  A.  J.  Svobodnik,  TU 
Vienna,  Austria;  a  detailed  description  of  the  theories  used  can  be  foxmd  in  [6]. 

1.2.3  Integration  of  the  Stiffness  Expressions 

An  efficient  way  to  reduce  the  numerical  effort  for  computing  the  sti&ess  matrix  and 
the  internal  nodal  force  vector  is  the  use  of  an  analytical  thickness  integration  as  described 
e.  g.  in  [7,8,9].  However,  a  necessary  requirement  for  this  procedure  is  the  neglection 
of  the  t-dependence  of  the  Jacobian  matrix.  In  [3]  detailed  analyses  show  that  this 
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approximation  is  acceptable  as  long  as  the  shells  are  thin,  their  curvatxire  is  moderate,  and 
their  thickness  does  not  vary  too  much.  The  definition  of  the  Jacobian  matrix  is  given  in 
the  appendix,  Eq.  (Al). 

In  order  to  be  able  to  perform  the  thickness  integration  analytically,  the  t'-dependence 
of  all  relevant  terms  of  the  integrands  in  Eqs.  (2-5)  must  be  clarified.  From  Eqs.  (6,7)  and 
with  the  assumption  mentioned  above,  the  t— dependence  of  the  displacement  derivatives 
can  be  expressed  explicitly: 

+ 1  u«j(r,s) 

=  ^n,j(r,s)  +  <  t^,j(r,  j)  j  =  x,y,z  (11) 

=  Qr„,j(r,s)  +  <u>„,^(r,s) 

The  specific  formulas  for  found  in  the  appendix, 

Eqs.  (A4,  A5).  In  a  similar  way  the  derivatives  of  the  displacement  increments  Au„,y, 

computed,  see  appendix,  Eqs.  (A7-A9). 

With  the  definition  of  the  Almansi  strains  and  by  invoking  Eq.  (11),  one  can  extract 
the  t-dependence  of  the  strains: 

=  liiM  + 1  tijir.s)  + ey(r,s)  y,  s  (12) 

with  the  different  components,  e.g.  for  strain  ex^: 

®  *"  ^1* 

””  *"  ®n,f ) 

After  transforming  the  material  matrix  and  the  vector  of  thermal  expansion  (Eq.  (9)) 
to  the  global  «,y,s  system,  and  combining  it  with  Eq.  (12),  the  vector  of  Cauchy  stress 
components  becomes: 

l(r,s,t)  «  g(r,s)([£(r,s)  -  2(r,s)^?(r,s)]  +  f  [?(r,s)  -  Q{r,s)  d(r,s)]  + £(r,s)^  (14) 


where 


5(r,j)  .  jJ'Cr,,)  g[  J(r,j) 


(15) 

(16) 


The  matrix  ^  represents  the  transformation  from  the  global  x,  y,  z  system  to  the  local 
/,  q,t  system.  T  is  composed  of  the  elements  of  the  Jacobian  matrix  (and  depends  on  the 
fiber  angle  6).  Therefore,  since  J  is  independent  of  t,  so  is  T.  The  temperature  field  is 
aaaximed  to  be  linearly  distributed  over  the  thickness  of  the  shell  (and  therefore  over  the 
thickness  of  the  layer),  with  ?  being  the  temperature  load  at  the  t  —  0  sxirface  and  being 
the  temperature  difference  between  the  surfaces  of  the  layer. 

The  and  matrices  are  constructed  from  derivatives  of  the  displacement  incre¬ 
ments,  therefore  they  can  be  decomposed  similarly: 

B,  (r,3,<)  =  I)  (r,s)  + 1 (r,s)  (17) 

B„/(r,s,0  *  f„,(r,s)  -|- 1  |„,(r,s)  (18) 


The  detailed  formulas  for  the  matrices  found  in  the  appendix, 

Eqs.  (A13,A14,A17,^18). 

Substituting  Eqs.  (14--18)  into  the  expressions  for  the  sti&ess  matrices  (Eqs.  (2-5)) 
and  invoking  some  abbreviations  lead  to: 


+1+1 

g.'”’  =// (sTsd. + ill  )+irs(  id + ill  ))d«ti  j  I  *  *  (19) 


-1-1 

+1+1 


Ki"’=/ /(gI(|‘d.i+s»|.i)+|S(§»§«i+|»|.i))‘‘^lii  **  (20) 


-1-1 

+1+1 


•yyci?'  ii + ir  j  I  *  * 


(21) 


-1-1 

+1+1 


/(5?'ga('^+i^+|rg8(i^+iA5))d«‘lil  ifr*  (22) 

-1-1 


with  superscript  (n)  denoting  layer  n.  §i,§3,  Ss  represent  “stress  integrals”  and  are  com¬ 
puted  by: 

1 

giC.i)  =■  J^(r,*)  jT(r,s,i)^dt  i  =  l,2,3  (23) 

0 
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Si,S2,  Sa  axe  equivalent  to  Si,  S2,  Sa  but  the  elements  are  rearranged  in  special  matrix 
form,  see  appendix,  Eq.  (A19). 

For  elastic  material  these  stress  integrals  can  be  computed  analytically: 

Sl  =  C(  f-a?  + 

=  +  +  (24) 

S3  =  g(i(r  -  a i?)  +  1(?  -  a ^?)  +  ie) 


For  other  material  models  (where  the  stresses  cannot  be  computed  directly  &om  the 
total  strains)  a  2‘point  integration  is  vised.  By  assuming  the  layer  to  be  thin,  a  linear 
variation  of  the  stresses  across  the  thickness  is  valid: 


with 


Z('-.3,0  =  r(r,3)  +  tr(r,s) 

Z  *  Z(*-o) 


(25) 


(26) 


With  Eq.  (25)  the  stress  integrals  can  be  computed  as  follows: 

|1-|(  x+iz) 

P  =  Iiix+iz)  (2T) 


With  Eqs.  (26,27)  the  stress  integrals  can  be  evaluated  from  the  stresses  at  t  s:  0  and 
t  =  1,  which,  in  turn,  are  computed  either  from  the  Svobodnik’s  elasto-plastic  material 
law  [6],  or  by  a  user  defined  material  law  (using  the  LCSMAT  interface). 

The  integrals  in  Eqs.  (19-22)  are  computed  numerically  using  a  standard  Gaussian 
quadrature  procedure. 
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1.3  ASSEMBLAGE  OF  ELEMENT  STIFFNESSES 

The  procedure  for  establishing  a  connection  between  the  individual  layers  is  based  on 
kinematic  assumptions.  Using  this  assumptions  a  relationship  between  conveniently  chosen 
element  DOFs  and  the  layer  DOFs  can  be  derived. 

1.3.1  Definition  of  Degrees  of  Freedom 


z 


Fig.  1.3  Definition  of  element  geometry  and  DOFs  for  the  multilayer  shell 


To  secure  an  easy  and  universal  usage  of  the  element,  the  definition  of  the  element 
DOFs  is  based  on  the  concept  of  ‘Hnplane”  and  ‘‘out-of-plane”  quantities: 
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-  Displacements  of  the  shell’s  midstirface  represent  the  “inplane”  part  (they  are  re¬ 
lated  to  the  membrane  behavior). 

-  Rotations  of  shell- “normals”  represent  the  “out-of-plane”  part  (they  are  related  to 
the  bending  and  transverse  shearing  behavior). 

Basically,  the  same  notation  as  used  in  the  degeneration  principle  is  employed  here. 
The  geometry  of  the  entire  shell  is  described  in  terms  of: 

-  The  coordinates  of  nodes  (k)  lying  in  the  shell’s  midsurface, 

-  2  angles  at  these  nodes,  which  determine  the  position  of  the  shell’s  “nor¬ 

mal”  (this  vector  is  not  necessarily  exactly  normal  to  the  shell’s  midsurface), 

-  2{N  - 1)  additional  angles  at  these  nodes,  (n  s  1, . . . ,  iV  - 1;  JV  =  number 

of  layers),  which  determine  the  positions  of  the  normal  vectors  of  the  layers,  and 

-  the  thickness  of  the  shell  at  these  nodes  h(*^  see  Fig.  1.3. 

Correspondingly,  the  following  DOFs  per  node  are  defined: 

-  3  displacement  increments,  and 

-  2N  angle  increments,  A^^*\  AV’^*\  A^n^  AV’n^  (n  *  1, . . . ,  iV  -  1). 

Initially,  the  normal  vectors  of  all  layers  lie  on  one  straight  line,  namely  the  shell’s 
normal,  which  is  determined  by  the  initial  angles  and  can  be  computed  &om 

the  nodal  coordinates.  By  using  the  2/D  shape  functions  ^(*)(r,s)  (see  interpolation  of  the 
geometry,  Eq.  (6)) ,  the  shell’s  normal  vector  n  is  given  by 


The  formulas  for  the  displacement  derivatives  x,r,  y,r,  y,«>  can  be  foimd  in 

the  appendix,  Eq.  (A20). 

From  n,  computed  at  node  k,  the  angles  follow  as 


s  arctan 

n. 


s  arctan 


n<‘> 


(29) 
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Alternatively,  the  initial  poaition  of  the  aheU’a  normal  can  be  defined  by  prescribing 
direction  cosines  at  nodes  (in  addition  to  the  coordinates).  This  is  sometimes  useful  if 
two  adjaicent  elements  are  inclined  (i.e.  have  no  common  normal),  which  can  lead  to 
inaccuracies  in  the  analysis. 

D\iring  loading,  the  normals  of  the  layers  deviate  &om  the  initial  shell’s  normal.  Due  to 
the  degeneration  principle,  these  layer- normals  remain  straight,  so  that  a  piecewise  linear 
deformation  of  the  shell’s  normal  occurs. 

By  defining  a  “secant”  (which  coincides  with  the  shell’s  normal  in  the  initial  config¬ 
uration)  and  angles  as  corresponding  deviations  of  the  layer-normals  &om  this 

secant  (see  Fig.  1.3)  one  can  compute  the  coordinates  Xn\  and  the  total  angles 

for  the  layers. 


1.3.2  Description  of  Geometry 


The  nodal  coordinates  for  layer  n  at  beginning  of  the  increment  can  be  computed  &om 
the  coordinates  of  the  midsurface  of  the  shell,  the  shell  thickness,  the  angles  of  the  “secant” , 
and  the  angles  of  the  layer-normals  as  follows: 

j(*)  jpt)  ^  1  jj(*)  gQg  cos('IrW  ^ 

y(*)  s_  y(*)  _  1  Jj(*)  gJjj  ^(*)  ^  W  ^  ^  JjW  3Ul(^(*)  4.  ^W)  008(4^*^  + 

^(*)  _  gjjj  ijr(*)  gjjj  ^(*)  ^  ^  JjW  gjii(ijr(*)  ^ W)  8in(#^*^  -f* 

(30) 


*(*)  + 


”  i  —  arcsin(  ^  sin(^(*^^)  N 


l<n<N-l 


^(*)  ^ 


qfW  +  tpi 


\  ^(*)  _  arcsin(  ^  sinV>4*^^)  n  *  iV 

The  corresponding  equation  for  the  initial  coordinates  can  be  found  in 

the  appendix,  Eq.  (A21). 

The  nodal  displacements  for  layer  n  can  be  computed  similar  to  Eq.  (30)  in  terms  of 


l<n<N-l 
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the  shell’s  nodal  displacements  and  nodal  angles: 

yW  _  y(k)  _  ^(*)  _  cos°^^*^) 

n-l 

+  hf  (cos(^r(*)  +  ^f)  -  cos  °^(*>) 

—  ^hf*'^(sin  cos  —  sin®^'^^)  cos 

+  (sin(^^*^  +  V’j*^)cos($(*)  +  <119^^)  -  cos°$^*^) 

;al 

u;W  =  u;W  —  ^hf*)(3in^'^*^  sin#^*^  —  sin°4'^*^sin°4^*^) 

+  ^  h^*\sin('I'^*^  +  ^j*^)  sin(#^*^  +  —  sin  O^W  gjjj 

j»l 

The  layer- coordinates  from  Eq.  (30)  and  the  layer- displacements  from  Eq.  (31)  axe 
then  used  for  computing  the  sti&ess  expressions  of  the  layer  (section  1.2). 

1.3.3  Transformation  Layer  -»  Shell 

Equation  (31)  can  be  used  for  deriving  the  displacement  increments.  By  assuming  the 
angle  increments  to  be  small  (<:  1),  the  trigonometric  functions 

can  be  linearised  with  respect  to  these  angles,  which  results  in  a  linear  relationship  between 
the  layer  DOFs  (Aui*\  Aul*\  A9?^  ^„*^)  and  the  shell  DOFs  (Au^,  At;W,  Au;W, 
A0(«,  A0^,*\  n  s  1, . . . , iV  -  1): 

AuWsGWAuW  (32) 

The  detailed  formulas  for  the  transformation  matrix  and  the  definitions  of  the 

» 

vectors  Aun^  and  Au^*)  can  be  foxmd  in  the  appendix,  Eqs.  (A25-A27). 

The  definition  of  the  angles  (fin^  and  as  deviations  from  the  “secant”  renders  some 
distinct  advantages: 

-  Enforcing  a  straight  shell  normal  (e.g.  as  a  boundary  condition)  can  easily  be  done  by 
setting  the  DOFs  A^n\  ^n\  n  =  1, N  -  I  to  zero.  This  forces  the  total  angles 
9n\  of  all  layers  to  be  equal  to  the  corresponding  angles  of  the  shell. 
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-  The  piecewise  linear  deformations  of  the  shell’s  “normal”  result  directly  from  the  anal¬ 
ysis  in  terms  of  the  deviation  angles. 

By  applying  the  transformation  from  Eq.  (32)  to  all  nodes  the  following  global  trans¬ 
formation  matrix  can  be  derived: 


with  this  equation,  the  stifiiess  matrix  and  the  vector  of  internal  nodal  forces  can  be 
transformed  from  the  layer  level  to  the  element  level: 

5  =  E§» 

nsl 

(35) 

nail 

Consequently,  K  and  are  used  in  the  incremental  equilibrium  equation,  Eq.  (1). 

1.3.4  Distributed  Loads 

In  the  LCSLFC-element  distributed  loads  are  taken  into  account  in  a  simplified  man¬ 
ner.  The  equivalent  nodal  forces  are  computed  for  the  entire  shell  (rather  than  separately 
for  each  layer)  and  added  to  the  RHS-vector  of  Eq.  (1). 

Currently,  the  following  distributed  load  types  U1  -  U5  (this  notation  corresponds  to 
the  ABAQUS  notation  [10])  are  implemented  in  the  LCSLFC-element  (for  details  on  the 
derivation  of  the  equations  see  [3]): 
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Ul  corresponds  to  a  uniform  presstire  load  p.  By  assuming  the  pressure  to  act  on  the 
midsurface  of  the  shell,  the  equivalent  nodal  forces  Rpre4«  can  be  computed  by: 


)detlJ| 


dr  ds 


(36) 


with  ^  being  the  translational  part  of  the  interpolation  matrix  for  the  shell  N,  see 

^  ft 

appendix,  Eqs.  (A29,  A30). 


U2  correspond  to  a  gravity  load  in  —z  direction.  The  equivalent  nodal  forces  Rjrav  can 
be  computed  by: 


R,ra«  =/  /[5^(r,s)  (  0  ]  +  N^(r,s)  I  0  j  1  det|  J  I  dr  ds 

^  \-Ps/  "  \-PsJ 


(37) 


with  ^  being  the  rotational  part  of  the  interpolation  matrix  N,  see  appendix, 
Eqs.  (A29,  A31),  and  g  being  the  gravity  constant.  ]?,  p  are  the  following  thickness 
integrals  of  the  mass  densities  of  the  layers  (pn): 


N 


n»l 

N 


n— 1 


nml 


h  h 


with  =  + 

;=i 


(38) 


U3  correspond  to  a  uniform  body  force  6  in  i  direction.  The  equivalent  nodal  forces 
Rj/o  can  be  com  ted  by: 


B»/s.  j  det]  J|  drda 


(39) 


U4,U5  correspond  to  a  uniform  body  force  h'm  y,z  direction,  respectively.  The  equivalent 
nodal  forces  can  computed  similar  to  Eq.  (39)  but  the  load  direction  has  to  be 
adjiisted  accordingly. 
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1.4  MODIFIED  BUCKLING  ANALYSIS 


In  the  LCSLFC-element  the  buckling  procedure  implemented  in  ABAQUS  [10]  is  used 
in  a  modified  way  in  order  to  improve  the  convergence  behavior  in  cases  where  thermal 
buckling  is  considered. 

Instead  of  computing  the  current  sti&ess  plus  eigenvalue  times  an  incremental  sti&ess 
(this  is  the  ABAQUS  *BnCXL£  procedtire),  the  stiffiiess  matrix  is  decomposed  into  a  load 
independent  part  and  a  load  dependent  part,  which  is  used  to  formulate  a  linear  eigenvalue 
problem. 

Starting  from  Eq.  (1)  and  by  lineariring  the  nonlinear  relationship  between  the  sti&ess 
matrix  and  the  cturrent  load,  an  eigenvalue  problem  of  the  following  form  can  be  obtained 
(for  details  see  [11]),  leading  to  an  estimate  for  the  critical  load:- 

(g.+’?g,)«2  =  0  C«) 

critical  load  »  x  cxirrent  load  (41) 

with  Tji  being  the  smallest  eigenvalue  of  Eq.  (40).  The  eigenvectors  6%  correspond  to  the 
eigenvalues  rj  and  represent  approximations  of  the  buckling  modes. 

The  error  caused  by  the  linearization  mentioned  above,  vanishes  and,  hence,  the  esti¬ 
mate  (Eq.  (41))  becomes  accurate  when  the  lowest  eigenvalue  r/i  approaches  1,  i.e.  the 
current  configuration  approaches  the  critical  one. 
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2.  USER  MANUAL  FOR  THE  LCSLFC-ELEMENT 


2.1  SUMMARY  OF  ELEMENT  CAPABILITIES 

The  following  is  a  list  of  features  implemented  in  the  LCSLFC-element.  Sections  2.2 
and  2.3  include  detailed  descriptions  of  these  capabilities. 

*  Element  formtilations: 

-  linear  or 

-  updated  Lagrangian 

*  Variable  node  nximbers:  4-,  8-,  9-  and  16-noded  elements 

*  Variable  integration  order:  from  1x1  up  to  4x4 

*  Variable  shell  thickness  within  each  element 

*  Free  definition  of  directions  of  shell  quasi>normals: 

-■  prescribed  or 

-  computed  from  initial  geometry 

*  Convenient  definition  of  DOFs: 

-  displacements  of  shell>midsurface  pltu 

-  rotations  of  shell  quaai-normals  plus 

-  seperate  rotational  DOFs  per  node  for  each  layer 

*  Layerwise  constant  transverse  shear 

*  Free  laminate  lay-up:  each  layer  can  have  a 

-  different  layer  angle 

-  different  thickness 

-  difierent  material 

Free  distribution  of  layer  angles  within  elements: 

-  prescribed  or 

-  computed  from  initial  geometry 

*  Material  models: 

-  linear  elastic  model  or 

-  metal-matrix-composite-type  elasto-plastic  model  or 

-  user  defined  material  model 
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Different  types  of  material  data  input: 

-  layer  data  (=  homogenized  data)  or 

-  data  for  fiber  material  and  matrix  material  with 

•  aligned  continuous  fibers  or 

•  randomly  oriented  fibers  or 

•  aligned  whiskers  or 

•  randomly  oriented  whiskers 

*  Thermal  loading  in  terms  of  temperatxires  at  the  surfaces  of  the  shell 

*  Distributed  loads  (surface  pressure  and  bodyforces) 

*  Printout  of  layer  stresses  and  strains  at  various  locations 

*  Full  usage  of  ABAQUS  preprocessor  capabilities 


2.2  INPUT  STRUCTURE 

The  LCSLFC-element  works  in  conjuction  with  the  FE-code  ABAQUS  [10]  as  a  user 
defined  element  by  employing  the  UZL-interface.  Therefore,  the  input  for  the  LCSLFC- 
element  is  based  on  the  conventions  and  concepts  of  ABAQUS.  In  addition,  line  (‘‘card”) 
oriented  data  input  within  the  oUEL  PROPERTY  section  is  used  to  define  all  the  element 
parameters  necessary. 

2.2.1  Introducing  the  LCSLFOElement 

The  LCSLFC-element  is  introduced  via  the  keyword  '^USER  ELEMEHT  in  the  input-deck. 
In  addition  to  the  keyword,  the  parameters  HODES,  TYPE,  C00RDI5ATES,  VARIABLES, 
PROPERTIES  have  to  be  entered  with  the  following  values: 

HOOES*4  or  «8  or  *9  or  "IS  (s  number  of  nodes  forming  the  element,  see  note  (1)) 

TYPE-Ul  (*  element  identifier) 

C00RDIVATES«6  (s  number  of  coordinates  at  each  point,  see  note  (2)) 

VARIABLES*nn  (s  number  of  solution  dependent  variables,  see  note  (3)) 

PR0PERTIES«mm  (=  number  of  property  values  given  in  the  ♦UEL  PROPERTY  option, 

see  note  (4)) 
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(2)  6  coordinates  (s,  y,  z  coordinates  plus  x,y,  z  direction  cosines)  are  used  to  define  both 
the  position  of  the  nodes  in  space  and  the  direction  of  the  shell  normal.  These  coordi¬ 
nates  axe  entered  in  the  *N0DE  section  of  the  input-deck;  input  of  the  direction  cosines 
is  optional;  if  they  are  not  specified,  the  direction  of  the  initial  shell  normal  is  com¬ 
puted  from  the  initial  geometry  of  the  shell  (see  Eqs.  (28,29)).  If  the  direction  cosines 
are  specified,  these  directions  will  be  tised,  unless  the  difference  between  the  angles 
computed  from  the  geometry  and  those  computed  from  the  direction  cosines  is  greater 
than  a  given  value  (default:  DA2IG=  10*,  or  specified  for  each  element,  see  Element  Data 
Block).  DANG  shoxild  be  kept  small  to  prevent  excessive  initial  distortion  of  the  element. 
In  cases  where  two  adjacent  elements  are  inclined  (i.e.  have  no  common  normal)  it  is 
sometimes  useful  to  specify  a  particular  direction  of  normal  to  reduce  inaccuracies  in 
the  analysis. 

(3)  The  number  of  solution  dependent  variables  nn  defines  the  length  of  the  array  SVARS, 
which  contains  certain  element  data,  nn  depends  on  the  number  of  layers  (parameter 
MAXNUM),  the  number  of  integration  points  (parameters  NIR ,  NIS),  the  number  of  element 
nodes  (parameter  NNQDE)  and  the  number  of  items  stored  at  each  integration  point  at 
each  layer  (parameter  NLWA).  nn  is  given  by  the  following  expression: 

nn  >  NSVARS  «  (NLWA  -H  8)  *  2  *  NIR  ♦  NIS  ♦  MAXHTJM  -b  (MAXNDM  -b  3)  *  NNODE  +  2 

The  program  checks  whether  nn  is  sufficiently  large  and  prints  out  SVARS  (NSVARS). 

(4)  The  n;imber  of  property  values  equals  8  times  the  number  of  data  lines  within  the  *UEL 
PROPERTY  section  of  the  input-deck. 

2.2.2  Definition  of  Degrees  of  Freedom 

After  the  line  with  the  keyword  ♦USER  ELEMENT,  a  line  with  a  list  of  active  DOFs  per 
node  has  to  be  entered,  which  depends  on  the  number  of  layers: 

For  a  shell  with  only  one  layer,  DOFs  1,2, 3, 4, 5  have  to  be  activated;  for  each  additional 
layer  two  additional  DOFs  are  necessary.  For  these  DOFs  the  numbers  11,12,. . .  shoiild  be 
used  (ABAQUS  has  certain  conventions  for  labeling  the  DOFs  [10]),  so  that  results  can  be 
printed  out.  However,  if  thermal  load  is  applied,  these  DOFs  cannot  be  used  (these  DOFs 
are  unavailable  if  the  keyword  *TEMPERATURE  is  used),  instead  DOFs  6,. . .  ,10  can  be 
used.  In  that  case,  however,  only  DOF  6  is  available  for  print-out. 
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The  output  variable  identifiers  for  printing  the  DOFs  are  defined  as  follows  (see  also 
ABAQUS  Users’  Manual,  section  7.7.1).  These  identifiers  can  be  used  in  the  *N0DE  PRIST 
option: 

DOF  s  identifier 

I, 2, 3, 4, 5, 6  U 

II, 12,...  NT11,NT12,... 

DOFs  1,2,3  represent  the  displacement  increments  in  i,y,  z  directions,  DOFs  4,5  corre¬ 
spond  to  the  rotational  increments  of  the  shell  secant,  see  Fig.  1.3.  The  remaining  DOFs 
are  rotational  increments  of  the  normals  of  the  layers  as  defined  in  section  1.3.1,  see  Fig. 
1.3.  Due  to  ABAQUS  input  conventions  (only  16  integer  items  can  be  given  in  a  data 
line),  the  maximum  number  of  layers  is  restricted  to  6  (=  15  DOFs). 


2.2.3  Element  Properties 

To  define  all  element  properties,  the  *UZL  PRCPERTY  section  has  to  be  used.  The  data 
within  this  section  are  arranged  in  “card”  form  (i.e.  the  ordering  of  both  the  input  lines 
and  the  input  items  within  each  line  are  essential).  The  arrangement  of  the  data  items  is 
as  follows  (the  names  of  the  variables  correspond  to  the  LCSLFC-code): 


KTEMP ,  HIR ,  NIS ,  ISTRES ,  MODEL ,  HOMMAT ,  HUMSPE 
5P . ySCHDA (NP) , ESCELA, WEISXL 

RHO(EP) .RHOM.ALFTCl.EP) ,ALFT(2,NP) ,ALFTC3.EP) ,ALFT(4,NP) ,ALFT(5,NP) 
PROPCl.HP),...  ,PR0P(8,HP) 

CPROPO.EP),...] 

[HP,... 

i  (NUMMAT  materials  have  to  be  defined) 

[PROP  (9, HP),...]] 

HLFC,HSCHI(HLFC),HSY 

ISCHI , AHSCHI CISCHI , HLFC) , THSCHI (ISCHI , HLFC) , IMSCHI (ISCHI , HLFC) , KISCHI 
next  ISCHI , . . .  (until  all  layers  are  defined) 

[HLFC,... 

:  (HUMSPE  laminates  have  to  be  defined) 

ISCHI,...] 

M , MTYP , IPS , KG , KA , AHGMl , lAHGL , DAHG 
[HH  ( 1 ,  MAXHTJM+1 ) ,  HH  (2 ,  MAXHtJM+1) , . . .  ] 

CAHGM(1),AHGM(2),...] 

next  M,. . .  (until  all  elements  are  defined) 
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These  input  data  are  structured  into  4  blocks,  see  Fig.  2.2. 


^  Control  Data  Blo^ 


— 

ateriaJ  Data  Block  ^ 

— (  weight  densities,  coefficients  of  thermal  expansion 

— ^  mechanical  properties  j 

— — — 1  Laminate  Setup  Block  ) 

- (I 

— ^  for  each  layer:  fiber  angle,  thickness,  material  ^ 

[ement  Data  Block ) 

r~~. —  .  __ 

j — (  laminate  setup,  print  flag,  reference  fiber  angle  j 

variable  shell  thickness 

1 

variable  reference  fiber  angle  ) 

Fig.  2.2  Input  data  structure  within  the  •UEL  PROPERTY  section 


Control  DAta.  Block 


Defines  all  control  parameters 


Variable 

Entry 

Note 

KTEMP 

Thermal  load  flag 

(1) 

■0. . .  no  thermal  load 

■1. . .  thermal  loading  is  taken  into  accovmt 

NIR 

Integration  order  in  r-direction 

(2) 

HIS 

Integration  order  in  s-direction 

(2) 
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ISTRES  Stress/straua  output  flag 

■  0. . .  no  stress/strain  output 

■  1. . .  print  layer  stresses  at  layer  midsurface 

■  2. . .  print  layer  stresses  at  bottom  and  top  surface 

■  10. . .  print  layer  status  (for  MODEL" 2) 

•100. . .  print  layer  strains  at  layer  midsurface 
•200. . .  print  layer  strains  at  bottom  and  top  surface 

MODEL  Material  model  number 

"1. . .  linear  elastic 
•2. . .  elastic-plastic  (MMC) 

•4. . .  user  defined  material 

NUMMAT  Number  of  material  specifications  in  the  Material  Data  Block 
default"  1 

NUMSPE  Number  of  laminate  specifications  in  the  Laminate  Setup  Block 
default"  1 

Notes: 

(1)  “In-plane”  thermal  loading  (i.e.  temperatures  at  the  midsurface  of  the  shell)  is  ap¬ 
plied  via  the  standard  ABAQUS  option  *TEMFE!UTU!IE  in  the  history  definition.  Initial 
temperatures  can  be  defined  by  using  the  *IIITIAL  CONDITIONS  |TY?E"TEMPERATURE 
option. 

“Thermal  bending”  loads  (i.e.  temperature  differences  between  outer  and  inner  sur¬ 
faces  of  the  shell)  can  be  introduced  via  the  *FI£LD, VARIABLE"!  option,  in  which  the 
temperature  differences  can  be  entered.  Initizd  conditions  are  defined  via  the  *  INITIAL 
CONDITIONS, TYPE-FIELD  option. 

(2)  NIR  and  NIS  define  the  order  the  reference  surfaces  of  the  layers  are  numerically  inte¬ 
grated  (Gauss  integration).  The  locations  of  these  integration  points  with  respect  to 
the  nattxral  coordinates  r,  s  are  as  follows: 

integration  order  r  and  s  coordinates 

1x1  0.0 

2x2  ±073 

3x3  0.0,  ±y/^ 

4x4  ±0.8611363116,  ±0.3399810436 


(3) 


(4) 
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(3)  ISTRES  defines  the  type  of  stress/strain  output.  Input  to  ISTRES  consists  of  a  number 
containing  three  digits.  The  first  digit  controls  the  layer  strain  output,  the  second  digit 
controls  the  output  of  layer  status,  and  the  third  digit  controls  the  layer  stress  output. 
E.g.  ISTIIES“111  produces  output  of  layer  stresses,  layer  strains  and  layer  status,  all 
at  the  midsurface  of  the  layers. 

Output  locations  are  the  numerical  integration  points  defined  in  the  previous  table. 
Stresses  and  strains  are  referred  to  the  local  layer  coordinate  system  /,  q,t  (fiber  direc¬ 
tion,  transverse  direction,  thickness  direction). 

(4)  Three  different  options  are  available: 

-  A  linear  elastic  model,  in  which  either  layer  data  or  fiber  and  matrix  data  along  with 
the  geometrical  setup  can  be  input  (see  Material  Data  Block); 

•  A  special  elasto-plastic  material  model  for  fiber  reinforced  metal  matrix  composites, 
developed  by  Alfred  Svobodnik,  Institute  of  Lightweight  Structures  and  Aerospace 
Engineering,  Vienna  Technical  University  [6]; 

-  A  user  defined  material  model  (see  section  2.3). 


Materia]  Data  fliodc  ) : 

Defines  the  materials  of  the  layers  of  the  composite.  Each  different 

-  -  -  V 

material  combination  (fiber  and  matrix)  needs  it’s 

own  material 

data  sequence.  Thus  it  is  possible  to  define  hybrid  composites. 
HUMMAT  materisd  specifications  have  to  be  entered. 

Variable 

Entry 

Note 

Card  1: 

NP 

Material  set  number 

SSCHDACNP) 

Flag  for  type  of  material  data  input 
■0. . .  fiber  and  matrix  data 
■1. . .  layer  data 

(1) 

NSCHLA 

Flag  for  fiber  orientation 

■0. . .  aligned  fibers 

■1. . .  randomly  oriented  fibers 

(2) 

WHISXL 

Length  of  whiskers 

(2) 

Card  2  (if  XSCHDA(NP) 

-0): 

RHOCUP) 

Weight  density  of  the  fiber 

(3) 

RHQM 

Weight  density  of  the  matrix 

(3) 
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ALFTCl.HP) 


Coefficient  of  linear  thermal  expansion  of  the  fiber 
in  fiber  direction 

ALFT(2,HP)  Coefficient  of  linear  thermal  expansion  of  the  fiber 

in  transverse  direction 

ALFT  (3 ,  NP)  Coefficient  of  linear  thermal  expansion  of  the  matrix 


Card  2  (if  SSCHDA(NP)-l); 
RHOCNP) 

RHOM 

ALFTCl.NP) 

ALFTC2.IIP) 

ALFT(3,NP) 

ALFT (4, HP) 

ALFT (5, HP) 


Weight  density  of  the  composite 
not  used 

Coefficient  of  linear  thermal  expansion  of  the  composite  (4) 
in  /-direction  (fiber  direction) 

Coefficient  of  linear  thermal  expansion  of  the  composite  (4) 
in  g-direction  (transverse  direction) 

Coefficient  of  linear  thermal  expansion  of  the  composite  (4) 
in  Iq-aheu  (inplane  shear) 

Coefficient  of  linear  thermal  expansion  of  the  composite  (4) 
in  /i- shear  (transverse  shear) 

Coefficient  of  linear  thermal  expansion  of  the  composite  (4) 
in  ^t-shear  (transverse  shear) 


Card  3  (if  HSCHDA(HP)-O): 
PROPCl.HP) 

PROP (2, HP) 

PROP (3, HP) 

PROP (4, HP) 

PROP (5, HP) 

PROP (6, HP) 

PROP (7, HP) 

PROP (8, HP) 


Axial  Young’s  modulus  of  the  fiber 
Transverse  Young’s  modulus  of  the  fiber 
Poisson’s  ratio  of  the  fiber 
Axial  shear  modulus  of  the  fiber 
Transverse  shear  modulus  of  the  fiber 
Fiber  volume  frwtion 
Young’s  modtxlus  of  the  matrix 
Shear  modulus  of  the  matrix 


Card  3a  (only  if  M0DEL*2): 
PROP (9, HP) 

PROP  CIO, HP) 

PROP (11, HP) 
PR0P(12,HP) 


Yield  stress  of  the  matrix  in  tension 
Parameter  defining  hardening  behavior  of  the 
Parameter  defining  hardening  behavior  of  the 

Stress  correction  parameter 

■0. . .  no  stress  correction 

■1. . .  correction  after  each  increment 

■2. . .  correction  after  each  subincrement 


matrix 

matrix 


(5) 

(5) 

(6) 
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Caxd  3a  (only  if  needed  for  M0DEL«4): 

PROP  (9 , HP)  Additional  material  property  (7) 

PROPClO.HP)  Additional  material  property  (7) 


Caxd  3  (if  HSCHDA(NP)-l); 
PROP (1, HP) 
PR0P(2.HP) 

PROP (3. HP) 

PROP (4, HP) 
PR0P(5,HP) 
PR0P(6,NP) 


Young’s  modulus  of  the  composite  in  /-direction 
Young’s  modulus  of  the  composite  in  q-direction 
Poisson’s  ratio  of  the  composite 
Inplane  shear  modulus  of  the  composite  (/q-shear) 
Transverse  shear  modulus  of  the  composite  (It-sheLz) 
Transverse  shear  modulus  of  the  composite  (qt-shear) 


Notes: 

(1)  For  HSCHDA*0  the  effective  properties  of  the  composite  are  computed  from  fiber  and 
matrix  data  as  well  as  the  volume  fraction  and  the  geometrical  setup,  which  is  entered  on 
cards  2  and  3.  The  Mori-Tanalca  averaging  regime  in  conjunction  with  the  parameters 
NSCHLA  and  WHISXL  will  be  used  in  this  case,  see  note  (2).  For  HSCEDAol  the  effective 
properties  of  the  composite  have  to  be  entered  directly  on  cards  2  and  3. 

(2)  If  WHISKL>0  then  a  whisker  type  composite  is  assumed,  with  whisker  length=WHISKL. 
HSCHLA  indicates  whether  the  fibers  (or  whiskers)  are  aligned  or  randomly  distributed. 
HSCBLA  and  WEISKL  are  used  only  if  HSCHDA"0. 

(3)  The  fiber  volume  fraction  is  used  to  compute  the  weight  density  of  the  composite  by 
averaging  the  weight  densities  of  the  fiber  and  the  matrix. 

(4)  For  sm  orthotropic  material  only  the  coefficients  of  linear  thermal  expansion  in  the 
principal  directions  (/  and  q)  are  different  from  zero.  However,  for  a  fully  anisotropic 
material  additional  coefficients  for  thermal  shear  can  be  entered. 

(5)  Two  different  hardening  models  are  implemented.  A  detailed  description  of  these  can 
be  foxmd  in  [6]. 

-  Bilinear  hardening  matrix:  PROPClO.HP)  is  set  to  zero  and  PRQP(11,HP)  has  to 
contain  the  value  of  the  tangent  modulus. 

-  Modified  Ramberg- Osgood  law:  The  classical  Ramberg- Osgood  approximation  is: 
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Here  c  and  e  denote  stress  and  strain  in  simple  tension,  E  is  the  Young’s  modiilus,  B 
PROPCIO.NP)  and  n  PROP(ll,irp)  are  parameters  describing  the  plastic  behavior  which 
are  determined  from  measured  stress-strain  curves. 

(6)  This  parameter  controls  the  stress  correction.  A  description  of  the  stress  correction 
can  be  found  in  [6]. 

Usually  this  parameter  should  be  set  to  1.  For  very  large  load  increments  a  value  of  2 
is  recommended. 

(7)  For  the  user  defined  material  model,  additional  material  properties  may  need  to  be 
entered.  The  internal  parameter  NCQN  specifies  the  ntimber  of  properties.  It  has  to  be 
set  accordingly  (see  section  2.3). 


^  Laminate  Setup  Block  j  :  Defines  the  setup  of  the  laminated  composite.  The  fiber  angle, 

the  thickness,  and  the  material  definition  of  each  layer  have  to  be 
entered.  VUMSPE  laminate  definitions  mtist  be  specified. 

Variable  Entry  Note 

Card  1: 

NLFC  Number  of  laminate  setup 

HSCEI  (ILFC)  Number  of  layers  in  this  laminate  setup 

NSY  Flag  for  symmetrical  laminate  setup  (1) 

■0. . .  unsymmetric  setup 
■1. . .  symmetrical  setup  with  respect  to  the 
mid  surface  of  the  shell 

Card  2  (enter  as  many  cards  of  this  type  as  needed  to  define  the  laminate): 


ISCHI  Layer  nximber  (2) 

AHSCHKISCHI.HLFC)  Fiber  angle  for  this  layer  (3) 

TESCEK ISCHI, ILFC)  Layer  thickness  for  this  layer 

IMSCHI  (ISCHI ,  ILFC)  Material  label  (4) 

KISCEI  Generation  parameter  (2) 


-29- 


Notes: 


(1)  With  NSY*1  the  laminate  setup  is  ass;imed  to  be  symmetrical  to  the  midsxirface  of  the 
shell.  Layer  n  has  the  same  fiber  angle  and  thickness  as  layer  ITSCHI-M-n.  Thus,  only 
the  half  laminate  setup  (ISCEI"1|2,. . .  ,HSCEI/2)  has  to  be  entered. 

With  NSY-0  all  layers  (ISCEI-1,2,. . .  ,»SCBI)  have  to  be  defined. 

(2)  The  sequence  of  the  input  cards  for  defining  the  layers  can  be  chosen  freely.  However, 
the  highest  n^lmber  (■NSCBI/2  for  HSY«1  or  ■BSCBI  for  ESY“0)  has  to  be  in  the  last 
line.  With  the  parameter  KISCBI  layers  can  be  generated,  e.g.  the  card  sequence 

1.45. . 0.1.1 

7.60. . 0. 1.2.2 

generates  layers  3,5  with  the  same  fiber  angle,  thickness,  and  material  as  layer  7. 

(3)  This  angle  is  defined  with  respect  to  a  reference  axis,  which,  in  turn,  is  prescribed  by 
the  element  geometry  and  a  reference  angle  in  the  Element  Data  Block. 

(4)  For  IMSCBI  the  number  of  the  material  defined  in  the  Material  Data  Block  (— ►  NP)  has 
to  be  entered.  Thus,  it  is  possible  to  define  hybrid  setups  containing  different  materials. 


^  Data  Block  ^ :  Contains  additional  element  information.  Elements  with  similar 

data  can  be  generated. 


Variable 


Entry 


Note 


Card  1: 

M 

MTYP 

IPS 

KG 

KA 


AEGMl 


Element  number 

Laminate  setup  for  this  element 

(1) 

Stress/strain  output  control  fiag 

(2) 

Generation  parameter 

(3) 

Element  thickness  fiag 

(4) 

■0. . .  constant  element  thickness 
(from  laminate  definition) 

*•2. . .  dement  thicknesses  at  comer  nodes  prescribed 
(reqxiires  additional  card  la) 

•4. . .  dement  thicknesses  at  all  nodes  prescribed 
(requires  additional  cards  la,  lb) 

Angle  between  reference  axis  and  r-axis  (5) 

in  local  element  node  1 
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lAHGL 


Flag  for  calculation  of  the  reference  angle  (5) 

■0. . .  ref.  angle  is  constant  within  the  element  ("ANGMl) 

■1. . .  ref.  angles  are  computed  from  element  geometry 
"2. . .  ref.  angles  at  comer  nodes  prescribed 
(reqxiires  additional  card  Ic) 

■4. . .  ref.  angles  at  all  nodes  prescribed 
(reqxiires  additional  cards  Ic,  Id) 

DANG  Tolerance  meastire  for  angles  of  normal  (default*  10*)  (6) 

Card  la  (only  if  KA*2): 

EECliMAXNUM-^l)  Shell  thickness  at  local  element  node  1 

EE(2,MANNUM’*'l)  Shell  thickness  at  local  element  node  2 

EEC3,MAXNUM>1)  Shell  thickness  at  local  element  node  3 

EE(4,MAXNnM’^l)  Shell  thickness  at  local  element  node  4 

Card  la  (only  if  KA*4): 

EE(1  ,MAXNUM*»‘l)  Shell  thickness  at  local  element  node  1 

EE(2«MAXNnM'^l)  Shell  thickness  at  local  element  node  2 

«  • 

*  • 

•  • 

EE(8,MAXNUM‘^1)  Shell  thickness  at  local  element  node  8 

Card  lb  (only  for  9-  and  16>noded  elements,  if  KA*4): 

EE (9 , MAXNUM't’l)  Shell  thickness  at  local  element  node  9 


Card  Ic  (only  if  IANGL-2): 

ANGM(l)  Reference  angle  at  local  element  node  1 

ANGM(2)  Reference  angle  at  local  element  node  2 

ANGM(3)  Reference  angle  at  local  element  node  3 

ANGM(4)  Reference  angle  at  local  element  node  4 

Card  Ic  (only  if  IANGL*4): 

ANGM(l)  Reference  angle  at  local  element  node  1 

ANGM(2)  Reference  angle  at  local  element  node  2 

ANGM(8)  Reference  angle  at  local  element  node  8 
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Card  Id  (only  for  9-  and  16-noded  dements,  if  IAIIGL*4): 

ANGH(9)  Reference  angle  at  local  element  node  9 


Notes: 

(1)  For  MTYP  the  nximber  of  the  corresponding  laminate,  defined  in  the  Laminate  Setup 
Block  (NLFC),  has  to  be  entered. 

(2)  IPS  controls  the  stress/strain  output  locations  within  the  element.  The  input  to  IPS 
consists  of  a  number  containing  3  digits.  The  last  digit  controls  the  increment  of  layer 
output,  the  second  digit  controls  the  increment  in  s-direction,  and  the  first  digit  controls 
the  increment  in  r-direction  for  output. 

For  IPSalzz  stresses /strains  of  all  integration  points  in  r-direction  are  printed. 

For  IPS"2xx,  "Sxx,  etc.  stresses/strains  of  every  2**^,  etc.  integration  point  in 
r-direction  are  printed. 

For  IPS"xlx,  ■x2x,  etc.  the  same  syntax  as  described  above  for  the  r-direction  is  used 
for  the  s-direction. 

For  IPS«xxl  stresses/strains  of  all  layers  axe  printed. 

For  IPSaxx2,  "xzS,  etc.  stresses/strains  of  every  2"^,  3’’^,  etc.  layer  are  printed. 

(3)  KG  is  used  for  dement  information  generation.  For  KG>0,  information  between  the 
dement  data  card  where  KG  is  initially  entered,  and  the  following  dement  data  card  is 
automatically  generated.  Element  data  sets  e,  e  -b  KG,  e  +  2  *  KG, . . .  are  generated  with 
all  data  defined  in  the  initial  set  of  the  generation  sequence  (dement  e). 

(4)  For  KA«0,  shell  thickness  is  constant  throughout  the  dement.  Thickness  is  defined  as 
the  sum  of  the  layer  thicknesses  given  in  the  Laminate  Setup  Block. 

For  KA"2,  bilinear  variation  of  dement  thickness  is  assumed.  For  this  purpose,  an 
additional  card  la  is  reqmred  which  contuns  the  shell  thicknesses  at  the  comer  nodes 
of  the  dement.  Thus,  layer  thicknesses  defined  in  the  Laminate  Setup  Block  vary 
biHnearly,  too. 

For  KA«4,  the  shape  functions  (bilinear,  biquadratic,  bicubic  depending  on  the  number 
of  nodes)  define  the  variability  of  the  shell  thickness  throughout  the  dement.  An 
additional  card  la  is  reqtiired  which  contains  the  thicknesses  for  the  first  8  nodes.  For 
elements  with  more  than  8  nodes,  a  2”^  additional  card  lb  is  reqiiired  to  define  the 
thicknesses  for  the  remaining  nodes. 
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(5)  lASGL  defines  the  variation  of  the  angle  between  the  reference  axis  (for  defining  the 
laminate  setup)  and  the  local  element  r*axis. 

For  IAIIGL*0,  the  angle  is  constant  throughout  the  element,  with  the  value  "ANGMl. 
This  is  typically  used  for  rectangular  elements. 

For  IANGL«1,  the  angles  are  computed  from  the  element  geometry  and  the  given  angle 
at  the  local  element  node  1  (■AMGMl).  This  is  useful  for  non-rectangular  element  cor¬ 
ners  and  curved  element  edges  (the  fibers  are  assumed  to  be  parallel  within  the  shell 
surface). 

For  IANGL*2,  shape  functions  axe  used  to  interpolated  the  angles  from  the  values  given 
at  the  comer  nodes.  Thus,  an  additional  card  Ic  is  required  which  contains  the  nodal 
information. 

For  IANGL*4,  shape  functions  are  used  to  interpolated  the  angles  from  the  values  given 
at  all  nodes.  Thus,  an  additional  card  Ic  is  required  which  contains  the  information 
for  the  first  8  nodes.  For  elements  with  more  than  8  nodes,  a  2**^  additional  card  Id  is 
required  to  define  the  angles  for  the  remaining  nodes. 

(6)  If  the  direction  cosines  are  specified  in  the  *HQDE  section  of  the  input-deck,  these  di¬ 
rections  will  be  used  as  initial  shell  normals,  unless  the  difierence  between  the  angles 
computed  from  the  geometry  and  the  angles  computed  from  the  direction  cosines  is 
greater  than  DANG.  If  used,  DANG  should  be  kept  small  to  prevent  excessive  initial  dis- 
torsion  of  the  element. 

2.2.4  Usable  ABAQUS  Options 

The  following  is  a  list  of  ABAQUS  [10]  options  that  can  be  used  in  conjunction  with 
the  LCSLFC-element,  some  of  these  have  not  been  tested  but  they  should  work  without 
problems; 

Nodal  Point  Data:  *NCOPy,*NFILL,*NGEN,*NMAP,*NODE,*NSET,*SYSTEM  (not  tested), 
^TRANSFORM  (not  tested) 

Element  Data:  *ELCQPY,«ELEMENT.*ELGEN.*ELSET,*SLIDE  LINE  (not  tested) 

Kinematic  Conditions;  *B0UNDARY,*EqUATI0N,*MPC  (with  restrictions,  see  note  (1)) 
Miscellaneous:  •AKPLITUDE,*RESTART,**, •INITIAL  CONDITIONS 
Step:  •STEP,*ENDSTEP 
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Procediires:  •BUCKLE  (modified,  see  note  (2)) , •STATIC, *M0DEL  CHANGE  (not  tested) 

Loading:  •CLOAD , •DLOAD  (see  note  (3)), •FIELD,  •TEMPERATURE  (see  note  (1)  in 
Control  Data  Block,  section  2.2.3) 

Prescribed  Boundary  Conditions:  •BOUNDARY 

Print  and  File  Output  Definitions:  •NODE  PRINT, •PRINT, •FILE  FORMAT, •NODE  FILE 

Notes; 

(1)  MFCs  have  to  be  used  with  care  due  to  the  fact  that  the  definitions  of  rotational  DOFs 
for  the  LCSLFC-element  are  different  from  the  corresponding  ABAQUS  definitions. 
MFCs  1,2,6,9,12  restrict  the  translational  DOFs  only  and,  therefore,  can  be  used  without 
problems. 

(2)  In  the  LCSLFC-element  a  modified  version  for  computing  the  buckling  loads  is  imple¬ 
mented,  see  section  1.4.  Therefore,  the  sequence  of  •STEPs  in  the  ABAQUS  input-deck 
needed  to  perform  a  buckling  analysis  is  a  little  different  than  described  in  the  ABAQUS 
manual  [10]:  After  loading  the  structure  to  the  load  level  desired,  two  •STEPs  consisting 
of  the  •BUCKLE (DEAD  procedtire  and  subsequently  the  •BUCKLE, LIVE  procedure  have 
to  be  performed.  The  restilting  eigenvalues  multiplied  by  the  current  load  level  give 
estimates  for  the  buckling  loads.  The  eigenmodes  are  estimates  of  the  buckling  modes. 

buckling  load  nf  eigenvalue  x  current  load 


(3)  Currently,  5  different  distributed  load  types  are  available  (see  section  1.3.4): 

U1  stands  for  uniform  pressure  load  acting  in  —t  direction  (the  t  direction  is  defined 
by  the  shell  surface  and  the  node  numbering  order,  see  Fig.  1.1).  In  the  data  card 
of  the  •DLOAD  option  the  magnitude  of  the  pressure  (p)  has  to  be  entered. 

U2  represents  gravity  load  in  —  z  direction.  In  the  data  card  of  the  •DLOAD  option  the 
gravity  constant  (g)  has  to  be  entered. 

U3-U5  stand  for  uniform  body  force  in  x,y,z  direction,  respectively.  In  the  data  card  of 
the  •DLOAD  option  the  magnitude  of  the  body  force  (6)  has  to  be  entered. 
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2.3  LCSMAT,  MATERIAL  MODEL  INTERFACE 


The  LCSLFC-element  provides  an  interface  whereby  the  user  can  write  his  own  con¬ 
stitutive  model  in  the  subroutine  LCSMAT.  The  material  constants  that  are  needed  in  the 
subroutine  have  to  be  entered  in  the  Material  Data  Block  as  described  in  section  2.2.3. 
If  the  number  of  material  constants  exceeds  8,  then  the  parameter  NCQN  has  be  adjusted 
accordingly  in  the  subroutine  LCSPAR. 

Most  constitutive  models  require  the  storage  of  solution  dependent  variables  (plastic 
strains,  failure  parameter,  etc.).  The  array  WA(JILWA)  can  be  used  for  this  purpose;  the 
length  NLWA  of  this  array  has  to  be  set  in  the  subroutine  LCSPAR. 

The  interface  to  the  subroutine  LCSMAT  is  simple.  When  it  is  called,  it  is  provided  with 
the  material  data,  the  state  at  the  beginning  of  the  increment  (local  strains,  temperature, 
solution  dependent  variables),  the  current  local  strains  and  the  temperature  at  the  end  of 
the  increment.  The  subroutine  must  perform  two  functions:  it  must  compute  the  current 
local  stresses,  and  it  must  provide  the  current  material  matrix  (it  must  also  update  the 
solution  dependent  variables,  if  used). 

LCSMAT  will  be  called  at  each  material  calculation  point  of  the  shell,  i.e.  the  2/d 
numerical  integration  points  (Gauss-points),  at  the  top  and  bottom  of  each  layer.  The 
sample  subroutine  LCSMAT  for  linear  elastic  fiber  and  matrix  materials  is  included  in  the 
LCSLFC-program.  The  subroutine  D3MMC  represents  an  application  of  the  material  model 
interface  (with  some  small  modifications). 


Interface  cards: 

SUBROUTIHE  LCSMAT  (EEPSL.EEPSLO.WA.HLWA.PROP .HCON.ALFT.EMAT, 
1  STRESO, STRESS, TEMPO, TEMP,  IIITP) 

C 

IMPLICIT  REAL*8  (A-H,0-Z) 

C 

DIMEHSIQH  EEPSLCS)  ,EEPSL0(5)  ,WA(SLWA)  ,PR0P(RC0ir)  ,ALFT(5)  , 

1  EMAT(5,5),STRES0(5),STRESSC5) 

user  coding. . . 

RETURH 

ERD 
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Variables  to  be  defined: 


EMAT(5,5) 


with  /. . 

9* 

t. 

STRESS (5) 


STRES0C5) 


WA(HLWA) 


represents  the  current  material  stifihess  matrix  Er  of  the  constitutive 
model  for  modified  plane  stress  conditions  (no  thickness  normal  stress, 
but  transverse  shear  stresses  and  strains),  defined  in  the  local  l,q,t 
coordinate  system.  All  entities  have  to  be  specified.  However,  an  un- 
symmetric  constitutive  model  will  not  be  treated  correctly  because  the 
global  stiifiiess  matrix  is  computed  assuming  symmetry. 


/ 

Ejj„ 

Eni, 

Edit 

Ellqt  \ 

I 

Ejjjj 

Ejj/j 

Eqqlt 

Eqqqt 

Ejjii 

Ej,,j 

Eijij 

Elqlt 

Elqqt 

1  E;t// 

E/t,j 

Eltlq 

Eltlt 

Eltqt 

\  E,t/j 

Ejtjj 

Eftif 

Eqtlt 

Eqtqt  / 

.  fiber  direction, 

. .  inplane  transverse  direction, 
, .  thickness  direction. 


stand  the  current  stresses  that  correspond  to  the  current  strains  (EEPSL) 
and  the  current  state  of  the  solution  dependent  variables  (WA).  If  ther¬ 
mal  load  is  applied  (KT£KP>1),  thermal  stresses  for  temperature  at  the 
md  of  the  increment  (-+  TEMP)  have  to  be  included. 


Zl 


V’Vt/ 


(need  only  be  defined  if  thermal  load  is  applied,  i.e.  XTEMF«1)  symbolize 
the  ctirrent  stresses  that  correspond  to  the  current  strains  (EEPSL)  and 
the  current  state  of  the  solution  dependent  variables  (VA)  including 
thermal  stresses  for  temperatxire  at  the  beginning  of  the  increment  (-*■ 
TEMPO). 

represents  the  array  of  solution  dependent  state  variables.  The  values 
at  the  beginning  of  the  increment  are  transferred  to  the  subroutine  and 
they  have  to  be  updated  to  the  current  values.  The  size  of  the  array 
NLWA  is  defined  in  the  subroutine  LCSPAR. 
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Variables  passed  in  for  information: 


EEPSLCS) 


represent  the  current  strains  in  local  (fiber  fixed)  coordinate  system. 


IL 


f^u\ 

% 

yit 

\7,t/ 


EEPSLOCS) 

NLWA 

PROPCHCOH) 

SCQH 


stand  for  the  strains  in  local  (fiber  fixed)  coordinate  system  at  the 
beginning  of  the  increment. 

indicates  the  number  of  solution  dependent  state  variables. 

symbolizes  the  array  of  material  constants  entered  in  the  Material  Data 
Block. 

represents  the  number  of  material  constants. 


ALFTCS) 

TEMP 

TEMPO 


stands  for  the  array  of  coefficients  of  linear  thermal  expansion  entered 
in  the  Material  Data  Block. 

indicates  the  oirrent  t«nperat\ire. 

symbolizes  the  temperature  at  the  beginning  of  the  increment. 


1 1  VP  stands  for  the  fiag  that  defines  the  state  of  the  analysis: 

IIVP*0. . .  first  call  of  LCSMAT  at  this  point 
IIHP«-1. . .  subsequent  calls 


2.4  RUNNING  ABAQUS  WITH  THE  LCSLFC-ELEMENT 

The  LCSLFC-element  can  work  in  conjunction  with  some  ABAQUS  elements.  How¬ 
ever,  special  care  is  needed  with  the  rotational  DOFs  due  to  their  different  definitions  in 
ABAQUS  and  the  LCSLFC  program,  respectively. 

To  run  ABAQUS  and  the  LCSLFC-element  together  the  standart  command  ABAQUS 
(this  calls  the  ABAQUS  command  file  ABAQUS.COM)  can  be  used.  However,  to  get  proper 
file  handling,  some  modifications  prove  necessary.  The  sample  command  file  ABQ8 .  COM 
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includes  all  these  changes.  In  order  to  run  ABQ8.COM,  the  compiled  LCSLFC  program  has 
to  exist  in  the  working  directory.  By  typing  tABQS  the  program  can  be  started. 

The  material  and  element  information  for  the  LCSLFC-element  is  printed  on  the 
ABAQUS  .DAT  file.  The  stresses  and  strains  are  printed  on  a  seperate  file  called  fiU .  STB. 

Plotting  is  not  supported  by  ABAQUS  version  4-8.  However,  all  the  necessary  state¬ 
ments  for  version  5  (which  is  expected  to  support  UEL-element  plotting)  are  already  in¬ 
cluded  in  the  LCSLFC  code.  Meanwhile,  an  auxiliary  program  (PLOTA)  htis  to  be  used  to 
extract  plotting  data: 

Once  PLOTA  has  been  started,  it  will  request  the  ABAQUS  .DAT  filename.  After  the 
filename  has  been  entered,  PLOTA  searches  through  this  file  for  element  connectivities  and 
nodal  displacements.  Then  it  creates  a  .GEO  file,  which  contains  the  nodal  coordinates  and 
the  element  connectivities  and  a  .DIS  file  for  each  set  of  displacements.  These  data  are 
formatted  for  use  with  the  post  processing  program  MOVIE. BYU  (version  5). 

PLOTA  will  not  create  a  .GEO  file,  unless  all  the  element  information  is  included  in 
the  ABAQUS  .DAT  file.  E.g.  .DAT  files  from  restart  analyses  do  not  contain  all  element 
information.  The  same  can  happen  if  the  *P!l£PRIVT  option  has  been  used. 

In  addition,  PLOTA  can  be  used  to  create  imperfect  geometries  that  can  be  applied  for 
post  buckling  analyses: 

After  the  filename  has  been  entered,  PLOTA  will  request  a  scaling  factor.  If  this  number 
is  not  zero,  the  displacements,  multiplied  by  this  factor  are  added  to  the  initial  (perfect) 
geometry.  This  modified  geometry  is  then  printed  onto  the  .  GEO  file  (formatted  for  use  in 
an  ABAQUS  .  INP  file). 
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3.  VERIFICATION  EXAMPLES 


3.1  PRESSURE  LOADED  THICK  SQUARE  PLATE 


A  simply  supported  thick  three-layer  cross-ply  square  plate  which  is  subject  to  a  sinu¬ 
soidal  press^^^e  load  is  used  to  demonstrate  the  accuracy  of  the  LCSLFC-element.  Both 
the  exact  solutions  and  FE  results  [12,13]  have  been  used  for  comparison. 

Lay-up:  [0/90/0]. .  .three  layer  cross-ply,  shell  thickness  =  1  in. 

Material:  as  specified  in  [12] 

E{  —25000  kpsi  E^  =1000  kpsi  =0.25 

G/j  =  500  kpsi  Gff  =  500  kpsi  =  200  kpsi 


Model;  A  quarter  of  the  plate  has  been  modelled  by  four  16-node  LCSLFC-elements. 
Width  of  the  square  a  =  4  in.  Symmetry  conditions:  along  the  i-symmetry  line 

(n  =  1, . . . ,  iV  -  1)  have  been  set  to  zero,  and  along  the  y-symmetry  line 
(n  =  1, . . . ,  iV  —  1)  have  been  set  to  zero.  The  0*  layers  have  been 
divided  into  two  sub-layers  to  trace  the  variation  of  transverse  shear  within  the  layers. 


Distributed  load: 


q(x,  y)  =  go  3in(7rz/a)  sin(7ry/o) 
go  =  (jr/a)* 


For  comparison  pxirposes,  the  following  normalized  quantities  have  been  used: 


!J  = 


lOOE^h^ 

goa^ 


tt?  = 


100E,h^ 

qoa* 


-w 


z  =  zfh, 


hi  ^ 

(^xjr»^yx)  = 


Since  nonlinear  effects  are  not  taken  into  account  in  [12],  only  a  linear  load  step  has 
been  performed.  Figs.  3.1  to  3.3  show  the  through-the-thickness  distribution  of  both 
the  normalized  inplane  displacements  n  and  the  normalized  stresses  7x,Ttg  at  specific 
locations.  Analytical  solutions  and  the  results  from  classical  laminate  theory  (CLT)  are 
also  given  in  these  figures.  Very  good  agreement  can  be  observed  between  the  LCSLFC- 
element  and  the  analytical  solution  despite  the  fact,  that  this  “plate”  resembles  a  solid 
brick  rather  than  a  plate  (the  element  length  to  thickness  ratio  is  1:1!). 
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Fig.  3.1  Thickness  distribution  of  normalized  inplane  displacements  u  of  a  thick 
cross-ply  square  plate  at  z  =  0,  y  =  f  for  A  =  1.0  and  h  -  0.4 


The  same  computation  has  been  perfonned  with  a  different  shell  thickness  (h  =  0,4) 
in  order  to  investigate  the  importance  of  transverse  shear.  As  one  woxild  expect,  the 
differences  between  the  classical  lamination  theory  and  more  advanced  methods  (like  the 
LCSLFC-element)  become  less  pronounced  as  the  thickness  of  the  shell  decreases,  see  Fig, 
3,1,  Table  3,1  lists  some  stresses  and  displacements  for  this  case  together  with  analytical 
resxilts  and  other  FE  restilts. 

Table  3.1;  Normalized  stresses  and  displacements  for  h  =  0.4 


?'»(o,f,o) 

^(f.  |.o) 

Pagano 

±0.590 

-f.0.285 

-0.288 

4-0.357 

-h0.1228 

+0.7330 

[12] 

-1-0.5884 

-0.5879 

-H0.2834 

-0.2873 

4-0.3627 

4-0.1284 

+0.7531 

LCS  LFC-element 

-i-0.590 

-0.586 

-1-0.285 

-0.283 

4-0.364 

+0.1079 

+0.7559 

These  results  clearly  indicate  that  the  ECSLFC-element  is  capable  of  handling  thick 
laminated  shell  problems  with  high  accuracy. 


3.2  CYLINDRICAL  BENDING  OF  A  PLATE  STRIP 

A  two-layer  cross'ply  plate  strip  subject  to  a  distributed  normal  load  [14]  has  been  used 
to  investigate  the  influence  of  stacking  sequence,  geometrical  nonlinearities  and  boundary 
conditions  on  the  mechtmical  behavior  of  laminated  plates. 

Lay-up:  [0/90], . .  two  layer  cross-ply,  layer  thickness  =  0.2  in. 

Material:  as  spedfled  in  [14] 

£/  =;20000  kpsi  £,  sHOO  kpsi  =  0.3 

Gjj  s=  700  kpsi  G{,  =  700  kpsi  =700  kpsi 

Model:  The  plate  strip  has  been  modelled  by  four  16-node  LCSLFC-elements;  length  of 
the  strip  /  =  18  in.,  width  6  =  3  in.  Both  ends  of  the  strip  have  been  pinned.  Each 
layer  has  been  divided  into  two  sub-layers  to  ensxire  an  accurate  representation  of  the 
variation  of  transverse  shear  within  the  layers. 
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Different  types  of  meshes  have  been  tested  to  evaluate  the  robxwtness  of  the  LCSLFC- 
element.  Even  with  an  aspect  ratio  (length  to  width)  of  11:1  very  accurate  results  have 
been  obtained. 

For  comparison  purposes  the  shell  normals  have  been  forced  to  remain  straight.  This 
was  accomplished  by  setting  the  rotational  DOFs  to  zero.  Excellent  agreement 

with  the  investigations  in  [14]  have  been  obtained,  see  Fig.  3.4. 

For  simply  supported  ends,  the  magnitude  of  the  displacements  is  independent  of  the 
sign  of  the  applied  load,  because  the  plate  strip  is  essentially  in  pure  bending,  see  [14].  Due 
to  the  pinned  ends  of  the  strip  in  this  study,  in-plane  stiffnesses  are  activated  as  soon  as 
out  of  plane  deflections  occur  (geometrically  nonlinear  effect)  and,  therefore,  quite  different 
results  are  obtained  for  positive  and  negative  load  directions  (which  can  be  translated  into 
a  reversed  stacking  sequence),  respectively,  see  Fig.  3.4.  For  a  detailed  explanation  of  this 
phenomenon  see  [14]. 


/ 


Fig.  3.4  Load- displacement  path  of  a  pinned  two-layer  cross-ply  plate  strip  subject 
to  a  distributed  normal  load 
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Relaxing  the  boundary  condition  on  the  sheU  normals,  which  allows  them  to  deform 
layerwise  linearly  (therefore  having  a  more  realistic  model),  results  in  somewhat  larger 
deformations!,  as  can  be  seen  in  Fig.  3.4.  This  indicates  that  transverse  shear  does  not 
play  a  significant  role  in  this  rather  thin  shell  application. 


3.3  THERMALLY  LOADED  SQUARE  PLATE 

In  order  to  show  the  thermoelastic  capability  of  the  LCSLFC-element  a  uniform  tem- 
peratme  rise  has  been  applied  to  a  simply  supported  composite  square  plate.  To  verify  the 
results,  comparative  investigations  with  ABAQUS  shell  elements  have  been  undertaken. 
The  following  properties  have  been  chosen: 


Lay-up:  [0/90]. . .  two  layer  cross-ply,  layer  thickness  =  0.2  mm 


Material;  Graphite/Epoxy 

E/  =  127,5  kN/mm^ 

E,  «11.0kN/mm* 

Vji  =0.35 

as  3,3kN/mm* 

ss:  5.3kN/mm^ 

Gj^  a=  4.6kN/mm 

a,  a:-0.08xl0-«  *0-1 

a,  s=2.90xl0-« 

Model:  The  whole  plate  has  been  modelled  by  sixteen  16-node  LCSLFC-elements,  the 

width  of  the  square  is  300  mm;  all  edges  were  restricted  to  remain  straight. 

Fig.  3.5  shows  the  nonlinear  load-displacement  path  as  well  as  an  estimate  curve  for 
the  buckling  load. 

Because  of  the  constant  temperature  rise  all  over  the  plate  and  the  simply  supported 
edges,  no  stability  problem  would  be  expected  for  a  homogeneous  isotropic  plate.  But,  due 
to  anisotropies  occuring  in  the  laminate,  a  linear  buckling  analysis  (i.e.  a  buckling  analysis 
after  a  very  small  load  step,  =  1*C)  yields  a  bifurcation  point  at  =  4*C.  However, 
a  detailed  analysis  of  the  buckling  behavior  indicates  that  the  nonlinear  pre-buckling  de¬ 
formations  make  the  results  of  the  linear  buckling  analysis  rather  meaningless.  As  can 
be  seen  &om  the  estimate-curve  in  Fig.  3.5,  the  estimates  of  the  relevant  buckling  mode 
change  during  the  incremental  increase  of  the  temperature  and  the  critical  temperature  is 
approximately  50  times  higher  than  the  corresponding  value  of  the  linear  buckling  analysis! 

The  comparison  with  the  ABAQUS  element  has  shown  excellent  agreement  in  the 
displacements.  However,  it  has  not  been  possible  to  compute  the  detailed  buckling  behav- 
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ior  by  using  the  ABAQUS  elements.  No  convergence  or  only  negative  results  have  been 
obtained  dxiring  the  eigenvalue  extraction.  Using  the  LCSLFC-element  buckling  loads 
and  buckling  modes  have  been  successfully  computed  by  employing  the  modified  buckling 
procedure  described  in  section  1.4. 


0  :°c; 


Fig.  3.5  Load- displacement  path  and  estimate-curve  for  buckling  load  of  a  two 
layer  cross-ply  square  plate 
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Appendix 


Jacobian  matrix: 


J  = 


^n,r 

Xn,t 

^n,t 

yn,r 

Vn,* 

yn,t 

^n,r 

^n,i 

^n,t 

with 


M 


+  t  COS  'pW] 

fcael 

Af 

=  2!^  sin  cos 

*=1 
M 

2n,j  =  Ipj  ^(4*^  + 1  h^*^  sin  sin 
*=i 
M 

cos 

*=1 

M 

yn,t  =  ^  sin  cos 

*«i 

M 

Zn,t  —  ^  sin  sin 


kml 


Displacement  derivatives: 
Total  displacements: 


j  =r,  3 


3  =x,y,z 


with 


Vi  =  ^Jn,;+t2n,i 

^n,j=W^,j+tw„j 

=  E  <.i  Ji?^(cos  >1' W  -  cos°^W)] 

Jksl 

M 

=  E  W*’  •^‘’  +  ‘  J  «'*>  coa  «<*)  -  sin"*?)  cos»*«)] 

M 

®n,;  =  2Z  ^  Kj  sin  -  sin^^r^  sin°« W)] 


Af 


**1 


I 


and 


M 


fcsl 

M 

cos 

i;sl 

M 

Wn,j  =  ^  d  sin  —  sin°^'|^^  sin°$(,*^) 


(.45) 


kstl 


where 


=  4*^  '’.i  +  •».; 

r,j,sj,tj  correspond  to  the  elements  of  the  inverse  of  the  J acobian  matrix  J  and 
are  the  angles  of  normal  of  the  initial  geometry. 

Incremental  displacements: 


Au^j^AUr,j  +  tA%j 


J  -x,y,z 


(.47) 


with 


M 


=  E  + «>“'  '■>  )] 

kml 

A'w.i  =  E  +  ^<‘> 

AO.,;  =  E  [*?>  Au.<*)  +  ^<‘> 

kml 


(AS) 


and 


M 


=  E  + s?>^. ) 

kml 

M 

AST  _ .  =  5;  #«tf«(g<‘l Ai??>  + 


(A9) 


Af 


ibal 
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where 


_ 

OX  •" 

g(k)  _ 
tty  — 


—  sin  sin 

cos  sin 


ii‘>  = 
ri‘>  = 

i<‘>  = 


“sin'I’^n*^ 
cos  cos 

sin  cos 


(AlO) 


The  functions  and  represent  linearizations  of  the  trigonometric  functions 
Eqs.  (A4,  A3)  at  with  respect  to  the  incremental  rotations 


Strain-displacement  matrices: 
Linear  strain- displacement  matrix; 


B,  =s  §■,  -I-  f 


(All) 


where 


B{‘’  = 

ss* 


- 


!!■'«) 

|!’>  ... 

ir) 

0 

0 

0 

w,y 

0 

0 

0 

^.X 

0 

h'«*<‘)[.,.g<«+»„g<‘>i 

gi‘'i 

■!? 

0 

h<*V'*>lt,.g?'+t..g?>] 

ii‘>i 

0 

b?>*<‘H*„g?’+»,.g?’l 

8i‘'l 

0 

0 

0 

hS>^!;>g?> 

0 

0 

0 

b<ivs>g?> 

hSVS’ri*’ 

0 

0 

0 

0 

0 

0 

h<,‘>[^;:>g<‘>+*!?g?> 

iS’^l 

0 

0 

0 

h<‘>w':>g?'+*!i>g?> 

*i‘>i 

0 

0 

0 

h<„‘>w!?g<»+^!;>gi*' 

1 

ri*’l 

(A12) 


(A13) 


(A14) 
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Nonliaeax  strain-displacement  matrix: 


with 


where 


(Alo) 


(.416) 


and 


<P.y 

*!? 


0  0  fS?’ \ 

0  hSVi‘>«,.gf 
i!?  0 

0  (#«  hSV<‘>«.,gi‘’ 

0  o!? 


(.417) 


/ 


0 

0 

0 

0 

0 

0 

0 

0 

0 


0  0  h<JV!?g?' 

0  0  b®*5>g'‘> 

0  0  h»*«g<‘> 

0  0  h<i!V2>g?' 

0  0  h(«*S>g?> 

0  0  h'i’^S'g?’ 

0  0  h?V!5>g?>  h<;VS>gi‘' 

0  0  h(;V!?g?'  h?y?gi‘' 

0  0  h'JVS'g?' 


(Ai8) 
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t/1  c/1  VI  c/1  in  ai 


Stress-integrals: 


.  S*y 

Syy 

StfX 

0 

0 

s„ 

S„ 

Sf 

St 

Sx, 

Sjy 

S,x 

s  = 

Off 

Sxy 

Syy 

Syx 

0 

Sz, 

Syx 

s„ 

I 

Sr* 

Sry 

Sr, 

L 

0 

0 

Sry 

Syy 

\ 

Sr, 

Sy, 

s„/ 

Displacement  derivatives  at  shell's  midsurface: 


ibal 

k»l 

*a«l 

X,t  *  0 

y, t  -  0 

z. t«0 


(*419) 


(A20) 


Initial  nod«d  coordinates  for  layer  n: 

V‘)  =  V‘>  +  (£  hf  -  Jh(*>)  cos  »* <*) 

>»X 

sin  cos 

=  “zW  +  h^*)  _  i^W)  sin^’tW  sin°«(*> 

_  o^(fc) 

Oij^(*)  _  o^(k) 


(A21) 
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Relation  between  layer  DOFs  and  shell  DOFs: 


Explicit; 


>*x 


At;^*^  as  Au^*^  —  +  |^*^A0^*^) 

+  S  )  + 1?^(  A0^‘^  +  A^f^)) 

j*i 

Aiu^**^  ss  Atx)^**^  —  ^ ViW(g(fc)  -f* 

+  (g?^(A<,0^*^  +  A^f^)  +  +  AV>5*^)) 

;-i 


A^W  +  A^?^  1  <  n  <  iST  -  1 

A^W  -  J  n  * 


A^W  +  A:/>J?^  1  <  n  <  iV  -  1 

^”l  /lAvW 

n  =  N 

jml 


(A22) 


with 

gW  SB  0  ss  —  sin't^*^ 

gW  as  —  8ia#^*^sin’I'^*^  8?^*  cos  cos (A23) 

gW  a:  cos  sin  8**^  **  sin<&^*^  COS  ^ 

In  matrix  notation: 

(-^24) 
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with 


Aui*' 

Vn‘' 


I 


Au<‘>  = 


/  AuW  \ 

Ai/iW 

^(fc) 

A^f 


A^?> 


and  the  transformationinatrix  (size  3  x  (2iV  +  3)) ; 
-  for  layers  n  <  JV  —  1 


(A25) 


/I  0  0  E(*)gW 


0  10 


0  0  1 
0  0  0 
\0  0  0 


hC‘)g(‘) 


0 

0 


0 

0 


-  for  layer  N 


e.!?' 

e.s?>  h2i.j<‘> 


0  0 
0  0 


0  0  ...  o\ 

0  0  ...  0 

0  0  ...  0 
1  0  ...  0 

0  1  ...  0/ 
(A26) 


/I  0 

0 

Ei}>g?> 

ES'l?> 

b?>g?> 

b?>g?> 

0  1 

0 

£»>*?> 

ES’gi*’ 

l^?gi‘> 

gs;’= 

0  0 

1 

w 

ll?>g?> 

h?>g<*' 

0  0 

0 

1 

0 

-^x 

0 

^0  0 

0 

0 

1 

0 

kW 

with 

£?>  = 

»— 1 

}hw 

0 


0 


/ 

(A26) 


(A27) 
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Interpolation  matrix  for  the  shell: 


N=5+Ug 

— 

0.5  <ttk<  0.5 

(.423) 

with 

w=(r’ 

JV(2) 

a 

§  =  (n® 

St 

• 

(.429) 

where 

j 

fl  0 

0  1 
{0  0 

0  0  0\ 

0  0  0 

1  0  0/ 

(A30) 

and 

§<*)  =  h(‘)^(‘)(r,i)  1 

o  o  o 

o  o  o 

0  #\ 

0 

0  g« 

(A31) 

gW  and  cax  'r 

:ound  in  Eq.  (A27). 

-54- 


APPENDIX  H 

Post— Failure  Analysis  of  Layered  Composite  Shells  by  Finite  Element  Method 


Post-Failure  Analysis  of  Layered  Composite 
Shells  by  Finite  Element  Method 


Konrad  Dominger* 

Institute  of  Lightweight  Structures  and  Aerospace  Engineering 
Vienna  Technical  University,  Vienna,  Austria 


ABSTRACT 

Using  the  UEL-interface  (user-defined  element)  a  special  shell  finite  element  developed  for 
layered  composite  material  (LFC-element)  has  been  implemented  in  ABAQUS.  The  element 
formulation  is  based  on  the  degeneration  principle  including  large  displacements  with  an 
efficient  analytical  thickness  integration.  Examining  suitable  failure  criteria  and  taking  into 
account  post-cracking  stiffnesses  allows  for  the  investigation  of  progressive  damage. 

For  load  cases  without  failure  analysis  comparison  of  results  obtained  by  the  LFC-element 
with  those  of  the  ABAQUS  shell  element  shows  the  efficiency  and  accuracy  of  the  new  element. 
Some  examples  illustrate  that  an  extended  range  of  composite  specific  problems  can  be  covered 
by  this  LFC-element. 


1.  INTRODUCTION 

In  designing  sheU  structures  the  prediction  of  the  limit  load  is  crucial  for  fully  utilizing 
the  material  capabilities.  Either  buckling  of  the  structure  or  the  strength  of  the  material  (or 
both)  limit  the  sustainable  load  of  the  shell.  In  this  paper  special  emphasis  will  be  put  on 
investigating  these  two  limiting  factors,  especially  for  layered  composite  shells. 

By  using  a  special  shell  finite  element  developed  for  laminated  fiber-reinforced  composites 
(LFC-element,  Dominger,  1989)  in  conjunction  with  ABAQUS  {ABAQUS,  1989)  these  limit 
load  analyses  including  the  post  failure  regime  can  be  conducted  for  arbitrary  shell  structures. 
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The  onset  of  failure  and  the  effective  safety  margin  to  overall  collapse  can  be  computed, 
which  is  of  considerable  practical  relevance. 

The  complexity  of  the  internal  stress  state  typicsdly  found  in  layered  composite  materials 
and,  in  addition,  the  number  of  failure  modes  possible  necessitate  the  introduction  of  some 
simplifications  and  assumptions  in  order  to  make  post-failure  analyses  feasible.  The  basic 
assumptions  are: 

-  Only  inplane  normal  and  shear  stresses  and  out-of-plane  shear  stresses  are  considered  (no 
interlaminar  stresses). 

-  No  variation  of  stresses  edong  the  layer  thickness  is  assumed. 

-  Only  two  inplane  failure  modes  together  with  the  corresponding  post-failure  stiffnesses 
are  considered:  matrix  cracking  and  fiber  failure  (either  by  cracking  or  by  buckling). 

The  LFC-element  is  capable  of  handling  thermal  loading  and  material  nonlinearities  in 
terms  of  the  stiffness  degradation  mentioned  above  as  well  as  geometrical  nonlinearities  due 
to  large  deformations.  By  using  the  ABAQUS  buckling  procedure  the  buckling  behavior  of 
layered  composite  plate  and  shell  structures,  including  nonlinear  pre-buckling  deformations, 
can  be  computed. 


2.  LFC-ELEMENT  FORMULATION 

A  detailed  description  of  the  theoretical  background  of  the  LFC-element  along  with  a 
number  of  illustrative  examples  can  be  found  in  Dominger,  1989.  In  this  chapter  only  the 
outline  of  the  element  formulation  is  presented  with  special  emphasis  on  the  failure  anedysis 
modelling. 

2.1  Basics 

The  element  formulation  is  based  on  the  well  known  degeneration  principle,  see  e.g. 
Ramm,  1976,  Bathe,  198S.  By  using  objective  strain  and  stress  metisures,  geometrically 
nonlinear  behavior  in  terms  of  large  deformations  is  included. 

The  incremental  finite  element  equation  has  the  well  known  form: 

["’K,  +  ’"K,  l(Au)'  =  -  (-f  -  Af*)  (1) 

The  usual  iterative  application  of  Eq.  (1)  in  each  increment  improves  the  result  up  to  a 
given  accuracy. 

For  the  updated  Lagrange  formulation  the  stiffness  matrices  and  the  nodal  force  vectors 
for  one  element  (e)  are  given  by  the  following  integrals  over  the  element  volume  ('"V): 

=  j  ”'Bl  "Bt  d"’V  (2) 

mV 
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(4) 

II 

<1 

f  "'Bl  "'C  aA^ 

(5) 

my 

In  Eq.  (1)  the  sum  in  square  brackets  is  often  referred  to  as  the  current  global  tangent 
stiffness  matrix  '"K  at  state  m,  comprised  of  '"K,.  (material  stiffness  matrix,  depending  on 
the  current  material  matrix  which,  in  turn,  depends  on  the  loc2il  state  of  damage)  amd 
'"Kj  (initial  stress  or  geometrical  stiffness  matrix,  depending  explicitely  on  the  Cauchy  stress 
tensor,  '"T).  The  external  load  vector  at  the  current  state  m  +  1,  is  given  by  the  surface 
and  body  forces,  concentrated  or  distributed,  ""f  is  the  vector  of  internal  forces  corresponding 
to  the  stresses  at  state  m  (vector  '”t)  and  is  the  vector  of  internal  nodal  forces  equivalent 
to  stress  increments  resulting  from  a  temperature  increment  Ai?  and  computed  by  using  the 
direction  dependent  coefRcients  of  linear  thermal  expansion  (vector  a). 

The  general  theory  used  to  describe  the  degenerated  shell  element’s  geometry  and  its 
deformations  as  well  as  the  2issumptions  with  respect  to  modified  plane  stress  conditions  are 
in  close  analogy  to  Bathe,  1982,  and  are  described  in  detail  in  Dominger,  1989.  For  exzunple, 
the  interpolation  of  the  geometry  is  performed  by 

M  ,  (i) 

'"x,(r,s,t)  =  Y,  cos"*'f/*'l  (6) 

ic=l 

where  represent  the  standard  2/D  shape  functions  (i.e.  Lagrangian  polynomials);  M 

is  the  number  of  nodes  forming  the  element,  h^*)  is  the  thickness  of  the  shell  at  node  k  and 
the  angles are  used  to  determine  the  position  of  the  shell’s  normal  at  node  k. 


2.2  Material  Description  of  the  Multilayer  Composite 


Due  to  the  anisotropic  and  layered  setup  of  composite  shells  the  overall  material  matrix  C 
in  Eqs.  (2,5)  and  the  vector  of  coefficients  of  thermal  expansion  a  in  Eq.  (5)  become  position 
and  orientation  dependent.  Each  layer  is  assumed  to  have  orthotropic  material  behavior  with 
respect  to  its  individual  fiber-fixed  local  coordinate  system  i,g.  The  definition  of  the  local 
system  and  the  nomenclature  for  the  material  setup  of  the  LFC-element  ewe  shown  in  Fig.  1. 

Assuming  a  linear  elastic  material  (in  terms  of  Cauchy  stresses  and  Almansi  strains)  the 
elasticity  matrix  and  the  vectors  of  stresses  and  strains  can  be  defined  corresponding  to  the 
modified  plane  stress  conditions  (■'■33  =  0)  resulting  from  the  degeneration  principle: 

"•t'  =  "*C'(’"e'  -  a'  ’"1?)  (7) 


with  ’’h?  being  the  temperature  difference  with  respect  to  a  stress-free  reference  temperature, 
and 


0 

1 

0 

/ 

1  E  = 

t 

'fu 

■’'13 

,  713  , 

(8) 


ISl 


Eqs.  (7,8)  are  referred  to  a  local  cartesian  coordinate  system  x'  {x[  being  tangential  to 
the  natural  coordinate  r  and  I3  being  normal  to  the  shell’s  midsurface),  see  Fig.  2. 

The  material  matrix  and  the  vector  of  coefficients  of  lineiu'  thermal  expansion  of  the 
unidirectionally  reinforced  layer  (UD-layer)  are  defined  in  the  local  layer  coordinate  system 
denoted  by  subscript  L.  A  rotation  transformation  serves  for  computing  C'  and  a'  from 
and  a^.  Since  element  geometry  and  fiber-direction  are  independent  of  each  other  the  angle 
0,  which  denotes  the  fiber  angle  with  respect  to  the  x'  coordinate  system,  is  not  necessarily 
constant  within  the  element  (see  Fig.  2).  Two  ways  of  accounting  for  this  are  implemented 
in  the  Lr  C-element: 

a)  By  assuming  the  fibers  to  be  parallel  within  the  layer  one  can  find  a  geometric  relationship 
for  the  chsmge  of  0  (see  Dorninger,  1989). 

b)  By  specifying  the  0-angles  at  each  nodal  point  of  the  element  and  using  the  2/D  shape 

functions  (from  the  interpolation  of  the  geometry,  Eq.  (6))  one  can  interpolate 

the  ©-angle  at  any  point. 

After  transforming  the  locally  defined  material  laws  of  all  UD-layers  of  the  laminate  into 
the  I'l ,  *2 ,  X3  coordinate  system  and  using  the  isoparametric  concept  one  can  express  the 
material  matrix  and  the  vector  of  coefficients  of  linear  thermed  expansion  of  layer  n  as  a 
function  of  the  natural  coordinates  r,  s  and  obtain 


C'(r,s,t)  = 


iC'(r,s) 

'C'(r,s) 


'  ^a'(r,s) 

,,  , 

a  (r,s,t)  =  . 


-  1  <  t  <h 

H  <  t  <H 

<  t  <+l 


with 


2  ^  .. 

’H  =  — 1  -I-  —  ^  ^  (definition  of  ^  see  Fig.  1) 


(9) 


(10) 


;=i 


for  the  multi-layer  compound  with  layer  number  n  =  I,. . .  ,N. 


The  degeneration  principle  includes  the  assumption  that  normal  vectors  (or  quasi-normals) 
remain  straight  during  the  deformation.  In  order  to  reduce  the  error  resulting  from  this 
kinematic  restriction,  which  in  many  cases  is  negligibly  small,  shear-correction  factors  can 
be  introduced.  Noor,  Peters,  1989,  proposed  a  predictor-corrector  approach  which  not  only 
improves  the  overall  shear  response  but  also  the  computation  of  interlaminar  stress  quantities. 
As  long  as  rather  thin  shells  are  considered  the  use  of  such  corrections  can  be  omitted. 


2.S  Stiffness  Expressions 

Computation  of  the  element  stiffness  matrix  requires  a  three-dimensional  integration  (see 
Eqs.  (2-5))  which  usually  is  performed  by  some  sort  of  numerical  integration  technique. 
Since  we  are  dealing  with  multi-layer  shells  (with  a  very  large  number  of  layers  allowed), 
where  each  layer  requires  at  lezist  one  (even  better  two  or  more)  integration  points  over  its 
thickness,  the  numerical  effort  increases  rapidly  with  the  number  of  layers.  An  effective  way 
to  overcome  this  difficulty  is  the  use  of  a  quasi-analytical  thickness  integration  as  described  for 
homogeneous  shells  e.g.  in  Stanley,  1985,  Ramm,  Matxenmiller,  1986.  This,  however,  requires 
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aji  assumption  on  the  t- dependence  of  the  Jacobian  matrix  (see  e.g.  Lascktt,  Jeuaette, 
Beckers,  1989).  In  the  present  work  the  t— dependence  is  neglected.  This  approximation  is 
acceptable  as  long  as  the  shells  are  thin,  their  curvature  is  moderate  and  their  thickness  does 
not  vary  too  much.  The  neglection  of  the  t— dependence  of  J  has  been  successfully  used  by 
Stegmuller,  1985,  for  homogeneous  shells  and  by  Chao,  Reddy,  1984,  for  layered  composite 
shells. 


The  displacements  foUow  from  the  description  of  the  geometry  (Eq.  (6))  and,  therefore, 
the  t— dependence  of  the  displacement  derivatives  can  be  formulated  explicitely: 


i,j  =  1,2,3  (11) 


Using  this  relation  the  Almansi  strains  can  be  decomposed  into  a  1— independent 
part  (-k  e),  a  part  linear  in  t  (—  e)  and  a  t*-dependent  part  (-♦  e).  Together  with  the 
material  matrix  for  the  multi-layer  compound  and  the  vectors  of  linear  thermal  expemsion 
(Eq.  (9)),  both  transformed  properly  to  the  global  21,22,13  system,  the  vector  of  Cauchy 
stress  components  (Eq.  (7))  becomes; 


’"r(r,s,t)="C(r,s,t)(['^(r,s)-'"Q(r,s,t)'”,?(r,s)]-^f['”c(r,s)-'"a(r,s,<) 

where 


(12) 


’"C(r,s,t)  =  *"0^(2, s)  C'{r,s,t)  ’"G(r,5)  (13) 

'"a(r,s,t)  =  '»G-\r,s)a'(r,s,t)  (14) 

The  matrix  ”*G  represents  the  transformation  from  the  global  x  system  to  the  local 
x'  system.  G  is  composed  of  the  elements  of  the  Jacobian  matrix  and,  therefore,  if  J  is 
independent  of  t  so  is  G.  The  temperature  field  is  assumed  to  be  linearly  distributed  over 
the  thickness  of  the  shell,  with  8  being  the  temperature  load  of  the  midsurface  and  1?  the 
temperature  difference  between  opposite  points  on  the  two  surfaces  of  the  shell. 


The  and  matrices  are  constructed  from  derivatives  of  the  shape  functions  and, 
therefore,  they  can  be  decomposed  into  a  f— independent  part  (— ♦  B£,B;vl)  linear 

in  t  (— »  B^.Bivi,).  stiffness  matrices  and  nodal  force  vectors  of  Eqs.  (2-5)  can  be 

rewritten  and  the  quasi-analytical  thickness  integration  can  be  performed.  By  introducing 
some  abbreviations  Ki*\  follow  as; 

-H-H 

_ T 

f 


y’C"BirCi”‘Bi+’"C2’"Bi)+”‘B2'C^2"'Bt+’"C3’"B^))detrJ|drds  (15) 

-1-1 

-t-i-w 

'"KW=y J(^Sj^(™Sl"B;vt+'^2-B;vL)+"B^xrS2’"B;vi+’^3’"B;vL))<i«t|"‘J|drds  (16) 

-1-1 

=jj ('"bJ  -"si  -h  '"Bf  ’"S2)  detl  ^3  \  dr  da  (17) 

-1-1 

+1+1  - 

-AfJ;’  =y‘ J ("•Bjrct*  ^+’"c2*^)-(-"*Bf  Ad+’"c3*^))detrJ  1  drds  (18) 


-1-1 
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where  the  following  abbreviations  are  used: 


_  "h? 

"si  =  "Cl  "f  -  "’cltfc  "i?  +  "C2  "e  -  "c2*  —  +  ”*C3  "e 
_ 

"S2  =  "'C2  "t  -  "*C2tt  "t?  +  "C3  "£  -  "c3a  —  +  "C4  "e 
_ 

"S3  =  "C3  -  "c3rt  "d  +  "C4  "e  -  "c4a  —  +  "Cs  "e 


(19) 


are  “stress  integrals”  and 

"Ci(r,s)  =  "G^(r,5)  ^  "C'(r,s)T.  '  -G{r,s) 

n=l 

"cith(T,s)  =  "G^.^)  51  "C'(r,8)'’a'(r'.s)-^ — - - 

n=l 

are  thickness  integrals  of  the  material  matrix  and  the  vector  of  linear  thermal  expansion. 
"Si,  "S2,  "S3  are  equivalent  to  "si,  "s2,  "s3,  but  the  elements  are  rearranged  in  specied 
matrix  form,  see  Dominger,  1989. 


i  =  l,...,5 

(20) 

i  =  1,...,4 

(21) 

The  summations  in  Eqs.  (20,21)  zire  independent  of  the  state  m  (as  long  as  local  failure  is 
not  taken  into  account),  thus  they  only  have  to  be  computed  once  (prior  to  the  incremental 
analysis).  This  results  in  a  decrease  in  the  numerical  effort  in  each  increment  due  to  the 
reduction  of  the  3/D  numerical  integration  to  a  2/D  one.  The  more  layers  there  are  within 
the  laminate  the  more  efficient  the  analytical  thickness  integration  becomes  compeired  to  the 
fully  3/D  numerical  integration. 


2.4  Effects  of  Local  Failure 

Due  to  the  nature  of  composite  material  the  failure  behavior  is  very  complex  with  nu¬ 
merous  different  failure  modes  possible.  Therefore  an  accurate  prediction  of  failure  with 
reasonable  effort  is  almost  impossible  so  that  some  restrictions  have  to  be  m2ule.  In  this 
paper  a  simple  way  of  dealing  with  this  kind  of  behavior  was  chosen: 

As  outlined  in  the  introduction  failure  is  considered  to  occur  within  the  layers  only  and 
delamination  is  not  taken  into  account.  With  respect  to  this  and  by  assuming  a  linear  elastic 
stress-strain  relationship  up  to  failure  (which  is  valid  for  many  fiber  reinforced  plastics,  see 
e.g.  Tsai,  Hahn,  1980)  one  can  use  proper  strength  criteria  to  determine  onset  of  failure. 
Although  the  following  procedures  are  based  on  “homogenized”  material,  the  local  damage 
of  the  composite,  i.e.  matrix  or  fiber  cracking,  can  be  estimated,  compare  Tsai,  Hahn,  1980. 
In  this  paper  failure  is  indicated  by  a  combination  of  two  failure  criteria,  and  two  distinct 
failure  modes  ue  assumed: 

A  quadratic  strength  criterion,  the  Tsai-Wu-criterion  {Tsai,  Hahn,  1980,  Chawla,  1987) 
serves  for  predicting  failure  for  stress  states  with  relatively  large  transverse  stress  components 
which  affect  the  matrix  material  rather  than  the  fibers.  Therefore,  violation  of  this  criterion 
can  be  related  to  matrix  failure.  Endurable  stress  states  lie  within  a  failure  surface  in  the 
stress  space 
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with 


-1 


JFIii  = 


Pu2  = 


Fu  = 


■'iTu 

1 


^tCu 


^qCu 


F22  = 


’^ITu^lCu 
-1 


^44  = 


1 


“^jTu^jCu 


tqu 

Fi2  =  —yjFi\F22 


(23) 


inplane  engineering  stresses.  With  respect  to  material  damage  we  use 
the  same  laws  for  Cauchy  stresses,  too.  The  following  notations  tire  used 


maximum  endurable,  i.e.  ultimate  uniaxitd  compressioa  stress  in  fiber  direction, 
ultimate  tensile  stress  in  fiber  direction, 

^jCu  idtimate  compression  stress  normal  to  fiber  direction, 

‘^qTu  ultimate  tensile  stress  normal  to  fiber  direction, 
ultimate  shear  stress. 

Since  in  many  cases  the  Tsai-Wu-criterion  overestimates  the  strength  of  the  UD-layer  in 
the  Ccise  of  stresses  acting  predominantly  in  fiber  direction,  a  maximum  stress  limit  in  fiber 
direction  is  imposed  (the  failure  surface  corresponding  to  the  combination  of  Eqs.  (22)  and 
(24)  is  shown  in  Fig.  3): 

^ICa  <  (24) 


Post-cracking  stiffnesses  are  introduced  according  to  the  two  assumed  failure  modes.  In 
the  case  of  matrix  cracking  they  take  the  form: 
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E55  0 

Efls/ 


(25) 


Ei2i  £22  and  E44  are  set  to  zero,  which  is  a  simple  representation  of  the  matrix  stiffness 
being  removed.  The  reason  for  introducing  a  correction  factor  /?^  is  twofold:  First,  a  damaged 
matrix  also  reduces  the  stiffness  in  fiber  direction  2md,  second,  for  nonstraight  (e.g.  wavy) 
fibers  the  reduced  support  by  the  damaged  matrix  can  lead  to  a  further  loss  of  stiffness. 
/3g;  depends  on  the  composition  of  the  layer  and  must  be  given  as  am  additional  material 
pairameter. 

In  the  case  of  fiber  faulure  the  reduced  stiffnesses  are  modeled  by: 


Cr  = 


/E-ii  r.12  U  U  U  U  \ 

/ 11/22  £-12  tl  U  U  \ 

E22  0  0  0  0 

0 

0 

0 

0 

0  0  0  0 

fylure 

0  0  0  0 

sym.  E44  0  0 

* 

sym.  E44  0  0 

E55  0 

E„  0 

(26) 


As  can  be  seen  firom  Eq.  (26),  En  is  set  equal  to  E22.  This  is  a  simple  representation  of 
the  assumption  that  after  fiber  faulure  only  the  matrix  stiffness  remains. 
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By  assuming  thin  layers  it  is  suiRdent  to  investigate  the  stress  state  in  the  layers’  mid- 
surface  only.  In  addition,  if  cracking  occur  the  corresponding  feulure  mode  is  taken  to  be 
valid  through  the  entire  thickness  of  the  layer.  Thick  layers  with  significant  stress  gradients 
in  thickness  direction  can  be  treated  by  subdividing  them  into  several  “thin”  sublayers. 

Equations  (25,26)  represent  “secant”-stiffnesses  of  the  material  amd,  therefore,  stresses 
cam  be  computed  directly  from  the  total  strains.  The  following  procedure,  applied  at  each 
load  step  m  at  each  stiffness  sampling  point  (=  2/D  integration  points)  for  all  N  layers 
of  the  laminate,  accounts  for  stiffness  changes  due  to  material  cracking: 

-  The  local  inplane  strains  at  the  midsurface  of  layer  n  with  respect  to  the  lay^ir’s  local 
ajcis  are  derived  from  the  global  strain  vector  ’"e. 

-  With  £md  the  corresponding  local  elMtidty  matrix  "C^  of  the  previous  step  an  estimate 
of  the  stresses  is  computed. 

-  In  the  next  step  the  combined  failure  criterion  is  examined.  If  failure  is  indicated  by  a 
violation  of  Eq.  (22)  or  Eq.  (24)  the  local  stiffness  matrix  is  changed  according  to  Eq. 
(25)  or  Eq.  (26),  respectivdy.  The  elements  of  to  be  reduced. are  properly  subtracted 
from  the  Ci  matrices  (Eq.  (20))  and  the  ci*  vectors  (Eq.  (21)). 

A  flow  cheirt  of  the  complete  algorithm  along  with  some  investigations  on  the  influence 
of  the  iteration  scheme  and  the  mesh  size  on  the  accuracy  of  the  algorithm  can  be  found  in 
Dominger,  1989. 


3.  NUMERICAL  EXAMPLES 

3.1  Buckling  and  Postbuckling  of  a  Multilayer  Square  Plate 

This  problem  has  been  chosen  to  show  the  accuracy  of  the  LFC-element,  to  quantify  the 
efficiency  compared  to  the  ABAQUS  shell  element  and  to  conduct  post-buckling  analyses. 
The  practical  purpose  of  this  example  can  be  seen  in  optimizing  an  inplane  loaded  plate  with 
given  geometry  and  given  material  with  regard  to  buckling. 

Lay-up:  [(-(-0/  -  0)6*].  •  •  24-layer  angle-ply,  layer  thickness  =  0.0529  mm 

Material:  Graphite/ Epoxy 

E,  =127.5  kN/mm^  E,  =11.0kN/mm*  =0.35 

G(^  =  5.5kN/mm^  Gj,  =  5.5kN/inm*  Gj<  =  4.6kN/mm* 

Model:  The  whole  plate  has  been  modelled  by  sixteen  16-node  LFC-elements,  the  width  of  the 
square  being  900  mm,  see  Fig.  4-,  boundary  conditions:  a)  simply  supported,  b)  clamped. 

For  several  fiber  angles  0  the  buckling  load  has  been  computed  by  using  the  standard 
buckling  procedure  implemented  in  ABAQUS.  Fig.  5  indicates  a  strong  dependence  of  the 
buckling  load  and  the  corresponding  buckling  mode  on  the  fiber  angle.  To  verify  this  result 
a  similar  FE-analysis  by  Nemeth,  1986,  has  been  used  for  comparison.  Fig.  5  shows  the  very 
close  agreement  between  these  two  analyses.  For  a  few  angles  0  the  buckling  load  has  also 
been  computed  by  emplopng  36  ABAQUS  S9R5  shell  elements  (so  that  the  number  of  nodes 
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remains  unchanged).  Again,  the  results  are  almost  exactly  the  same  as  obtained  with  the 
16-node  LFC-element  (less  than  1%  difference  in  the  buckling  loads;  no  observable  differences 
in  the  displacements). 

The  advamtage  of  the  quasi- analytical  thickness  integration  becomes  evident  in  the  follow¬ 
ing  example:  For  the  16-node  LFC-element  the  CPU-time  for  one  load  step  has  been  about 
40%  less  than  for  the  ABAQUS  S9R5  element.  For  the  9-node  LFC-element,  which  has  the 
same  number  of  nodes  as  the  ABAQUS  element,  the  time  savings  have  been  increased  to 
66%!  The  9-node  LFC-element,  however,  yields  somewhat  higher  buckling  loads  and,  there¬ 
fore,  has  not  been  used  in  subsequent  analyses.  To  find  out  how  the  number  of  layers  affects 
the  CPU-time  the  same  plate  has  been  investigated  with  only  4  layers:  For  the  LFC-elements 
no  influence  of  the  number  of  layers  on  the  CPU-time  has  been  observed.  For  the  ABAQUS 
element,  in  contrast,  this  reduction  of  layers  by  a  factor  6  resulted  in  a  decrease  of  CPU-time 
by  a  factor  3. 

To  get  some  idea  on  the  post-buckling  behavior  of  the  plate  a  nonlinear  load-displacement 
analysis  for  fiber  angle  0  =  60®  has  been  carried  out.  In  order  to  achieve  this  an  imperfection 
was  introduced  into  the  geometry  of  the  plate:  the  calculated  mode  shape  with  its  amplitude 
scaled  to  1%  of  the  shell  thickness  has  been  superimposed  on  the  original  (perfect)  geometry'. 
Due  to  these  imperfections  the  original  bifurcation  point  vanishes  and  the  plate  exhibits 
a  nonlinear  (nearly  bilinear)  behavior,  see  Fig.  6.  The  corresponding  deformation  figures 
indicate  that,  after  reaching  the  buckling  load,  out-of-plane  deformations  (corresponding  to 
the  shape  of  the  buckling  mode)  develop,  which,  in  turn,  drastically  lower  the  overzdl  stiffness 
of  the  plate. 

3.2  Thermally  Loaded  Cross-Ply  Square  Plate 

A  simply  supported  composite  square  plate  has  been  loaded  by  a  uniform  temperature 
rise.  The  following  properties  have  been  chosen: 

Lay-up:  [0/90]. . .  two  layer  cross-ply,  layer  thickness  =  0.2  mm 


Material:  Graphite/Epoxy 

E|  =  127.5  kN/mm* 

E,  =11.0kN/mm* 

t/j,  =0.35 

G,j  =  5.5kN/mm* 

G„  =  5.5kN/mm^ 

Gjt  =  4.6kN/mm' 

Q,  =-0.08x10-* 

a,  =2.90x10-*  ®C-* 

Model:  The  whole  plate  has  been  modelled  by  sixteen  16-node  LFC-elements,  the  width  of 
the  square  being  300  mm;  all  edges  were  restricted  to  remain  straight. 

Fig.  7  shows  the  nonlinear  load-displacement  path  as  well  as  an  estimate  curve  for  the 
buckling  load.  The  deformed  shape  of  the  plate  is  in  good  agreement  with  an  analytically 
derived  solution,  see  Tauchert,  1986. 

Because  of  the  constant  temperature  rise  all  over  the  plate  and  the  simply  supported 
edges,  no  stability  problem  would  be  expected  for  a  homogeneous  isotropic  plate.  But,  due  to 
anisotropies  occuhng  in  the  laminate,  a  linear  buckling  analysis  (i.e.  a  buckling  analysis  after 
a  very  small  load  step,  d  =  1®C)  yields  a  bifurcation  point  at  =  4“C.  However,  a  detailed 
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analysis  of  the  buckling  behavior  indicates  that  the  nonlinear  pre-buckling  deformations  make 
the  results  of  the  linear  buckling  analysis  rather  meaningless.  As  can  be  seen  from  the  estimate 
curve  in  Fig.  7,  the  estimates  of  the  relevant  buckling  mode  change  during  the  incremental 
increase  of  the  temperature  and  the  critical  temperature  is  approximately  50  times  higher 
than  the  corresponding  value  of  the  linear  buckling  analysis! 

Again  the  comparison  with  the  ABAQUS  element  has  shown  excellent  agreement  in  the 
displacements.  It  has  not  been  possible  to  compute  the  detailed  buckling  behavior  by  using 
the  ABAQUS  elements,  no  convergence  or  only  negative  results  having  been  obtained  during 
the  eigenvalue  extraction.  With  the  LFC-element  buckling  loads  and  buckling  modes  have 
been  successfully  computed  after  introducing  a  slight  modification  to  the  buckling  analysis; 

Starting  from  Eq.  (1)  an  eigenvalue  problem  of  the  following  form  can  be  obtained,  for 
details  see  Rammersiorfer,  198i: 

("■IQ  0  (28) 

leading  to  an  estimate  for  the  critical  load  multiplier 

•A  "“A  (29) 

with  ""A  being  the  actual  load  multiplier  and  the  smallest  eigenvalue  of  Eq.  (28).  ’"^ii 
represents  the  eigenvector  corresponding  to  the  eigenvalue 

An  imperfect  plate  (produced  in  the  same  way  as  described  in  example  3.1  by  super¬ 
imposing  the  actual  buckling  mode,  scaled  to  1%  of  the  plate  thickness,  onto  the  original 
geometry)  displays  almost  exactly  the  same  behavior  as  the  perfect  plate,  except  that  the 
actual  bifurcation  point  does  not  occur  any  more,  instead  the  estimate  curve  deviates  from 
the  load-displacement  path. 


3.3  Bending  of  a  Flexural  Specimen 

In  this  example  the  procedure  for  taking  into  account  the  local  stiffness  degradation  has 
been  applied.  For  testing  the  ultimate  flexural  strength  and  modulus  of  a  laminate  of  the  type 
typically  used  in  aircr<dt  structures  a  simple  flexural  specimen  (i.e.  a  three  point  bending 
bar)  is  used.  This  bar  is  loaded  up  to  complete  failure  and  the  load-displacement  path  is 
recorded.  A  comparison  of  the  measured  results  with  the  finite  element  investigations  shows 
the  applicability  of  the  strength  calculations  included  in  the  LFC  formulation. 

Lay-up:  30  layers  of  Kevlar29  fabric,  effective  layer  thickness  =  0.09  mm 

For  the  FE  model  each  fabric  layer  is  subdivided  into  two  sublayers  in  order  to 
approximate  the  woven  reinforcement  by  UD-layers. 

— *  assumed  lay-up;  [(0/90)i3,]. .  .cross-ply,  layer  thickness  =  0.045  mm 
Model:  one  quarter  of  the  bau  has  been  modeled  by  eight  16-node  elements 


Material:  Kevlar29  (UD) 
E,  =  57.2  kN/mm* 
G,,  =  2.3  kN/mm* 

=1300.  N/mm* 
o’jXt,  —  12.  N/mm^ 


E,  =  3.9  kN/mm^ 
G„  =  2.3  kN/mm^ 
=227.  N/mm* 
‘^jc.  =  53.  N/mm* 


I/,,  =0.35 

G^  =  2.3  kN /mm* 
■^1,.  =  34.  N/mm* 

0E  =  0-2 
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Fig.  8  shows  the  calculated  and  the  measured  load-displacement  path  of  the  flexural 
specimen.  Reasonably  good  agreement  is  obtained.  First-ply-failure  occurs  at  a  relatively 
low  load  level  and  might  be  interpreted  as  the  beginning  of  the  nonlinear  deformations  of  the 
experimentally  obtained  curve.  However,  in  the  FE  calculations  a  noticable  deviation  from 
the  linear  path  is  observed  only  at  a  much  higher  load  level.  The  calculated  deformations  and 
the  calculated  ultimate  load  are  slightly  lower  than  the  measured  values  but  for  estimating 
the  nonlinear  behavior  of  the  material  the  procedure  appears  to  be  satisfactory. 


4.  CONCLUSIONS 

The  successful  implementation  of  a  special  shell  finite  element  into  ABAQUS  has  been 
shown.  The  theoretical  background  of  this  element  (LFC-element)  which  is  based  on  the 
degeneration  principle  hau  been  outlined  and  a  simple  way  of  taking  into  account  fiber  failure 
and  matrix  cracking  in  terms  of  materially  nonlinear  behavior  has  been  introduced. 

By  comparing  the  CPU  time  requirements  it  has  been  shown  that  the  LFC-element  be¬ 
comes  more  efficient  than  the  ABAQUS  shell  element  with  increasing  number  of  layers.  The 
accuracy  of  the  LFC-element  in  terms  of  displacements  has  been  proven  excellent  compared 
to  analytical  results  as  well  as  comp2ired  to  ABAQUS  shell  element  results. 

Post-failure  analyses  in  terms  of  post-buckling  behavior  have  been  conducted  for  a  mechan¬ 
ically  loaded  composite  plate  as  well  as  for  a  thermally  loaded  composite  plate.  Somewhat 
unexpected  phenomena  occurred  with  thermal  loading  and  tracing  the  buckling  behavior  has 
been  a  difficult  task. 

The  investigation  of  a  flexural  specimen  in  terms  of  failure  has  shown  the  applicability  of 
the  proposed  simple  failure  analysis  procedure. 
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Fig.  1  Geometry  and  material  setup  of  the  LFC-element 


local  layer  system  l,q,  natural  coordinates  r,a,t. 


local  cartesian  system  x',,X2,x',  global  cartesian  system  xi.xjtZj 


T  I - 1 - 1 - 1 - 1 - 1 - 

0  0  0.02  0.04  0.06  0.08  0.10  0.12 


Fig.  7  Load-displacement  path  and  estimate  curves  for  buckling  loads  of  a  thermally  loaded 
two-layer  cross-ply  plate 


Fig.  8  Load-displacement  path  of  a  flexural  specimen 
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APPENDIX  I 

Composite  Material  Models  in  ABAQUS 


COMPOS  ITS  MI^TERXM.  MODELS  IM  ABAQDS 


N.D.  Lanvbropoulos ,  J.F.  Wu,  M.S.  Shephard, 
S.S.  Sternstein  and  G.J.  Dvorak 

Rensselaer  Polytechnic  Institute 
Troy,  NY  12180-3590 


ABSTRACT 

A  finite  element  based  procedure  that  accounts  for 
micromechanical  level  nonlinear  behavior  of  the  matrix  material  in 
continuous  fiber  composites  is  presented.  The  micromechanical  level 
model  is  a  periodic  hexagonal  array  with  elastic  fibers  and 
nonlinear  matrix  material.  A  bilinear  elastoplastic  relation  for 
metal  matrix  and  a  nonlinear  time-dependent  relation  for 
thermoplastic  matrix  are  used  with  this  micromechanical  model  to 
provide  the  overall  instantaneous  material  properties  of  a 
macromechanical  finite  element  model  of  the  composite  structure 
being  ana  .yzed.  Exaunple  problems  of  simple  composite  systems 
analyzed  wicn  this  procedure  are  presented. 


INTRODUCTION 

The  proper  analysis  of  many  composite  material  systems 
requires  a  proper  consideration  of  nonlinear  material  behavior. 
Common  examples  where  nonlinear  behavior  should  be  considered 
include;  1)  the  design  of  metal  matrix  composites  where  the  strain 
to  yield  of  the  matrix  is  only  a  fraction  of  the  strain  to  failure 
of  the  fiber;  2)  thermoplastic  composites  with  substantial 
transverse  loads;  and  3)  metal  matrix  composites  subject  to  high 
temperature  creep.  A  key  feature  of  composites  with  nonlinear 
material  behavior  is  that  the  nonlinearities  are  due  to  nonlinear 
behavior  of  the  individual  constituents.  Typically  the  type  and 
degree  on  nonlinearity  in  the  constituents  is  not  the  same.  In  the 
cases  above,  the  matrix  undergoes  nonlinear  deformations  while  the 
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fibers  are  essentially  linear  until  failure.  Therefore,  any 
analysis  of  a  composite  which  attempts  to  accoiint  for  nonlinear 
material  behavior  must  consider  the  micromechanical  behavior  of  the 
constituents.  Unlike  the  linear  range,  simple  models  to  combine  the 
behavior  of  the  constituents  in  the  nonlinear  rangj)  to  arrive  at  a 
raacromechanical  constitutive  relationship  do  not  yield  satisfactory 
results .  This  paper  presents  a  composite  material  model  which  can 
account  for  micromechanical  level  nonlinearities  in  a 
macromechanical  level  finite  element  analysis.  This  procedure  has 
been  integrated  into  ABAQUS  through  a  user  defined  material 
procedure . 

The  key  to  accounting  for  local  matrix  material  nonlinearities 
is  the  micromechanical  mixing  model.  In  this  work  the  periodic 
hexagonal  array  (PHA)  model  [TEPLY  84],  [DVORAK  and  TEPLY  85]  is 
used.  The  PHA  is  capable  of  predicting  the  macromechanical 
stiffness  properties,  as  well  as  the  stress  and  strain 
concentration  factors  at  a  material  point  given  the  constituent 
material  properties,  volume  fraction  of  the  constituents,  and  the 
overall  stress  and  strain  field.  One  of  the  major  advantages  of  the 
PHA  is  its  modular  structure  which  can  accommodate  almost  any  kind 
of  constitutive  relation  for  the  matrix  Material.  Currently,  a 
bilinear  elastoplastic  material  model  with  a  Mises  type  of  yield 
function  and  a  kinematic  hardening  rule  is  used  for  metal  matrix, 
and  a  nonlinear  time -dependent  relation  is  also  being  used  for 
thermoplastic  matrix. 

ABAQUS  and  its  usex^%efined  material  subroutine  UMAT  provided 
the  platform  for  implementing  all  these  composite  material  models . 
The  example  cases  which  illustrate  the  beha^or  of  thfese  models 
have  also  been  analyzed  by  ABAQUS. 

PE3(ICH)IC  HEXAGCnOVlf  ABBAX  FOR  CONTINUOUS  FIBE3(  CCBIPOSITBS  IN  ABAQUS 

The  development  of  models  that  can  accurately  predict  the 
macromechanical  behavi||r  of  composites  based  on  a  knowledge  of  the 
constituent  materials  is  critical  to  the  ability  to  carrying  out 
engirtsering  analysis  of  composite  structures.  These  models  become 
complex  when  micromechanical  level  nonliiiear  behavior  of  the 
constituents  must  be  considered  to  predict  the  macromechanical 
behavior. 

The  Periodic  Hexagonal  Array  (PHA)  model  [TEPLY  84],  [TEPLY 
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and  DVORAK  88]  addresses  the  difficulties  of  accounting  for 
micromechanical  nonlinearities  by  explicitly  modeling  the 
microstructural  geometry.  The  analysis  of  the  PHA  begins  with  the 
selection  of  am  appropriate  representative  volume  element  (RVE)  and 
the  identification  of  an  appropriate  set  of  boundary  conditions 
which  allows  an  analysis  of  the  RVE  that  will  yield  useful 
information  on  the  overall  behavior.  The  assumption  that  yields  a 
convenient  set  of  boundary  conditions  is  a  uniform  strain  far-field 
on  the  micromechanical  volume  containing  the  RVE.  Although  there 
are  gradients  in  the  solution  at  the  macromechanical  level,  the 
uniform  strain  field  assumption  is  adequate  for  the  purposes  of 
determining  the  material  properties  of  the  composite  at  that  point . 

In  the  PHA  the  fibers  are  assumed  to  be  periodically 
distributed  throughout  the  matrix  material  in  a  topologically 
hexagonal  configuration.  In  this  case  the  simplest  RVE  is  a 
triangle  created  by  connecting  the  centers  of  adjacent  fibers 
(Fig.  1).  This  RVE  can  be  isolated  [TEPLY  84],  by  the  proper 
specification  of  periodic  displacement  boundary  conditions. 
Although  limited  to  a  single  triangle,  the  complexities  introduced 
by  the  presence  of  two  distinct  phases  amd  the  nonlinear  behavior 
of  the  matrix  phase,  make  it  too  difficult  to  obtain  a  closed  form 
solution.  Therefore  an  analysis  based  on  a  finite  element 
discretization  of  the  RVE  is  necessary.  The  coarseness  of  the 
finite  element  mesh  is  dictated  by  the  minimum  number  of  elements 
which  allow  a  meaningful  handling  of  the  periodic  boundary 
conditions  and  at  the  same  time  yield  useful  results,  by  avoiding 
overconstraint. 

The  primary  purpose  of  the  RVE  analysis  is  to  provide  the 
overall  material  properties  needed  to  support  a  macromechamical 
analysis.  To  achieve  this  goal  an  equivalent  homogeneous  volume 
(EHV)  of  unknown  material  properties  is  introduced.  It  is  the 
instantaneous  stiffness  parameters  of  the  EHV  that  are  needed  for 
the  macromechanical  analysis .  They  can  be  determined  by  applying 
the  periodic  boundary  conditions  to  both  the  EHV  and  RVE  and 
equating  the  total  energy  change  of  the  two. 

Both  upper  and  lower  bound  finite  element  formulations  are 
being  employed  [TEPLY  84],  to  qualify  the  amount  of  approximation 
error  introduced  by  the  finite  element  discretization  of  the  RVE 
used  in  the  energy  change  calculation.  The  calculation  of  the 
displacement -based  upper  bound  technique  follows  the  basic  steps 
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below.  The  energy  change  an  in  the  EHV  and  RVE,  is  given  by: 
ehv  »  an  *  j  aa"^  l  i  ai  -  af’’  ai  [i] 

RVE  »  an  *  I  aa"^  k  aa  -  af^  ai  [2] 

where 

Aa  a  corjnon  set  of  nodal  displacements  for  the  EHV  and  RVE 
B  the  strain-displacement  matrix  for  EHV 
aF  the  nodal  forces  equivalent  to  surface  tractions 
L  the  overall  instantaneous  stiffness  of  the  EHV 
K  the  overall  stiffness  matrix  of  the  RVE  finite  element 
mesh,  which  is  the  assembly  of  fiber  and  matrix  subelement 
stiffness  matrices  and  as  a  result,  it  is  also  a  function 
of  fiber  and  matrix  subelement  material  matrices . 


The  final  step  in  the  process  is  to  equate  the  energy  change 
of  the  RVE  [Equ.l]  and  EHV  tEqu.2],  where  the  second  terms 
(potential  due  to  applied  loads)  in  both  energy  expressions  drop 
out,  due  to  identical  boundary  conditions.  This  yields  the  explicit 
form  of  the  overall  instantaneous  stiffness  matrix  L,  as : 


which  takes  into  account  the  material  matrix 
subelement . 


C3] 


of  each  phase 


In  the  general  nonlinear  finite  element  formulation  the 
solution  of  the  equilibrium  equations  requires  the  updating  of  the 
global  stiffness  matrix  of  the  structure  being  analyzed  at  every 
step  of  the  analysis.  This  implies  the  re-evaluation  of  the 
individual  element  stiffness  matrix  for  each  element  that  has 
demonstrated  nonlinear  behavior  in  that  load  step.  This  requires 
the  evaluation  of  the  instantaneous  material  stiffness  matrix,  L, 
at  each  saunpling  point  in  the  element.  It  is  this  evaluation  that 
invokes  the  micromechanical  level  finite  element  analysis  of  the 
PHA.  Thus,  the  PHA  calculations  are  the  inner  most  loop  of  the 
nonlinear  finite  element  process  (Fig.  2) .  Therefore,  computational 
efficiency  of  the  PHA  calculation  is  critical. 

The  integration  of  the  PHA  into  a  large  scale  nonlinear  finite 
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element  code  is  greatly  facilitated  in  the  case  of  ABAQUS  [V4 . 5  85] 
by  the  modular  separation  of  models  (in  particular  material 
models)  .  The  ability  to  tailor  ABAQUS  to  deal  with  functions  not 
directly  availeible  within  the  program,  is  through  a  set  of  user 
defined  routines.  Each  one  allows  the  analyst  to  carry  out  a 
particular  type  of  operation  that  alters  data  within  ABAQUS' s  data 
structures.  For  example,  the  user  defined  material  routine  (UMAX) 
is  invoked  by  indicating  that  the  material  type  for  a  particular 
set  of  elements  is  the  user  defined  material.  With  this  capability 
users  can  define  their  own  constitutive  relation  for  cases  where 
the  existing  models  are  not  adequate  for  predicting  the  material 
behavior . 

Two  basic  functions  have  to  be  performed  by  UMAT  at  each 
sampling  point  in  the  finite  element  mesh: 

1 .  Update  the  stresses  and  the  solution  dependent  variables  to 
their  values  at  the  end  of  the  increment. 

2.  Provide  the  material  instantaneous  stiffness  matrix 

according  to  the  constitutive  model. 

To  carry  out  these  operations  the  UMAT  routine  must  be 
supplied  with  the  appropriate  infoinaation.  The  generalized 

interface  allows  the  main  program  to  pass  the  state  information 

used  by  the  other  portions  of  the  program,  as  well  as  zmy  specific 
state  information  that  is  needed  for  the  operation  of  the  material 
model,  into  the  UMAT  routine.  The  primary  information  provided  to 
UMAT  for  driving  the  solution  process  are  strain  and  temperature 
increments  which  have  been  determined  by  the  global  iterative 
scheme  in  ABAQUS  for  the  current  load  increment,  as  well  as  the 
values  of  the  state  variables  from  the  previous  step.  The  UMAT 

routine  then  updates  the  instantaneous  stiffness  amd  stresses  for 
the  given  increment  and  returns  this  information.  This  operation 
has  to  be  repeated  until  overall  convergence  for  the  current 
loading  step,  is  achieved. 

MBTAl.  MATRIX  COMPOSITE  PHA 

A  complexity  that  arises  in  PHA  for  metal  matrix  composites  is 
.  iat  it  was  developed  using  a  stress-space  plasticity  formulation. 
This  means  that  it  uses  a  stress  increment  to  calculate  the 
instantaneous  stiffness  and  strain  increment.  However,  ABAQUS 
provides  the  UMAT  routine  with  a  strain  increment  and  wants  back 
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the  instantaneous  stiffness  and  corresponding  stress.  Therefore  it 
was  necessary  to  introduce  a  local  iteration  into  the  UMAT  routine 
(WU  et  al  88] .  This  procedure  typically  converges  in  two  or  three 
iterations . 


When  UMAT  is  called  during  a  load  increment  including 
mechanical  and/or  thermal  loads,  ABAQUS  provides  the  current  state 
(the  results  at  the  end  of  the  previous  increment)  of  stress 
(a ) ,  strain  (e  )  and  temperature  (T)  .  At  the  start  of  the 
current  load  increment,  that  is  on  the  initial  iteration,  the 
strain  increment  is  zero  (A*  -0)  and  the  temperature  increment 
(AT)  is  the  value  for  that  load  increment.  The  function  of  this 
initial  iteration  is  to  provide  the  macromechanical  analysis 
procedure  (ABAQUS)  with  am  appropriate  instamtaneous  stiffness 
matrix  including  the  effects  of  any  thermal  load  for  that 
increment.  Unlilce  the  typical  finite  element  procedure  where 
thermal  effects  are  treated  by  the  construction  of  an  initial 
strain  vector,  the  approach  used  here  is  to  convert  the  thermal 
increment  into  an  equivalent  mechamical  load  through  the  use  of  an 
initial  stress  vector.  The  determination  of  this  initial  stress 
vector  must  be  carried  out  at  the  micromechainical  level  on  the  PHA 
accounting  for  the  different  thermal  characteristics  of  the  matrix 
and  fibers.  The  analysis  is  done  using  Dvorak's  decomposition 
procedure  [DVORAK  86] .  The  instantaneous  stiffness  matrix  and 
initial  stress  matrix  are  returned  to  ABAQUS  where  the  effects  of 
the  pure  mechanical  load  are  combined  with  the  initial  stress 
vector  to  predict  the  strain  increments  for  this  load  increment . 
From  this  point  through  the  remainder  of  this  load  increment,  the 
UMAT  routine  treats  all  load  types  as  pure  mechanical  load  at 
temperature  equal  to  (T+AT) . 


In  each  one  of  the  global  iterations  after  the  initial  one, 
UMAT  receives  a  non-zero  strain  increment  predicted  using  the  given 
instantaneous  stiffness  and  the  overall  load  increment.  This  strain 
increment  must  be  converted 
added  to  the  stress  at  the 


into  a  stress  increment  (Ae  )  and 


stress  vector  (o 


stress 

(1) 

(U) 


)  : 


current  state  (o  )  to  form  a  new 


(U) 


®  (A)  ^  ^  (A) 


[4] 


where:  L  is  the  stiffness  at  the  beginning  of  this  increment. 


The  PHA  procedure  calculates  a  new  strain  vector  (e 


(i) 


(U) 
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which  must  b«  compared  with  the  strain  vector  given  to  UMAT  by  the 
global  iterative  scheme  (e  +ae  )  .  If  they  are  not  nearly  equal, 
a  local  iteration  in  the  UMAT  routine  is  initiated  where  the  stress 
vector  used  in  the  PHA  is  updated  by: 


BXAMPU5  or  METAL  MATRIX  COIPOSITB 

A  P-100  Gr/Al  metal  matrix  composite  system  of  (±#)g  launinates 
with  different  #  and  different  tangent  modulus  in  the  matrix  was 
analyzed  for  thermal  cyclic  loads  in  the  range  of  ±120°C  with  an 
ambient  temperature  at  20°C.  The  material  model  outlined  above  was 
applied,  and  two  layers  of  8-noded  three-dimensional  elements  with 
a  2x2x2  integration  scheme  were  used.  Uniform  displacements  on  each 
surface  of  the  model  were  specified  as  boundary  conditions.  For 
the  laminates  with  a  fixed  volume  fraction  for  both  phases,  the 
variations  of  axial  coefficient  of  thermal  expansion  (C.T.E.)  are 
shown  in  (Fig.  3) .  One  can  see  that  there  are  several  points  at 
zero  C.T.E.  condition.  These  are  caused  by  the  cancellation  of  the 
contributions  of  both  phases  to  overall  response.  From  these  three 
curves  one  can  predict  the  axial  strain  range  of  any  (±4)3  lay-ups 
under  thermal  cyclic  loads,  provided  that  the  initial  yield 
temperature  for  each  lamina  is  Icnown  [HU  et  al  88]  . 

TIMB-DEPSHDEIIT  C(»fSTlTUTIVB  RELATIOH  FOR  THERMOPLASTIC  MATRIX 

A  nonlinear  viscoelastic  material  model  with  the  essential 
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mechanical  characteristics  of  thermoplastics  such  as  rate 
dependence,  stress  component  interactions  and  tramsient  behavior 
has  been  developed.  A  phenomenological  approach  was  taken  which 
led  to  a  minimxim  of  material  parameters,  all  of  which  can  be 
determined  from  straight  forward  mechanical  tests. 

The  model  is  based  on  a  one-dimensional  rheological  equation 
which  was  used  [CESSNA  and  STERNSTEIN  67]  to  describe  time  and  path 
dependent  processes  at  the  tip  of  a  crack  in  glassy  polymers .  This 
approach  successfully  related  constant  strain  rate  failure  data  to 
constant  load  (creep)  times  to  failure.  Recently,  the  model  has 
been  made  three-dimensional  [BANKERT,  et  al  86]  for  use  as  a  matrix 
constitutive  equation  for  composite  materials.  In  summary,  the 
hydrostatic  component  of  strain  is  assumed  to  be  linear  elastic 


®kk 


3B  E 


kk 


[7] 


while  the  deviatoric  strain  is  nonlinear  viscoelastic  and  coupled 
to  the  hydrostatic  stress  component  as  follows : 


Si  .  -  2G,  e.  . 


2®1  3®kk 

— =•  S.  .  -  2Gj^  K  e"*  sinh 


-  “zKj  -  ^  ^  ")] 


[8] 


where:  S.  1  and  S.  .  the  deviatoric  stress  and  stress  rate  components 

e .  .  and  e .  .  the  deviatoric  strain  and  strain  rate  components 
and  e  the  hydrostatic  stress  and  strain  coiq>onents 

The  physical  interpretation  of  the  parameters  is  the  following: 


K  activation  energy  needed  to  overcome  potential  barrier, 

a  activation  volume  of  the  polymer  segment  which  has  to 

move  as  a  whole  for  flow  to  take  place. 

P  describes  the  pressure  effect  on  shear  'yield'  stress. 

B  elastic  bulk  modulus. 

G^  shear  modulus  before  'yield' . 

G2  shear  modulus  after  'yield' . 

T|  solid  state  viscosity. 
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The  implementation  of  this  constitutive  relation  for  the 
matrix  material  inside  the  User  Defined  Subroutine  UMAX,  is 
primarily  concerned  with  the  deviatoric  part.  This  requires  an 
integration  in  time  which  is  carried  out  in  the  following  steps : 

Let  us  consider  a  time  step  At  ■  t (n)  -  t(n-l) 


X,  aBAQUS  supplies  the  stresses  (o)  and  {S},  and  the  strains  (e } 
and  (e)  at  t  »  t(n-l),  and  an  estimate  of  the  increment  in 
strains  {Ae }  corresponding  to  At. 


2.  Transform  the  constitutive  relation  [Equ.8]  into  an 

incremental  relation  between  deviatoric  stresses  {AS}  and 
total  strains  {Ae }  using  an  explicit  central-difference 
approximation  as  a  time  integration  operator. 

3.  Solve  the  resulting  six  nonlinear  equations  for  {AS}  by 
Newton-Raphson  iteration.  The  resulting  algebraic  equations 
are  uncoupled  because  of  the  assumption  of  linear  hydrostatic 
component . 

4.  Update  the  total  stress  vector  {o)  at  time  t  (n) ,  according  to 
the  formula: 


{0}  -  {S»}  +  {AS}  +  B  [D2]  {e  } 


[9] 


5.  Determine  the  material  Jacobian  matrix,  [dAo/dAe ] ,  which 
yields  the  incremental  relation  between  total  stresses  {o }  and 
total  strains  {e )  as: 


3Ao 
9  Ae 


B[D2]  + 


2G^[D1J  +  CjCOShCA)  GjCDl]  -  C^sinhCA)  ^B[D2] 
1+  j  ^3  |«C2 


[10] 


where 


A  »  o 


^C2[{S»}  +  |{AS}j  -2G2tDl]  ^{e  »}  +  |{Ae  }j 


2G, 


and  {S*},  (e®)  are  the  deviatoric  stress  and  total  strain  at 
the  end  of  the  previous  increment,  {AS},  {Ae )  the 
deviatoric  stress  and  total  strain  increments  during  the 
current  loading  step,  {P}  a  recursive  vector  used  for 
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keeping  track  of  the  solution  of  the  integral  term  in 
time  C^,  C2,  C3  constants,  and  [Dl],  [D2]  coefficient 

matrices . 

EXAMPLE  OF  TBERMOPLASTIC  MATRIX  COMPOSITES 

The  desirable  features  that  can  also  be  recovered  by  the 
predictions  of  the  model  are:  1)  proper  rate-dependency  of  the 
onset  of  nonlinear  response;  2)  onset  of  nonlinear  response  at  a 
higher  absolute  value  of  hydrostatic  compression  than  tension;  and 
3)  'Ratcheting'  effect  in  cycling  loading  [ LAMBROPOULOS  88] . 

To  show  the  significance  of  using  a  realistic  material 
constitutive  relation,  the  material  model  presented  above  was 
incorporated  into  a  detailed  Mode  II  specimen  analysis  [BANKERT 
et  al  87] .  A  beam  specimen  with  a  midplane  blunt -tip  crack  is 
subjected  to  bending  loading,  which  produces  an  overall  Mode  II 
stress-state  at  tne  crack  tip.  A  thin  resin-rich  layer  with 
isotropic  but  nonlinear  viscoelastic  behavior  is  introduced  in 
front  of  the  crack  tip,  while  orthotropic  linear  elastic  material 
properties  are  used  for  the  rest  of  the  beam.  A  qualitative 
presentation  of  results  is  presented  in  (Fig.  4) .  In-plane  shear 
stress  contours  at  three  different  steps  of  the  loading  history 
illustrate  the  progressive  redistribution  of  stresses  around  the 
crack  tip.  Load  factor  1  corresponds  to  the  elastic  range  of  the 
material's  behavior,  therefore  the  response  is  fully  symmetric.  As 
the  stresses  at  both  the  highest  concentration  areas  increase  and 
reach  the  onset  of  nonlinear  response  (load  factor  6) ,  significant 
variations  are  observed.  The  upper  half  of  the  crack  tip  which  is 
under  tension  can  no  longer  support  stresses  as  high  as  the  lower 
half  which  is  under  compression.  This  can  be  explained  by  the 
different  behavior  of  the  model  in  tension  versus  compression.  For 
load  factor  6  the  compressive  part  is  still  in  the  linear  elastic 
range,  while  the  tensile  one  has  already  entered  the  'post -yield' 
range.  When  the  compressive  part  also  enters  its  'post-yield'  range 
(load  factor  10) ,  the  variations  in  stress  distribution  are  foxind 
to  be  even  more  dramatic. 

PEA  FOR  THERMOPLASTIC  MATRIX  COMPOSITES 

The  structure  of  the  PHA  can  accommodate  any  kind  of 
constitutive  model  for  the  matrix  material  including  the  one  for 
thermoplastics  just  presented.  The  basic  steps  of  the  PHA 
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formulation  remain  the  seune,  with  slight  differences  described 
below. 

The  expression  for  the  overall  instantaneous  stiffness  !•  in 
terms  of  local  moduli  L  requires  the  evaluation  of  the  stiffness 
matrix  K  of  the  RVE  finite  element  mesh,  as  prescribed  by  [Equ.3] . 
The  fiber  contribution  to  stiffness  is  based  on  a  linear  elastic 
material  relation,  while  the  matrix  contribution  is  based  on  the 
time-dependent  nonlinear  constitutive  relation  [Ec[U.10].  Since  this 
matrix  constitutive  relation  is  defined  in  strain-space  (given 
strain  -  return  stress) ,  it  is  compatible  with  the 
displacement -based  finite  element  method.  This  avoids  the  local 
iterative  scheme  needed  by  the  stress-space  plasticity  model  used 
for  the  metal  matrix. 

Because  of  the  history-dependence  of  the  model,  information 
must  be  stored  at  the  end  of  each  step,  in  order  to  be  used  in 
subsequent  ones .  The  storage  is  done  in  an  optimal  way  (minimum 
memory  required) ,  and  special  care  is  taken  to  recall  this 
information  when  and  where  it  is  appropriate. 

Preliminary  results  from  the  testing  of  the  PHA  mixing  model 
with  the  viscoelastic  constitutive  relation  for  the  matrix,  are 
presented  next.  A  simple  structure  consisting  of  two  8-noded  3-D 
elements,  with  a  2x2x2  integration  scheme,  is  subjected  to  uniaxial 
tension,  in  directions  parallel  and  perpendicular  to  the  fiber 
orientation. 

The  tensile  stress-strain  curve  for  the  composite  is  plotted 
in  (Fig,  5),  along  with  the  corresponding  behavior  of  fiber  and 
matrix  independently  subjected  to  the  same  type  of  loading.  A  soft 
fiber  is  chosen  to  illustrate  the  effect  of  matrix.  However,  it  is 
obvious  that  while  the  fiber  response  is  linear  elastic  and  the 
matrix  nonlinear,  the  composite  lies  in  between,  slightly  nonlinear 
starting  at  the  point  where  the  matrix  'yields' .  The  initial  slope 
of  the  curve,  which  determines  the  elastic  longitudinal  modulus, 
follows  approximately  the  well  known  "rule  of  mixtures".  The 
longitudinal  (L)  case  is  closer  to  the  fiber,  since  it  is  mainly 
fiber-dependent,  while  the  transverse  (T)  response  is  closer  to  the 
matrix  behavior. 
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CLOSING  remarks 


The  basic  argiiment  for  the  use  of  mixing  models  in  composites 
is  the  level  of  scale  that  the  analyst  wants  to  look  at.  For  small 
scale  systems  where  the  fiber-matrix  interactions,  local  plastic 
deformations,  debonding,  delamination  or  even  random  fiber 
distribution  cannot  be  ignored,  the  use  of  a  mixing  model  which 
smoothes  properties  out,  is  inaccurate.  On  the  other  hand,  when  the 
macroscopic  behavior  of  a  composite  system  is  under  consideration, 
say  for  structural  design  purposes,  the  Periodic  Hexagonal  Array 
model  provides  aui  accurate  estimate  of  the  overall  properties, 
still  being  able  to  capture  those  matrix  dominated  phenomena. 

An  important  issue  in  the  further  development  of  these 
techniques  is  to  improve  their  computational  efficiency.  The  most 
critical  area  is  the  current  need  to  use  three-dimensional  through 
the  thickness  discretization  on  the  structural  level.  This  problem 
can  be  eliminated  by  constructing  a  PHA  for  application  at  the 
lamina  level  using  the  correct  reduced  dimension  strain  space. 
This  could  then  be  combined  with  laminated  shell  finite  elements  to 
more  efficiently  predict  the  response  of  composite  structures . 
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Overall  specimen  configuration 
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